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1, Aronson proved, in his paper El3, the existence and the uniqueness

property of weak solutions of the initial boundary value problem for parabolic

equations of second order with measurable coefficients. On the uniqueness of

solutions of the Cauchy problem for such equations he also gπve some interest-

ing results in [2].

In this note we prove the uniqueness property of weak solutions of the

initial boundary value problem for some equations of higher order by applying

the argument used in [2 l

2. We denote by x a point (xly . . . , xn) in the n-dimensional Euclidean

space Rn and by t a point on the real line ( - «>, oo). Let J& be a bounded

domain given in Rn and let J0 be its closure. We denote by Q the cylinder

domain J£) x (7\ T") in the ί n -f 1)-dimensional Euclidean space Rn x ( - oo, oo ).

We introduce some function spaces.

The space Ht2{3) is the closure of CϊiΉ) by the norm

*Σ\Dlφ\%dx)xl\

The space L2[T\ T" #ί ' 2 (-^)] consists of all functions u with the follow-

ing properties: i) u is measurable in Ω, ii) for almost all * e [ T ' , TO, the

function u(x, t) in x belongs to HS

Q'2(J&) and iii) the norm \\u\\g as a function

of / belongs to L2(ίT', TO).

We have the definition of the space HX'XT\ T" Hl'\3')] if, in the above

deήnition of L2tT', T": Hi'\j0)l; the condition iii) is replaced by iii)': the

norm |Mίs as a function of t belongs to Hx'\ίV, TO), which is the closure of

\ T>')) by the norm
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di

We denote by L°°[T', T " ; L 2 ( ^ ) ] the space consisting of all functions u

with the following property u is measurable in Ω and, for almost all t e [T7, T7'],

the function &(#,*) of # belongs to L2(&) and finally the norm ||»|| = ||«||o as a

function in t is essentially bounded in lTf,T"l.

3. Consider a uniformly parabolic partial differential operator L defined

in Ω as follows:

Lu = j~τ -f ( — l ) s 2 -Dί(βαnO*w).

Here # = (ocu » α«) is a multi-index of non-negative integers with length

IocI = art + ••• -far« and

a!«l

and further all the coefficients aa? = a^ix, t) are bounded measurable real

functions in Ω such that, at almost every point in Ω,

for some positive constant c, where ξ = (ft, . . . , f«) is an arbitrary real vector

and r = ?ΐι ?Jn.

Let / be a function with variables Xι, . . . , Xn> t and Z>ί«(0^ | 'α| ̂ s) such

that, for ueUZT', T"; Hl'ι(&)l(\LΠT, T» L\&)lf belongs toL2(i2) asa

function in Ω.

If the function «eL2[T', T"; /fί ' 2(^)] nL~[T', T"; Lf(-»)] satisfies

IPIS5

for any Tx and T2 in [Γ', T"l and for any φ^HuXT\ T" Hl'\^)~\2 then »

is said to be a weak solution of the equation Lu = f in i2 with the boundary

value zero.

4, Now we can prove the following theorem.

(1) Γ'f ( - « § + ( -

= ί »(Λ; Tχ)φ(x, Ti)dx- f «(JC, Γ2)0(ΛΓ, Tt)dx+
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THEOREM. Let the operator L and the function f be those stated above.

Suppose that all the coefficients aΛ?(\ a \ = | β | = s) of L are continuous in Ω and

that there is a constaut cQ such that in Ω

// the weak solution u of Lu-f in Ω with bounbary value zero satisfies u{x, T1)

= 0 in 3, then u vanishes almost everywhere in Ω.

Proof. Let jc(t) be an infinitely differentiate even function of a real vari-

able t with support UI<Je(e>0) such that

Γ jξ(t)dt = l.

J-oo

For any T fixed in IT, Γ'Q, we put

_ ιu{x,t)9 if *€=[Γ', T]

u (x, t) = {
1 0 , if otherwise,

and

Unix, t) = f Mt ~ τ)uτ(x, τ)dτ.

It is obvious that

, t) =We can easily verified that κs(jί, /) belongs to Hί>7ZTf, T"; H\'\3)1 and that,

for / fixed, Diu*(xf t) tends to DχUτ(x, t) in U{3) as 6 tends to zero. Hence,

if u is a weak solution of Lu - / in Ω with boundary value zero and if

u(xf T) =0 in 3> then from (l) we have

(2) Γ f ( - u%! + ( - 1 ) S Σ ( - 1) ma*ιΌ%uDluλdxdt .

= - f «U, T)«,U T)dx+ [ ί /fί,ώrfί.

For the first term in the left hand side of this, we have

- f ( u$£ dxdt = - f ( Γ «U, /),;{U ~ τ)u(x, τ)dτdxdt.

Since jt(t) is an even function, the derivative jiit) is odd. Therefore the right
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hand side of the above equality equals zero.

On the second term of the left hand side of (2), we get the following from

Garding's inequality:

lim J j ( - D s Σ ( - Dma^DluDlutdxdt

= ( - l ) s j Γ j Σ ( - DmaΛ?DtuDludxdt

S ^ J J J ΣlD*xu\*dxdt - k2\ J u2dxdty

where fa and k2 are positive constants depending only on L.

As Aronson showed in [2], the first term of the right hand side in (2)

tends to

~T$ u\x, T)dx,

as e tends to zero.

Finally we see that

lim f f fudxdt = f f fudxdt

and that, for any <J(>0),

f ( fudxdt^ ( Γ f f2dxdt)U2([T ( u2dxdt)112

£ Vcί({* f Σ I Dlu \2dxdt)ll2( f f u2dxdt)m

^ ~ϊfτL Ms'Diu ?dxdt+ίcδίJ/dxdL

This follows from the Schwarz inequality and the Cauchy inequality.

Therefore, letting ε tend to zero in (2), we have the following-

X \ Σ I Dxu\2dxdt -kz\ { u2dxdt

—J-( n*(x, T)dx + ̂  f ( Σ I Dlu l dxdt + ί%[r f u'dxdt

for any T&lT', T"l and for any positive d. If we choose a positive # so

small that * i - ~ p - > 0 , then it follows that
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(3)

for any T<Ξ(Γ, Γ " l Take Γ o e (Γ', T"l such that

(4)

From (3), we get

1 f
"2 J

for any / e (T;, To]. Integrating both sides from Tf to To with respect to /,

we obtain

The condition (4) and the above inequality imply

whence u vanishes almost everywhere in 3' x (Tf, To]. From this we see easily

that u vanishes almost everywhere in Ω. Thus we have the theorem.

Remark. In the case 5 = 1, we need not to assume the continuity of

a^{ I a I = I β I = l) in Ωy since we can get (3) without use of Garding's inequality.

So, in this case, our theorem reduces to Aronson's result, a part of Theorem

3 in [11
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