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SHARP ESTIMATES OF APPROXIMATION BY SOME
POSITIVE LINEAR OPERATORS

AsHOK SAHAI AND GoviInND PrAsaD

Recently, Varshney and Singh [Rend. Mat. (6) 2 (1982), 219-225]
have given sharper quantitative estimates of convergence for
Bernstein polynomials, Szasz and Meyer-Konig-Zeller operators.
We have achieved improvement over these estimates by taking
moments of higher order. For example, in case of the Meyer-

Konig-Zeller operator, they gave the following estimate

< _2_ _2_ .L. r. L
Iz, (F)-F1 < Lﬁ . 27] (el 4

wherein ||*|]] stands for sup norm . We have improved this

result to

L
2 105|{ k4 1 1
i = [ ()] (ol 2)
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We may remark here that for this modulus of continuity

w(f'; 1/¥n) our result cannot be sharpened further by taking

higher order moments.

1. Introduction

Varshney and Singh [2] have proved the following theorem.
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THEOREM. Let -=<a <b <=, p be a fized positive integer. Let

K, be a sequence of positive numbers and {Ln}:=l be a sequence of

positive linear operators, all having the same domain D which contains

the restrictions of 1, t, t2, e £2P to [a, bl . Suppose that

{Ln(l)} is bounded. Let f' € D be continuous in la, b] with modulus

of continuity w(f'; *) . Then, for n=1, 2, ...,

(1.1) M (A7l = Al - e (-2l + el - w0

n

+ w[f'; Knuil)]{uil)lan(l)Il%+[[uip)]2/2p° [Knur(ll)}gp—l]}

(r) _ "Ln(t-x)zr(x)”% for r

n

where | 1, p and ||+l norm being sup

norm over la, bl .

However if in addition Ln(l)(:c) 1 and Ln(t)(x) =z , then

120 1,011 = ufrts £ pD [ [w2) 2 [ 0) 7))

Using the above results the best possible quantitative estimates of
convergence for Bernstein polynomials, Szédsz and Meyer-Konig-Zeller

operators are achieved in the following sections.

2. Bernstein polynomials
For f € C[0, 1] , let the Bernstein operator of order n be
n
L@ = 3 B, (@) fk/n)

where
B, (=) = (=" .

We prove the following lemma.
LEMMA. Let the fumetion T m be defined on [0, 1] for positive

integers m and n by
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n
T (z)= Y B ,(x)(k/n-z)"
kzg n,k

n,m

then

(2.1) nTn m+1(x) =z ¢ (1-x) - OWTn,npl(x)+I;,m(x)) .

>

Proof. We have

n
Tr’l,m(x) = k§0 Br’l’k(x)(k/n-x)m -m (z) .

Ih,m—l
Because x * (1l-x) - Bé k(x) = Bn k(x) o (k-nx) for all 0 <k <n , we
write

z * (1-x) Iu’m(x)

n
= k§0 z* (1=2)B) 1 (=) « (kfn-2)" -m ez (1) 2T ()
—%a () » 7« (kin-z)™ _mez o ( e T (x)
- k=0 ™k o e -mtT 1-x) n,m-1'"
= nTn,m+l(m) -megx (l—x)Ih’m_l(x) .

This leads to (2.1).

Using the above result we have

u’(11) = 1/(2+Vn) , uﬁle) = (3)%/lm and “7(13) - (15/6!":3);i .

-4k

Choosing Kﬁ =2n for 0 <a=%, p=3 in (1.2), we obtain,

for f € Cl[O, 1] and n21,

5 T 1 -0
(2.2) L (£)-fll = |1 + w(f’; %) .
n 6u- (> 5N | 2. (vi)
We note that (2.2) is sharper than the following estimate of Varshney and
Singh [2]:

PP RS S B SR
" [ 32.(n3(}§-0t))_l 2+ (VR) ( n)
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3. Szdsz operators

For f € ¢[0, ®) , let the Szasz operator of order n be

L(f)(x) = kz 5, (@) f(k/n)
=0 ?

where

S, (@) = exp + (nm) + ()

We now prove the following lemma.
LEMMA. Let the function T be defined on [0, ®) for positive
¥

integers m and n by

Tyl = L 8, (@) (k/n=2)" ;

then
(3.1) nTn,mﬂ(x) =z - (MTn,m-l(x)+Tr’z,m(m)) .
Proof. We have
- ] m
Té,m(x) = kég Sn,k(x)(k/n—x) - mTh,m_l(x) .

Now, because x * S; k(x) = (k-nx) - Sn k(x) for all 0 < k <n , we write

(2]

- - — m - L]

xT;’m(x) = & x S;’k(x)(k/n x) m xTn’m_l(x)
=4 - - - m+1 - .
= k‘éo n Sn’k(x)(k/n x) m xTn,m-—l(x)
= nTn,mﬂ(:z) -m xTn,m—l(x) .

This leads to (3.1).

Using the above result we have, for x € {0, A] , 0 <)X <™,

uél) = ()\/n)% s u7(12) - (3)}i « (A/n) and ur(l3) = (15'>\3/n3);i .

Choosing Kn = (l/)\);i , P=2 in (1.2), we obtain, for
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f € Cl[O, A] and n 21,

2
(3.2) Iz, (£)-£ll = E/D %f—:l # wlf's w79

n

We note that (3.2) is sharper than the following estimate of Varshney and
Singh,

< a1 v, ok
Iz, (£)-fll = VX + ¥/2] ‘Mw(f sn ),

for all A < 2/3 .
Again choosing Kh = (l/)‘)}i , P =3 in (1.2), we obtain, for
Fe€Co,A] and nz1,
(3.3) e, (-7l = B + 332l aivmselrrs n7%)
vhich is sharper than (3.2) for all A < 3/10 .

It may be observed that if we have to approximate f € cl[o, A] when
X is very small (possibly less than 3/10 ), we may have still sharper

estimates of the approximation by using higher values of P in (1.2).

4. Meyer-Konig-Zeller operators

For f € C{0, =) 1let
L(f)(x) = ké:o Zn,k(:c)f'(k/(mk))

be the Meyer-Konig-Zeller operator of order n , where

Zn,k(x) - [n;k](l_x)n+1 C K

We note the following result of Rathore [!, (2.4), p. 213]:
(k.1) L (1t-=|% =) < (Flor1)/2/T(%)) + (2z+(1-2)%/n)*/2 |
Using (L4.1) we have

w233, W) L (Eaemy , W) L Ees/e1n3/d)
n n n -
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u,(:*) < (Vi05°16/729n%)

Choosing K, =3/3/2 , p =4 in (1.2), ve obtain, for

feCco, 1) and n21,

(4.2) Uz, ()=l = [2/3V3+(105/8) - (4/21) ] (L/vm(F's 1/VR)
We note that this is sharper than the following estimate given by Varshney
and Singh [2]:

I, (F)-Fl = [2/3V3+2/27)(1/Vr)w(f"5 1/Va) .

We may remark that the estimate in (4.2) cannot be bettered by taking
higher value of p in (1.2) for modulus of continuity w(f'; 1/Va) .
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