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( r ece ived May 2, 1967) 

M o s e r and Zayachkowsk i [ l ] have d i s c u s s e d c e r t a i n 
p l a n a r l a t t i ce p a t h s f r o m (0, 0) to (m, n) . In th is note we 
c o n s i d e r ana logous pa ths in t h r e e d i m e n s i o n a l s p a c e . F o r 
b a s i c def ini t ions s e e r e f e r e n c e [2]. Throughou t th is note each 
of m , n and k i s a pos i t i ve i n t ege r and if S i s a finite se t , 
I S| wi l l denote the n u m b e r of e l e m e n t s of S. 

E a c h pa th unde r c o n s i d e r a t i o n h e r e i s such tha t each of 
i t s s t e p s i s of one of the following t y p e s : 

1) x - i n c r e a s i n g only, e . g . [(m, n, k), (m+1, n, k)] , 
2) y - i n c r e a s i n g only, e . g . [(m, n, k), (m, n+1, k)] , 
3) z - i n c r e a s i n g only, e . g . [(m, n, k), (m, n, k+1)], 
4) x z - d i a g o n a l , e . g . [(m, n, k ) , (m+1, n, k+1)], 
5) x y - d i a g o n a l , e . g . [(m, n, k) , (m+1 , n+1 , k)] , 
6) y z - d i a g o n a l , e . g . [(m, n, k ) , (m, n+1 , k+1)], 
7) cube d iagonal , e . g . [m, n, k) , (m+1, n+1, k+1)] . 

We wil l i n i t i a l ly c o n s i d e r pa th s each s tep of which i s one of the 
f i r s t s i x t y p e s . 

E a c h pa th f r o m ( 0 , 0 , 0 ) to (m, n, k) which con ta ins no 
d iagona l s t e p s wil l conta in a to ta l of m+n+k s t e p s . Since the 
o r d e r in which t h e s e s t eps occur in the pa th i s u n r e s t r i c t e d , 
the n u m b e r of s u c h pa ths is (m+n+k) f . /ml ni k I . If, in addi t ion 
to s t e p s of the f i r s t t h r e e t ypes , a pa th w e r e to conta in r 

s t e p s of type 4 and no s t eps of any o ther type, then tha t pa th 
would con ta in only ( m - r ) s t eps of type 1 and only (k - r ) 

s t e p s of type 3 . It would, of c o u r s e , s t i l l conta in n s t e p s of 
type 2 and the to ta l n u m b e r of s t eps in each such pa th would be 
m + n + k - r . The to ta l n u m b e r of such pa ths i s 

Cm+n+k-r ) \ / ( m - r )! n1. ( k - r )t r ! 
1 1 1 1 
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S u m m i n g t h e a b o v e o n r w e o b t a i n t h e t o t a l n u m b e r of 

p a t h s f r o m (0, 0, 0) t o ( m , n, k) w h i c h c o n t a i n o n l y s t e p s of t h e 

t y p e s 1 , 2 , 3 and 4 . T h i s n u m b e r i s 

m i n ( m , k ) 

S 

r 4 = 0 

( n + m + k - r ) ' 
1 

n i r I ( m - r )'. ( k - r )! 
I l l 

S i m i l a r l y , i t i s s h o w n t h a t t h e n u m b e r of p a t h s f r o m 
(0 , 0, 0) t o ( m , n, k) w h i c h c o n t a i n s t e p s of t h e f i r s t f i v e t y p e s 
o n l y i s 

m i n ( m , k) m i n ( n , m - r 

r 2 = 0 

( m + n + k - r - r )l 

( m - r - r )I (n - r )i ( k - r ) \ r 1
? . r i 

F i n a l l y , w e s e e t h a t t h e n u m b e r of p a t h s f r o m (0 , 0, 0) t o 
( m , n, k) w h i c h c o n t a i n s t e p s of t h e f i r s t s i x t y p e s o n l y i s 

/ 
min(m, k) ] m i n ( n , m - r ) 

r = 0 
2 

m i n ( k - r , n - r ) 

r 3 = 0 

( m + n + k - r - r - r )i 
1 2 3 

( m - r 1 - r )1 ( n - r 2 - r 3 ) I ( k - r 1 - r 3 ) l r
1 ' r

2 ' r
3

l 

C o n s i d e r n o w a p a t h f r o m (0 , 0, 0) to ( m , n, k) e a c h s t e p 
of w h i c h i s e i t h e r of t y p e 1 , 2 , 3 , o r 7 . T h e t o t a l n u m b e r of 
s u c h p a t h s i s e a s i l y s e e n to b e 

m i n ( m , n , k) 
S ( m + n + k - 2 r ) l 

r = 0 ( m - r ) i ( n - r ) l ( k - r ) l r l 

and w i l l b e d e n o t e d b y f ( m , n, k ) . N o t e t h a t 

f (n, n , n ) 
n ( 3 n - 2 r ) l 

r = 0 ( ( n - r ) i ) r l 

In t h e r e m a i n d e r of t h i s n o t e t h e t e r m d i a g o n a l s t e p , o r s i m p l y 
d i a g o n a l , w i l l m e a n c u b e d i a g o n a l , i . e . t y p e 7 . 
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Let Q(n) denote the se t such that p be longs to Q(n) if 
and only if 

1) p i s a pa th f r o m (0, 0, 0) to (n, n, n) 
2) excep t for the poin ts (0, 0, 0) and (n, n, n) , only po in t s 

on the (n, 0, 0) s ide of the p lane y = x a r e t e r m s of p, and 
3) each s tep of p i s one of the types 1 , 2 , 3 , or 7. 

Note that if a pa th p be longs to Q(n), then the in i t i a l 
s t ep of p i s [(0, 0, 0), ( 1 , 0, 0) ] . Hence , | Q(n) | i s not g r e a t e r 
than the n u m b e r of pa th s f r o m (1 , 0, 0) to (n, n, n), which i s the 
s a m e as the n u m b e r of p a t h s f r o m ( 0 , 0 , 0 ) to ( n - l , n , n), that is, 
f ( n - l , n, n ) . B e c a u s e a pa th be longs to Q(n) only if i t con ta ins as 
a t e r m no point of the p lane y = x o ther than (0, 0, 0) and (n, n, n), 
i t i s noted tha t no pa th of Q(n) t e r m i n a t e s with the s tep 
[ ( n - 1 , n - 1 , n -1 ) , (n, n, n ) ] . Hence , f r o m the above upper bound on 
| Q(n) I we m a y s u b t r a c t the n u m b e r of pa ths f r o m (1 , 0, 0) to 
(n- 1, n- 1, n- 1), which i s f (n -2 , n - 1 , n - 1 ) . L i k e w i s e , no pa th of 
Q(n) t e r m i n a t e s with [(n, n, n- 1), (n, n, n ) ] . The n u m b e r of pa th s 
f r o m ( 1 , 0 , 0 ) to (n, n, n-1) i s f(n- l ,n , n- 1). 

It i s a l so noted tha t s i nce , with the excep t ion of the end 
po in t s , no pa th of Q(n) con ta ins as a t e r m a point on the 
non-(n , 0, 0) s ide of the p lane y = x, no pa th of Q(n) t e r m i n a t e s 
with the s tep [ ( n - 1 , n, n), (n, n, n ) ] . The n u m b e r of pa th s f r o m 
( 1 , 0 , 0 ) to ( n - l , n , n) i s f ( n - 2 , n , n ) . Using the r e f l e c t i on dev ice 
which M o s e r and Zayachkowsk i [ l ] a t t r i bu t e to D. Andre , we 
note tha t in the s e t of a l l pa ths f r o m (0, 0, 0) to (n, n, n) which 
beg in wi th the s tep [(0, 0, 0), (1 , 0, 0)], t h e r e i s a one to one 
c o r r e s p o n d e n c e be tween (1) the s e t of al l pa ths which 
t e r m i n a t e wi th [(n, n- 1, n), (n, n, n)] and conta in as a t e r m a 
po in t of the p l ane y = x o the r than (0, 0, 0) and (n, n, n), and 
(2) the s e t of a l l p a t h s which t e r m i n a t e with [ ( n - 1 , n, n), (n, n, n ) ] . 
Thus , we s ee tha t t h e r e a r e f ( n - 2 , n , n) pa th s which beg in with 
[(0, 0, 0), (1 , 0, 0)] and t e r m i n a t e with [(n, n - 1 , n), (n, n, n)] and 
con ta in a s a t e r m a po in t of the d iagona l p l ane y = x o the r than 
(0, 0, 0) and (n, n, n) . However , each pa th in Q(n) i s a pa th 
f r o m ( 0 , 0 , 0 ) to (n, n, n) whose in i t i a l s tep i s [(0, 0, 0), (1, 0, 0)] . 
Hence , | Q(n) | = f(n, n, n -1) - 2f(n, n, n- 2) - f(n- 1, n- 1, n) -
f(n- 1, n- 1, n- 2); that i s , 

lot» I = V P-f-"1 

r = 0 ( (n - r ) l ) ( n - r - l ) I r i 
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(3n-2r-2)l 

((n-r)l)2(n-r-2)!ri 

(3n-2r-2)l 

(n-r)i ((n-r-l)I)2rï 

(3n-2r-4)l 

((n-r-l)l )2(n-r-2)lrl 

and after simplifying the expression for | Q(n) | , we have the 

following. 

THEOREM. If Q(n) is the set of all lattice paths such that 
p belongs to Q(n) if and only if (1) p is a path from (0, 0, 0) 
to (n, n, n), (2) except for the points (0, 0, 0) and (n, n, n), p has 
as its terms only points on the (n, 0, 0) side of the diagonal plane 
y = x, and (3) each step of p is either (a) x-increasing only, 
(b) y-increasing only, (c) z-increasing only, or (d) a cube 
diagonal, then the number | Q(n) | of paths belonging to Q(n) is 

2 n " 2 ( r + l ) ( 3 n - 2 r - 2 ) l - ( n - r - l ) ( n - r ) Z ( 3 n - 2 r - 4 ) l . 
n + 2 3 

r = 0 ( n - r ) ( ( n - r - l ) I ) r l 

N o t e t h a t t h e r e s t r i c t i o n t h a t e a c h t e r m of e a c h p a t h of t h e s e t 
Q ( n ) , w i t h t h e e x c e p t i o n of t h e e n d p o i n t s , b e a p o i n t of t h e 
(n, 0, 0) s i d e of t h e m a i n d i a g o n a l p l a n e y = x , i m p l i e s t h a t , 
w i t h t h e e x c e p t i o n of (0 , 0, 0) and (n, n , n ) , n o p o i n t of t h e m a i n 
d i a g o n a l i s a t e r m of a n y p a t h i n t h e c o l l e c t i o n Q ( n ) . T h u s t h e 
p a t h s of t h e s e t Q(n) a r e a n a l o g o u s to p l a n a r ( 3 - p a t h s [ l ] . 

A n a n a l y s i s s i m i l a r to t h e a b o v e s u f f i c e s to p r o v e t h e 
f o l l o w i n g . 

T H E O R E M . If R ( n ) i s t h e s e t of l a t t i c e p a t h s s u c h t h a t 
p b e l o n g s to R ( n ) if and o n l y if (1) p i s a p a t h f r o m (0 , 0 , 0) 
to (n, n , n ) , (2) e x c e p t f o r t h e p o i n t (0 , 0, 0) a n d p o i n t s of t h e 
l i n e x = y = n, p c o n t a i n s a s t e r m s o n l y p o i n t s on t h e (n, n , 0) 
s i d e of t h e p l a n e y = x , a n d (3) e a c h s t e p of p i s e i t h e r 
(a) x - i n c r e a s i n g o n l y , (b) y - i n c r e a s i n g o n l y , (c) z - i n c r e a s i n g 
o n l y , o r (d) a c u b e d i a g o n a l , t h e n t h e n u m b e r | R ( n ) | of p a t h s 
b e l o n g i n g to R ( n ) i s 

n - 2 

- 2 2 

r = 0 

n - 1 
2 

r = 0 

n - 2 

r = 0 
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f n n 

f ( n - l , n , n) - (2 S f ( n - 2 , n, n - t ) + 2 f ( n - 2 , n - 1 , n - t ) 

I t=0 t = l 

I n t h e p l a n e a n o - p a t h i s d e f i n e d to b e a p a t h w h i c h c o n t a i n s 
o n l y p o i n t s o n o r b e l o w t h e m a i n d i a g o n a l [ l ] . We w i l l d e s c r i b e 
p a t h s i n t h r e e d i m e n s i o n a l s p a c e w h i c h a r e a n a l o g o u s to c^-pa ths . 

L e t Q ' (n ) d e n o t e t h e s e t of l a t t i c e p a t h s s u c h t h a t p b e l o n g s 
t o i t if and o n l y if (1) p i s a p a t h f r o m (0, 0, 0) to (n, n , n ) , 
(2) no t e r m of p i s a p o i n t of t h e n o n - ( n , 0, 0) s i d e of t h e p l a n e 
y = x , a n d (3) e a c h s t e p of p i s e i t h e r (a) x - i n c r e a s i n g o n l y , 
(b) y - i n c r e a s i n g o n l y , (c) z - i n c r e a s i n g o n l y , o r (d) a c u b e 
d i a g o n a l . T h e n u m b e r | Q ' ( n ) | i s t h e s a m e a s t h e n u m b e r of 
p a t h s f r o m ( 0 , 0 , 0 ) to ( n + 1 , n + 1 , n ) , w h i c h , e x c e p t f o r t h e end 
p o i n t s , c o n t a i n o n l y p o i n t s o n t h e (n, 0, 0) s i d e of t h e p l a n e y = x . 
T h e s t e p s of t h e p a t h s a r e r e s t r i c t e d to b e of t y p e s 1, 2, 3 , and 7 . 

We h a v e s h o w n t h a t 

| Q ( n ) | = f (n , n , n - 1 ) - 2 f ( n , n, n - 2 ) - f ( n - l , n - 1 , n) - f ( n - 1 , n - 1 , n - 2 ) , 

o r 

| Q ( n ) | = f ( n - l , n , n) - f ( n - 2 , n - 1 , n - 1 ) - f ( n - l , n, n - 1 ) - 2 f ( n - 2 , n, n ) . 

F r o m t h i s and t h e a b o v e s t a t e m e n t c o n c e r n i n g t h e n u m b e r i Q ' f n ) ! 
w e s e e t h a t 

| Q ! ( n ) | = f (n , n + l , n ) - f ( n - 1 , n , n - 1 ) - f ( n , n + 1 , n - 1 ) - 2 f (n- 1, n + 1 , n ) , 

o r 

| Q « ( n ) | = f(n, n, n+1) - f ( n , n - 1 , n - 1 ) - 3 f ( n , n - 1 , n + 1 ) . 

U s i n g t h e d e f i n i t i o n of f ( m , n, k) w e s e e t h a t 

( 3 n - 2 r + l ) l 
( n - r ) i ( n - r ) i ( n - r + 1 ) ' . r i 

( 3 n - 2 r - 2 ) l 

( n - r ) l ( ( n - r - l ) l ) 2 r i 

| Q ' ( n ) | - S 
r = 0 

n - 1 
- 2 

r = 0 
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n - 1 
- 3 S ( 3 n - 2 r ) l 

r^O (n - r ) I ( n - r - l ) I ( n - r + l ) ! r l 

S impl i f i ca t ion of the above y i e ld s the 

T H E O R E M : If | Q ! ( n ) | i s the n u m b e r of p a t h s in the s e t 
Q'(n), then 

n - 1 
| Q ' ( n ) | = (n+1) + S ( 3 n - 2 r ) l ( r + l ) 

r = 0 ( n - r - l ) l ( n - r ) l ( n - r + l ) ! . r l ( n - r ) 

_ n ^ ( 3 n - 2 r - 2 ) l 

r = 0 ( ( n - r - l ) I ) 3 r l ( n - r ) 
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