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In this note we prove the following result:

If n is a positive integer > 1, m the square-free part of n, and if

1 = a1<a2<...<a<Hn) = « - l (1)

are the positive integers less than n, relatively prime to n, then

j = l 24

where co(m) is the number of prime factors of m.

To prove this result we consider first the case when n itself is square-free,
n = PiPz---Pr where the/?; are distinct primes, i = 1, 2, ..., r. For every integer
k, let M{n, k) be the number of integers at in the set (1) such that (fli + k, n) = 1.
(In the general case when n is not necessarily square-free, M(n, k) is Nagell's
totient function. For a discussion of this function see Alder (1).) By con-
sidering the r congruences

xt + k = 0 (mod/>()

where JC; ^ 0 (modpi), i = 1, 2, ..., r, it follows easily that

M(«, *) = n (p-i) n (p-2)=<K«) r r ^ r -
p i n p\n p | n

Now let (fc, ri) = dk; then since « is square-free, /? | « and /> ^ k if, and only if
P I («/<4)> a n ( i hence

M(«, A:) = 0(«) n E~-
P 1

If d is square-free, let i/<d) = I I O " 2 ) ( r f > 1), ^(l) = 1- Then \fr is multi-
P \ d

plicative on the square-free integers, and
M(n, k) = m<t>(nldk)l<$>(nldk)

Now let s = 4>(n) and consider the set of integers
au a2,..., as, as+l, ..., a2s,
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where as+i — n + ah i = 1, 2, ..., s. From the above, if l^k^n, M(n, k)
is the number of pairs («,, aj) in this set such that

a,—ay = k
withy^s. Hence

£ £ (ai+J-«,-)2= £ k2M(n,k)= £ k2<KdkMnldk).
j = I i = 1 k= 1 k= 1

Now suppose that d\n; then d = dk if, and only if it = d (an integer
relatively prime to n/d). Thus, if G(«) denotes the sum of the squares of the
positive integers less than n, relatively prime to n, then

£ k2M{n, k) = I d2G(nld)m<l>(.nld)
k = 1 d\n

Now it is easy to prove that if m is square-free, then

G{m) = £m<KmX2m + (-l)o>("0),

(See for example, Nagell (2) Ex. 35, Ch. I.) Hence

£ kM(n,k) tn<Kn) £
* = 1 d\n d

d l

The second of these equalities follows from the fact that in the first sum each
of the terms is multiplicative (on the square-free integers).

Using the following results, which are easily verified,

£ £ (ai+j-aj)2= £ Y («<+,-«;)2+ £ £ (a,.+,-a,-)2

j = 1 i = 1 i = l i = l ; = l i = s-j+1

s s s j
> {(!• — a - J H~ / / i fit _i_ • — fl-ii_/ V * J' I—i I—i V S + t J/

s s ..2 s j

L vai~aj) +— s(s+l) + 2n 2^ h \ai~ajh
j= I i= I 2 j = l i = l

5 s 2

E X"1 / \2

I I
= i < =
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we deduce that

£ k2M(n,k)=$ns2(n + 2(-ir<n))+$n2s(s+l)-4n £ J0j.
k = 1 j = 1

Thus

4» £ JflJ = in2j

which, after simplification, yields

Now let n be an arbitrary integer >1 and let m be its square-free part.
If 1 = b1<b2<...<bHm) = m— 1 are the positive integers less than m
relatively prime to m, then the integers bj + lnt, j = 1, 2, ..., <p(m), 1 = 0, 1,

..., — — 1, are all the positive integers less than n relatively prime to n. Thus

if these integers are denoted by av <a2 < • • • <a^n), then

- - i

S ./«;= E E U + WmWj+lm).
j = 1 j = 1 I = 0

It is now an easy matter to deduce from this the result stated earlier for
arbitrary integers >1 .

Corollary 1. In the same notation,

Corollary 2.

£ jaj= ^- ){6nV
j = I 24

The proofs are straightforward and follow from the identity

a = 2, p = I gives corollary 1, and a = 1, /? = 2, together with the fact that

for arbitrary integers n> 1, yields corollary 2.
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