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Abstract

Making use of a new N-body model to describe the evolution of a moderate-size globular cluster, we investigate the
characteristics of the population of black holes within such a cluster. This model reaches core-collapse and achieves a
peak central density typical of the dense globular clusters of the Milky Way. Within this high-density environment, we
see direct confirmation of the merging of two stellar remnant black holes in a dynamically formed binary, a gravitational
wave source. We describe how the formation, evolution, and ultimate ejection/destruction of binary systems containing
black holes impacts the evolution of the cluster core. Also, through comparison with previous models of lower density,
we show that the period distribution of black hole binaries formed through dynamical interactions in this high-density
model favours the production of gravitational wave sources. We confirm that the number of black holes remaining in a
star cluster at late times and the characteristics of the binary black hole population depend on the nature of the star cluster,
critically on the number density of stars and by extension the relaxation timescale.

Keywords: binaries: close – globular clusters: general – gravitational waves – methods: numerical – stars: kinematics and
dynamics

1 INTRODUCTION

The recent detection of gravitational waves (GWs) (Abbott
et al. 2016a) believed to be from the merging of two black
holes (BHs) has invigorated the modelling community and
led to a new set of papers on BH–BH merging rates expected
from star cluster populations (Chatterjee, Rodriguez, & Ra-
sio 2016; Mapelli 2016; Rodriguez et al. 2016a, 2016b) and
field binaries (Belczynski et al. 2016a; Eldridge & Stanway
2016). These studies build on work over the past decade or
more that focussed on predictions for the Laser Interferomet-
ric Gravitational-wave Observatory (LIGO) and Advanced
LIGO detections of the merging of double compact object
binaries with population synthesis of binary stars (e.g. Bel-
czynski, Kalogera, & Bulik 2002; Dominik et al. 2015) and
models of the dense star cluster environment (e.g. Portegies
Zwart & McMillan 2000; Downing et al. 2011; Antonini
et al. 2016).

The GW source GW150914 is the first detection of its
kind and also the first observational evidence for the merging
of a BH–BH binary (Abbott et al. 2016a). The component
masses are derived to be 36 and 29 M� based on signal
matching the waveform expected for the inspiral and merge
of these BH masses. It has been suggested that a globular

cluster (GC) environment is the most likely place to form
such a high-mass BH binary (Rodriguez et al. 2016b) but
pathways exist for normal binary evolution in the field as well
(Belczynski et al. 2016a; see also the discussion in Dvorkin
et al. 2016). More recently, a second source GW151226 has
been announced (Abbott et al. 2016b) with derived masses of
14.2 and 7.5 M� (although with sizeable error bars). Previous
studies have examined how a population of BHs may evolve
in a star cluster (see Breen & Heggie 2013 and Chatterjee
et al. 2016 for recent summaries). In essence, many BHs
are expected to form in a typical GC and these BHs quickly
form a centralised subsystem which may be unstable (Spitzer
1969) owing to the formation of BH binaries and the ejection
of single BHs as well as the binaries in strong encounters
(Kulkarni, Hut, & McMillan 1993; Sigurdsson & Hernquist
1993). However, numerical studies of star cluster evolution
have shown that expansion of the BH subsystem can occur
as a result of these ejections, increasing the timescale for BH
evaporation and suggesting that a sizeable population of BHs
can reside in present day GCs (e.g. Breen & Heggie 2013;
Morscher et al. 2015). Portegies Zwart & McMillan (2000)
postulated that the BH binaries that form in the centralised
BH subsystem of a star cluster are ripe for merging and
thus candidates for detection as GWs. The occurrence of
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merges on short gravitational radiation timescales within the
dense stellar environment of a cluster has been confirmed
via N-body simulation by Aarseth (2012). It has also been
shown that these BH binaries can in turn influence the overall
evolution of the host cluster (Hurley & Shara 2012; Morscher
et al. 2015).

Here, we introduce an N-body model of N = 2 × 105

which reaches a high central density (about 106 stars pc−3)
and the end of the core-collapse phase at about 12 Gyr. This
complements recent higher N models such as that of Wang
et al. (2016) which did not reach core-collapse and previ-
ous lower density models of N � 2 × 105 (Sippel & Hurley
2013). It can also be compared to Monte Carlo models used
to investigate the formation and behaviour of BH–BH bina-
ries in star clusters (Morscher et al. 2015; Rodriguez et al.
2016b). We describe the setup of the model and general evo-
lution characteristics in Section 2 then look specifically at
the BH population within the model cluster in Section 3.
In Section 4, we highlight a dynamically influenced BH–
BH merger which occurred within the cluster, describing the
formation pathway and outcome, then look at the effect of
BH binary merges and ejection events on the behaviour of
the cluster core. Finally, we compare the period distribution
of dynamically formed BH–BH binaries in high- and low-
density cluster models (Section 5) and discuss the results.

2 THE HIGH DENSITY N-BODY STAR CLUSTER

We focus here on a simulation that started with 1 95 000 sin-
gle stars and 5 000 primordial binaries and was evolved to
an age of 16 Gyr using the direct N-body code NBODY6
(Aarseth 2003; Nitadori & Aarseth 2012). The code includes
algorithms to follow single and binary star evolution, as de-
scribed by Hurley et al. (2001), in step with the calculation
of the gravitational forces which are integrated with a fourth-
order Hermite scheme. Particular attention is paid to the
treatment of close encounters, with regularisation schemes
and stability algorithms employed to deal efficiently with
small-N subsystems (see Aarseth 2003 for details), whilst
collisions, merges, dynamical perturbations of binary orbits,
and exchange interactions, for example, are allowed.

The stellar masses are chosen from a Kroupa (2001) initial
mass function (IMF) between the limits of 0.1 and 50 M�.
For the binary stars, we combine the chosen masses to give
the binary mass and then redistribute the component masses
according to a mass-ratio drawn at random from a uniform
distribution. Orbital parameters, period, and eccentricity, are
chosen according to the method described by Geller, Hur-
ley, & Mathieu (2013) to match the observed character-
istics of the binary population in the young open cluster
M35. Specifically, this means that orbital periods follow the
(Duquennoy & Mayor 1991) log-normal period distribution
and eccentricities follow a Gaussian distribution centred on
e = 0.38 with σ = 0.23. The metallicity chosen for the stars
is Z = 0.0002 (or [Fe/H] � −2). This is the metallicity of
the GC NGC 6397 which is part of the metal-poor sample

of Milky Way GCs (approximately 10% of the sample have
lower metallicities: Bica et al. 2006). At this metallicity, stars
with initial masses 18.4 M� or greater evolve to become BHs
whilst stars of 6.1 ≤ M/M� < 18.4 become neutron stars
(NSs). The main-sequence turn-off mass at an age of 12 Gyr
is 0.83 M� and stars with 0.84 < M/M� < 6.1 have evolved
to become white dwarfs (WDs) by this age. All stars are as-
sumed to be on the zero-age main sequence when the simu-
lation begins. Stellar evolution is supplied by the Single Star
Evolution (SSE) algorithm described by Hurley, Pols, & Tout
(2000). We use the SSE prescription for mass loss in stellar
winds except that, following the discussion by Belczynski
et al. (2010), the luminous blue variable mass-loss rate for
massive stars has not been applied because it overly restricts
BH masses for low- to intermediate-metallicity populations.
Another difference is that NS and BH remnant masses are set
following the updated procedure of Belczynski et al. (2002).

It is generally assumed that NSs and possibly BHs receive
a velocity kick at birth owing to asymmetries in the preced-
ing core-collapse supernovae. The magnitude of these kicks
and how they are affected by complications such as the fall-
back of material during BH formation are uncertain. Some
guidance can be gleaned from the observed space velocities
of pulsars which are typically of the order of hundreds of
km s−1 which, when compared to the typical escape velocity
of a star cluster, of order 10 km s−1 or less, leads to a prob-
lem of retaining supernova remnants (Pfahl, Rappaport, &
Podsiadlowski 2002). Whilst there are models that suggest a
mass-dependent kick distribution for BHs (Belczynski et al.
2002), this is tempered by the results of Repetto, Davies,
& Sigurdsson (2012) who find that BHs and NSs require
similar kicks in order to explain the observed distribution of
low-mass X-ray binaries in the Milky Way. For simplicity,
we assign NSs and BHs a velocity kick at birth chosen at ran-
dom from a uniform distribution between 0 and 100 km s−1.
The choice of natal kick distribution will have implications
for the nature of the BH–BH population and this will be
discussed in Section 5.

We assign the initial positions and velocities of the cluster
members according to a Plummer density profile (Plummer
1911; Aarseth, Hénon, & Wielen 1974) and put the stars and
binary systems initially in virial equilibrium. The half-mass
radius of this starting model is 2.3 pc and the outermost star
is 18.1 pc from the cluster centre.

The host galaxy is modelled as a three-component Milky
Way consisting of a point-mass bulge of 1.5 × 1010 M�
(Xue et al. 2008), a Miyamoto & Nagai (1975) disc of
5 × 1010 M� (Xue et al. 2008), and scale-lengths a = 4
kpc, b = 0.5 kpc, and a logarithmic dark matter halo set
such that the combined mass of the bulge, disc, and halo
gives a circular velocity of 220 km s−1 at a distance of 8.5
kpc from the Galactic centre. The sum of the contributions
from the force derivatives of the three components is in-
cluded directly in the force calculations, as described in
Aarseth (2003). Within this host galaxy, the cluster is placed
at an apogalacticon of (x, y, z) = (7, 0, 0) kpc with a velocity
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Dynamical gravitational wave source 3

Figure 1. The stellar number density in the cluster core as a function of
age for the new model presented in this work (black sold line), the Hurley
& Shara (2012) model (red dotted line), and the Sippel & Hurley (2013)
model (red points). Also shown for reference is the number density within
the half-mass radius for the new model (dashed line).

vector (0, 115, 45) km s−1. So the cluster orbits between a
radial distance of 2.7 to 7.0 kpc within the disc and extends
to about 0.9 kpc above and below the plane of the disc. The
initial mass of the cluster is 1.26 × 105 M�. This gives a tidal
radius of approximately 50 pc at apogalacticon. Accordingly,
we set an escape radius of 100 pc beyond which we consider
stars (or binaries) to no longer be cluster members.

After 12 Gyr of evolution the cluster mass, that of bound
members, has reduced to 3.0 × 104 M� and at 16 Gyr it is
1.2 × 104 M�. We note that the orbit of the model cluster
is similar to that of the Milky Way GC NGC 6397 (Kalirai
et al. 2007) which we used as a guide. However, the current
mass of that cluster is estimated to be anywhere from 6 ×
104 M� (Drukier 1995; Giersz & Heggie 2009) to 2.5 ×
105 M� (Pryor & Meylan 1993), at least a factor of 2 greater
than this model at a similar age.

Figure 1 describes how the stellar number density of the
model evolves with cluster age. Shown are the number den-
sity within the cluster core (upper solid line) and within the
half-mass radius (dashed line). Both are the number of stars
divided by the relevant volume. Also shown for comparison
are the core number density behaviour in the N = 2 00 000
model of Hurley & Shara (2012) and in the N = 2 50 000
model of Sippel & Hurley (2013). The Hurley & Shara (2012)
model was evolved on a circular orbit at a distance of 3.9 kpc
from the centre of the galaxy. It experienced core-collapse at
an age of 10.5 Gyr and had 1.7 × 104 M� remaining when
the simulation ended at 12 Gyr. That simulation was notable
for the ejection of a BH–BH binary at about 11.5 Gyr. This

caused a sharp increase in the size of the core and a corre-
sponding drop in core number density, which is evident in
Figure 1, erasing the signature of core-collapse. The Sippel
& Hurley (2013) model was evolved on a circular orbit at
a distance of 8.5 kpc from the centre of the galaxy. It had
6.7 × 104 M� of bound mass in stars and binaries remaining
at an age of 12 Gyr. This model did not experience core-
collapse in the 16 Gyr timeframe owing to a longer half-mass
relaxation timescale compared to the other models.

It is noticeable from Figure 1 that our new model reaches
a much higher central density than the previous models, at
least an order of magnitude greater in fact, with the central
density of the Sippel & Hurley (2013) model comparable to
the half-mass radius density of the new model which in turn
can be as much as four orders of magnitude less than the
central density. The peak central density of the new model is
about 106 stars pc−3 which is approaching that expected for
the dense GCs of the Milky Way, as listed by Pooley et al.
(2003). Note that luminosity densities can be converted to
indicative number densities by assuming an average stellar
mass of 0.5M� and a mass-to-light ratio of M/L = 2 M�/L�
(Sippel et al. 2012).

We see a decrease in the central density over the first few
Gyr of evolution as the cluster expands in response to stellar
evolution induced mass loss. This is followed by a period
of sustained density increase associated with the main core-
collapse phase of the cluster evolution, which is interrupted
briefly by a dip in density at about 11.5 Gyr (discussed be-
low). The core-collapse phase ends at 12.2 Gyr with a central
density of approximately 106 stars pc−3 and is followed by a
series of core oscillations as well as a more significant drop
in density at around 14 Gyr (also to be discussed below).

The corresponding core radius evolution is shown in
Figure 2. We calculate the N-body core radius using the
density-weighted procedure of Casertano & Hut (1985). As
described by Sippel et al. (2012) fluctuations are to be ex-
pected, owing to the actions of a few massive BHs or ener-
getic binaries in the central regions. We see from Figure 2
that, for the majority of the evolution, the core radius sits be-
tween the inner Lagrangian 1 and 10% radii, that is the radius
that contains the inner 1 and 10% of the cluster mass, respec-
tively. At late times (about 10 Gyr or later), the core radius
and the 1% Lagrangian radius effectively track each other,
although with some extended fluctuation in the core radius.
The half-mass radius expands from its initial 2.3 pc over the
first 2 Gyr of evolution and then remains fairly steady within
the 4 − 5 pc range for the remainder of the evolution. We
note that the half-mass relaxation timescale (Spitzer 1987)
of the initial model was 350 Myr, increasing to a maximum
of about 1 500 Myr at 3.2 Gyr and decreasing to 600 Myr at
12 Gyr.

3 THE BLACK HOLE POPULATION

Approximately 380 BHs and 1 530 NSs form in the model.
As mentioned above, these come primarily from stars with
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Figure 2. Evolution of various cluster radii with age: half-mass radius (rh,
upper black line), inner Lagrangian 10% radius (r10, lower black line), core
radius (rc, black points), inner Lagrangian 1% radius (r01, blue points), and
the half-mass radius of the black holes (rh,bh, red points). The black hole
half-mass radius is only plotted when more than two BHs are in the cluster.

initial masses in the ranges 18.4 ≤ M/M� ≤ 50 and 6.1 ≤
M/M� < 18.4, respectively, with binary evolution having
the ability to blur the boundaries. The first supernova occurs
after about 4 Myr of evolution. At an age of 50 Myr, by
which time all BHs have formed, there are 70 remaining in
the cluster, a retention rate of roughly 18% after velocity
kicks have been applied. NS formation continues until 120
Myr and 14% are retained at this age.

Figure 2 shows the evolution of the half-mass radius of
the BH subsystem which can be compared to the half-mass
radius of all stars as well as other key radii. The mass range
of the BHs is typically 5 < M/M� < 30 so they quickly
become the dominant population by mass. Notably the BH
half-mass radius is generally smaller than the radius contain-
ing the inner 1% of the mass of all stars, indicating that the
BHs are a centrally concentrated subpopulation. In fact, both
the core radius and the inner 1% Lagrangian radius exhibit a
sharp decrease between 100 and 200 Myr, down to about 0.4
pc. This can be attributed to an early collapse of the BH sub-
system which has its own much shorter relaxation timescale
relative to the general stellar population. This behaviour has
been noted by other authors in the past (Portegies Zwart &
McMillan 2000; Chatterjee et al. 2016; Wang et al. 2016).

The number of BHs in the cluster steadily decreases as
the cluster evolves. Of the 70 present at 50 Myr, there are
43 remaining at 1 Gyr, 20 remaining at 3 Gyr, and 10 at 7
Gyr. By the time, the cluster has reached an age of 10 Gyr
only five BHs remain and at core-collapse (12.2 Gyr) there
is a solitary BH in the cluster. This steady decrease of the

BH population is similar to that found by Sippel & Hurley
(2013) although in their lower density model, with a much
longer dynamical timescale, there were 16 BHs remaining
after 12 Gyr of evolution. The prime cause of the decrease is
the velocity imparted to BHs in few-body encounters. This
results in escape from the cluster.

The evolution of the half-mass radius of a BH subsystem
was studied by Breen & Heggie (2013) using two component
N-body models where all BHs have mass m2 and all other
stars have mass m1, with m2 > m1. After the initial collapse
phase of the BH subsystem they find that there is a long-lived
phase of energy balance between this centralised subsystem
and the remainder of the cluster. They demonstrate a rela-
tionship between the half-mass radius of the BH subsystem
(rh,bh) and the overall half-mass radius (rh) in terms of the to-
tal mass in BHs (M2) and the total mass of all other stars (M1),

where rh,bh/rh � 0.33
(
M2/M1

)0.28
. For our model at 7 Gyr,

an age which is well separated from the early core-collapse
of the BH population and the later end of the core-collapse
phase for all stars, as well as still having a sizeable BH popu-
lation of 10 to ensure reasonable statistics: M2/M1 is 0.0011
(BHs have about 0.1% of the cluster mass). Placing this into
the relationship of Breen & Heggie (2013) gives a prediction
of rh,bh/rh � 0.05 which is an excellent match to the actual
value of the model. This lends credence to the validity of
their relationship and means that we can assume that the BH
subsystem is in the energy balance phase at this time. We note
that m2/m1, the ratio of the average BH mass to the average
stellar mass, is about 15 for our model at 7 Gyr compared
to m2/m1 = 10 used by Breen & Heggie (2013) to develop
their relationship. For their series of N = 106 models, Wang
et al. (2016) also found consistency with the relationship of
Breen & Heggie (2013), even with a higher m2/m1 � 40.

4 A DYNAMICALLY INFLUENCED BLACK
HOLE BINARY MERGER

As the cluster evolves BH–BH binaries form, generally
through three-body encounters and exchange interactions.
Of particular interest is a system that formed at 7.5 Gyr com-
prising BHs of mass 9.1 and 8.2 M�. These started life as
single main-sequence stars of 20 and 19.5 M� and quickly
evolved to become BHs. After 4.8 Gyr of evolution, the
8.2 M� BH formed a binary with a 1.1 M� carbon–oxygen
WD after a brief three-body interaction with the WD and a
lower-mass main-sequence star. At about 7.5 Gyr with the
BH–WD binary and the 9.1 M� BH residing in the core of
the cluster, a brief interaction ensues and the single BH ex-
changes into the binary at the expense of the WD leaving a
BH–BH binary with an orbital period of about 6 800 d and
an eccentricity of 0.6. Only a few Myr after formation this
system is involved in a resonant exchange interaction with a
third BH of mass 7.0 M�. This third BH subsequently leaves
the original BH–BH intact but now with an orbital period
of 410 d. The 7.0 M� BH escapes from the cluster with a
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Figure 3. Period evolution of the BH–BH binary comprising 9.1 and 8.2 M� BHs that ends by merging. Some of the major interactions
involving this system are marked along the period evolution path (corresponding to the descriptions in the text). The single stars involved
in these interactions are listed above each marked point: • denotes a BH, ⊕ denotes a WD and the number is the mass of the star. The
eccentricity of the BH–BH binary at the time is also given. All listed single BHs are ejected from the cluster after their interaction. The
two red arrows indicate interactions in which the BH–BH binary recoils out of the cluster core.

velocity of 19.5 km s−1. The BH–BH binary then remains
bound until an age of 11.2 Gyr. However, in the interven-
ing period, it suffers a succession of interactions with other
stars that harden the system, reducing the orbital period and
making the system more strongly bound. At formation the
BH–BH binary resides in the core and successive weak en-
counters drive the period down to 360 d until, at around 7.9
Gyr, a stronger encounter reduces the orbital period to 245 d
but also causes the binary to recoil to the outer regions of the
cluster. The 6.9 M� single BH involved in this interaction is
ejected from the cluster. By 8.9 Gyr, the BH–BH binary has
sunk back into the core and a new encounter, with a 11.1 M�
BH and a 1.0 M� WD, reduces the orbital period to 120 d.
Successive encounters over a 2 Gyr timeframe reduce the
orbital period to 6.3 d and a stronger encounter then causes
a further period decrease to 5.5 d and once again pushes the
binary out of the core. This explains the momentary increase
in the half-mass radius of the BHs seen in Figure 2 just be-
fore 11 Gyr. Our BH–BH binary then returns to the core
and further encounters reduce the orbital period to about 1 d
(with an eccentricity of 0.6) at which point gravitational ra-
diation takes over and the system quickly merges to leave a
single 17.4 M� BH at 11.2 Gyr (under the simple assump-
tion that no mass is lost). This is the dynamically influenced
BH–BH merge—a GW source manufactured by the dense
cluster environment. The evolution of the orbital period for
this binary from formation to merging is shown in Figure 3
with some of the major interactions denoted. This highlights
that in addition to the interactions which we have described

there are many minor modifications to the orbital period as
the BH–BH binary evolves.

The 17.4 M� BH quickly captures a companion, a 1.3 M�
oxygen–neon WD, in an orbit that reduces from a period of
470 to 80 d over a 50 Myr interval. The eccentricity is pumped
up to 0.99 and for such high eccentricity, the presence of
Kozai cycles (Kozai 1962) is inevitable. Subsequently, the
two stars collide at periastron and merge. We assume that all
of the WD mass is added to the BH to leave a BH of mass
18.7 M�. This more massive BH immediately captures a new
companion and has a succession of partners, various WDs
and a NS, before settling down with an oxygen–neon WD
of mass 1.3 M�. At an age of 11.7 Gyr, this binary escapes
from the cluster with an eccentricity of 0.5 and an orbital
period of 2 d. This leaves only one BH remaining in the
cluster, with a mass of 5.5 M�. At an age of 13.9 Gyr, this
collides with an oxygen–neon WD whilst in a three-body
system and increases its mass to 6.9 M�. It subsequently
escapes from the cluster at an age of 14.4 Gyr in a binary with
another oxygen–neon WD and an orbital period of 3.1 d. The
velocity of escape is 32 km s−1 and comes from the break-
up of a three-body system in which the third star, also an
oxygen–neon WD, is ejected with a velocity of 210 km s−1.

As we see in Figure 2, the core radius has a local mini-
mum at 11.3 Gyr followed by a period of expansion until
11.7 Gyr when the main core-collapse phase resumes. This
timeframe of 400 Myr corresponds with the presence of the
18.7 M� BH in the core as a member of a binary which pro-
vides a heating effect through interactions with nearby stars.
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Figure 4. Period distribution of BH–BH systems at formation (hatched) and
for all distinct BH–BH periods that occurred during the simulation (solid
line: the modified distribution). Both are normalised so that the maximum
number of systems in a log P bin is 1.

This ends when the BH–WD system escapes (as described
above). The increase in the core radius between 13.9 and 14.4
Gyr, which temporarily halts post-core-collapse oscillations
(Breen & Heggie 2014), appears to be similarly the result
of heating from the BH–WD binary involving the 6.9 M�,
which escapes at 14.4 Gyr (also as described above) and
leaves the cluster bereft of BHs.

5 BLACK HOLE BINARY PERIOD
DISTRIBUTIONS

There are 84 distinct BH–BH binaries that form during the
simulation. These are all formed dynamically with exchange
interactions being the most common pathway. None come
from primordial binaries even though there are some pri-
mordial binaries in which both stars are massive enough to
evolve to become BHs. The mass loss during BH formation
or the energy change owing to the associated velocity kicks
is enough to unbind the binary in each case.

The period distribution for the 84 BH–BH binaries is
shown in Figure 4. This is the period at formation for each
binary. The period can subsequently undergo modification,
as in the examples illustrated in the previous section. Thus,
we also show the distribution of the full range of peri-
ods experienced by BH–BH binaries during the simulation.
An individual binary can contribute multiple times to this
modified distribution depending on how often its period is
changed in an encounter. We see that periods of less than
100 d are only reached after formation. We find that six

BH-BH binaries escape from the cluster intact over the course
of the evolution. These have periods ranging from 220 to
20 000 d and are not expected to merge within a Hubble
time.

For comparison, we can look at the lower density model
of Sippel & Hurley (2013) which formed 50 distinct BH–
BH binaries. BH–BH orbital periods less than 1 000 d were
not reached in the Sippel & Hurley (2013) model and not
surprisingly there were no recorded BH–BH merges in that
model. That GW events are more likely to occur in high-
density clusters such as our current model is to be expected
because the timescale for close encounters between stars and
binaries and for exchange interactions to occur is inversely
proportional to the stellar number density (Hills 1992). In
fact, Rodriguez et al. (2016b) have shown how the separation,
or orbital period, of dynamically formed binaries is related to
the cluster properties of total mass and half-mass radius, with
a smaller half-mass radius leading to closer systems which
are then more likely to merge (Moody & Sigurdsson 2009).

The Hurley & Shara (2012) model formed only one BH–
BH binary and that subsequently escaped intact. This simu-
lation used the Kroupa, Tout, & Gilmore (1993) IMF which,
as noted by Wang et al. (2016), is less top-heavy than the
Kroupa (2001) IMF, meaning a smaller proportion of mas-
sive stars and thus fewer BHs. Also, the metallicity used was
Z = 0.001. This raises the minimum mass for BH production
slightly and the lower density of the model means a lower
escape velocity and thus a decreased retention rate of BHs
after velocity kicks. All of these factors combined, but pri-
marily the IMF choice, result in only a small number of BHs,
four in fact, present in the Hurley & Shara (2012) model at
an age of 50 Myr after comparable velocity kicks to those
employed in the current model.

That all of the BH–BH binaries formed in our model are
dynamical in origin compares favourably with the N-body
models made by Ziosi et al. (2014) to investigate BH–BH
characteristics in young star clusters. With models of N =
5 000 and central densities of 103 − 104 stars pc−3, evolved
over a timescale of 100 Myr, they found that 98 % or more of
the BH–BH binaries formed by dynamical exchanges. They
also found a period distribution primarily populated between
1 and 107 yr which allows for much wider systems than we
find for our model shown in Figure 4.

6 SUMMARY AND DISCUSSION

So what can we infer from a single instance of a merging
binary BH? Statistically we do not have a sample that al-
lows us to compute rates, as was done by Rodriguez et al.
(2016b) from a suite of Monte Carlo cluster models ranging
in N from 2 × 105 to 2 × 106 stars. They found a merg-
ing rate of about 5 Gpc−3 yr−1 in the local Universe from
dynamically formed BH–BH binaries in GCs and that, de-
pending on the velocity kick imparted to BHs at birth, the
rate of merging from GCs can be comparable to that from
field binaries. The advantage of the Monte Carlo method
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is that it allows models to be completed on a timescale of
days to weeks compared to the approximately six months it
took for our N-body model. For a model of similar N, initial
size, and metallicity, Rodriguez et al. (2016b) found 3 − 4
merges per model. In the absence of repeated instances of our
N-body model and considering the stochastic nature of the
dynamical formation process, our result of one merge can be
taken as indicative of an expected 0–2 per model, if we did
have the luxury of performing repeated models on a short
enough timescale. Considering the differences in the mod-
elling approaches, such as the treatment of the tidal field
(see Giersz et al. 2013), and uncertainties involved with
stellar/binary evolution (see below), this order of magnitude
agreement is pleasing.

Even though the statistics of dynamically formed BH bi-
nary merges have been explored previously in Monte Carlo
models, the direct confirmation and illustration of the pro-
cess for an individual system in an N-body model adds to
the picture. That has been the intention of this work. Going
forward, there is a need to perform a wider range of N-body
models to look further at how the BH–BH binary population
characteristics depend on cluster properties, improve statis-
tics, and allow a more detailed comparison with the Monte
Carlo results, such as the most recent results of Rodriguez
et al. (2016b). Looking closely at the sister population of
BH–NS systems is also warranted. In constructing this range
of models, it would be ideal if N could be varied up to 106

stars. Wang et al. (2016) have recently published a set of
million-body simulations performed with NBODY6++GPU,
a parallelised version of NBODY6 that can run across multi-
ple GPUs. However, these models, evolved to 12 Gyr, took
up to a year to run, were low density (about 103 stars pc−3)
and did not reach core-collapse. A higher density model
was evolved to an age of 1 Gyr in 120 d using eight com-
pute nodes with a combined 16 GPUs. By comparison, the
N � 4 50 000 model of Heggie (2014) with the standard non-
parallel NBODY6 was evolved at a higher density but took
over 2 yr to reach 12 Gyr. Therefore, we are not yet at the
stage where we can readily perform a suite of models at large
N. In the meantime, we shall focus on high-density models
in the range of N = 1 00 000 to 2 00 000 which will each take
six or fewer months to complete.

When composing future models aimed at understanding
the BH–BH binary population we need to be mindful of the
results of Chatterjee et al. (2016). Their work showed that, of
the various model assumptions relating to stellar and binary
evolution, it is the choices for the stellar IMF and the way that
post-supernova velocity kicks are applied that have the most
impact, more so than the initial binary fraction and choices
relating to the initial binary properties, for example. The
impact of velocity kicks on BH–BH binary characteristics
has also been explored recently by Belczynski et al. (2016b).
Our decision to choose NS and BH velocity kicks from a
uniform distribution between 0 and 100 km s−1 is motivated
by suggestions that NS retention in rich GCs is in the range
of 10–20% (Pfahl et al. 2002), as achieved by our model,

and a desire for simplicity in the absence of a definitive
kick model. For more massive clusters, with larger escape
velocities, we would need to increase the upper limit of the
uniform distribution accordingly so as to maintain retention
in the 10 to 20% range. Conversely, if we were to adopt
a Maxwellian distribution with a dispersion of 265 km s−1

(Hobbs et al. 2005) in the current model the retention fraction
of NSs would be close to zero. Similarly, for BHs if they were
assumed to follow suit. Given that NSs and BHs will be the
heaviest cluster members and segregate to the centre of the
cluster their number will affect cluster properties such as
the size of the core (Breen & Heggie 2013; Chatterjee et al.
2016) as well as the characteristics of the BH–BH and BH–
NS populations. As such the manner in which post-supernova
velocity kicks are applied deserves serious consideration in
future models.

We should also be prepared to relax the upper limit to
the stellar IMF and allow initial masses up to 100 M� in
future models. For the Kroupa (2001) IMF that we have
adopted, less than 0.05% of stars lie in the 50 to 100 M�
range, meaning that our decision to cap the IMF at 50 M�
has deprived the model of about 50 higher mass stars that
would have been present if we had extended the IMF to
100 M�. This high-end truncation will affect the mass spec-
trum of the BHs that are produced, assuming they are retained
in the cluster, and in turn will have an impact on results such
as the timescale of BH ejection and the cluster evolution
(e.g. Morscher et al. 2015). Increasing the upper limit to the
IMF and widening the range of BH masses in the model
will also increase the applicability to the detection results.
The LIGO BH–BH binary GW detection GW150914 (Ab-
bott et al. 2016a) has component masses of around 30 M�
and a chirp mass of 28 M�. Our BH–BH merger has a
lower chirp mass of 7.5 M� coming from BHs of the or-
der of 10 M�. It is within the range of the masses derived
for the subsequent GW detection GW151226 (Abbott et al.
2016b).

Within our NBODY6 treatment, the gravitational radiation
timescale for close binary systems is given by the classi-
cal Peters (1964) expression and implemented in terms of
changes to the orbital angular momentum and the eccentricity
(Hurley, Tout, & Pols 2002). Whilst this is accurate enough
for our current purpose, a more accurate treatment involving
post-Newtonian terms is available in the sister code NBODY7
(Aarseth 2012). Newtonian dynamics can initiate substantial
shrinkage of the orbital separation but a favourable timescale
for merging is enhanced by high eccentricity which implies
that Kozai cycles (Kozai 1962) will be present. In this case,
the post-Newtonian treatment would ensure greater accuracy
for the modelling of the final stages (see Aarseth 2012).

Our model reaches the end of the main core-collapse phase
at an age of roughly 12 Gyr and has only one BH remaining
at this late dynamical time. Shortly afterwards, it has com-
pletely lost the BH population. This is consistent with pre-
dictions from theory and scattering experiments that model
the behaviour of the BH subsystem that old GCs would retain
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at most a few BHs (e.g. Kulkarni et al. 1993; Sigurdsson &
Hernquist 1993). It is also consistent with the N-body model
of Heggie (2014) which had lost its BH population at about
the time that the main core-collapse phase ended. In con-
trast, the less evolved model of Sippel & Hurley (2013) had
16 BHs remaining at 12 Gyr and the million-body models
of Wang et al. (2016), also less evolved but with a more
generous BH retention rate owing to the chosen application
of velocity kicks, contained of the order of a few hundred
to a thousand BHs. The set of Monte Carlo models pub-
lished by Morscher et al. (2015) also showed that thousands
of BHs could be retained in GCs, with some dependence on
cluster properties and again with a generous retention rate.
These results highlight the difference between dynamically
old and dynamically young clusters in terms of expected BH
population numbers and the need to further understand how
these numbers and properties depend on the nature of cluster
evolution.

Whilst our model shows much dynamical activity involv-
ing BHs, including the dynamically formed GW source that
we have highlighted, what is surprising is that we see little
evidence for heightened dynamical production of some other
exotic binary populations. For example, the model contains
zero cataclysmic variables and low-mass X-ray binaries at 12
Gyr. Given the higher density of the model compared to ear-
lier simulations and in light of the long-held suggestion that
a dense stellar environment should produce an increase in
compact binaries (e.g. Fabian, Pringle, & Rees 1975; Davies
1997; Pooley et al. 2003), these non-detections are surpris-
ing. This definitely requires further investigation. Most likely
the particulars of the primordial binary population, for exam-
ple, the choice of a uniform mass-ratio distribution, and how
this interacts with the stellar environment are important for
the production of these types of systems, but not for BH–BH
binaries (Chatterjee et al. 2016).
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