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EXTENSION OF LOCALISED APPROXIMATION BY
NEURAL NETWORKS

NauMwoo HauM AND BuMm IL HoNG

We prove generalised results for localised approximation by generalised translation
networks. We also show the relationship between the minimum number of neu-
rons in the generalised translation networks with one hidden layer and the desired
accuracy where the target functions are in a subset V''?([-1,1]°) of the Sobolev
space W'P([-1,1]°).

1. INTRODUCTION

In recent years, there has been a great deal of research in the theory of approxima-
tion of real valued functions using artificial neural networks with one hidden layers [1,
2,5, 6,7, 8). An interesting question in the theory of neural networks is to determine
the minimum number of neurons in the hidden layer of a feedforward network required
to provide a preassigned accuracy in approximating each target function in a known
class of functions. Mhaskar [7] showed that if the target function belongs to Sobolev
classes, we need O(e~*) neurons in the hidden layer of the neural network to achieve the
approximation order €. In this case, the number of neurons in the hidden layer increases
exponentially along with the dimension. This causes a serious problem in applications
where it is necessary to approximate functions depending on many variables.

Chui, Li and Mhaskar [3] suggested a localised approximation to cure this problem.
An intuitive idea of a localised approximation is the following. Assuming that the target
function is defined on [—1,1]°, we divide the cube into n® small portions and construct
a neural network with a small number of neurons on each small portion. To motivate
a localised approximation, we consider a Lebesgue measurable function f defined on
[~1,1]? which is zero almost everywhere outside a compact set K C [—1,1]? and we
divide [—1,1)? into n? subsquares. If df is the diameter of K, then f is mainly nonzero
over (dx/ 2)27rn2 subsquares. But, dx is not an integer and hence we consider ¢; many
subsquares around the boundary of K and this leads us to infer that f is nonzero over
at most (dx/2)°7n? + ¢, subsquares. Note that (dx/2)?mn? + ¢, < c(d% +1/n%)n?
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where ¢ := max{r/4,c1}. Thus f is nonzero over at most c(d% + 1/n?)n? subsquares.
Then we construct a subnetwork P with ¢(d% + 1/n%)n%L neurons that has the same
approximation order as the network which approximates f over [—1,1]?, where L is
the number of neurons that are needed to approximate f over a subsquare in which f
is nonzero. This method has an advantage when the target function changes on a small
part of the square since we only need to retrain neurons related to that part.

Chui, Li and Mhaskar [4] derived the degree of localised approximations by a neural
network with the univariate squashing activation function. In this paper, we establish
the degree of localised approximation by a generalised translation network.

2. PRELIMINARIES

We adopt the following notation. In this paper, the symbol s will denote a fixed
positive integer, s > 1. If A C R® is a (Lebesgue) measurable set, and f: A > R is a
measurable function, we write

1/p
{isopa} ™ t1<p<oo,

ess sup|f(t)| if p = 0.
teA

tfllzeca) =

The space LP(A) is defined to be the class of all functions f : A — R for which
| fllLe(ay < oo. As usual, we consider two functions to be equal if they are equal almost
everywhere in the measure theoretic sense.

Let WP([-1,1]°) := WbP([~1,1)°) denote the Sobolev class of degree 1. Alter-
natively, the class WP([—1,1]*) consists of functions which have, at almost all points
of [—1,1])*, all partial derivatives up to order 1 and all of these derivatives are in
LP([-1,1]*). For f € W?([-1,1]°), we write

Nfllwe(=1,1) = Z 1D  fll Lo (=119

0gkg1

where, for the multi-integer k = (kj, k2, -+ ,ks) € Z°, 0 € k € 1 means that each

8
component of k is nonnegative and does not exceed 1, |k| = Y |ki| and
i=1

olkl ¢

D*f= ————u.
d dz¥ .. dzke

Let VP([—1,1]°) be the set of all Lebesgue measurable functions f such that
| fllwe(-1,1y < 1. Then it is clear that V?([-1,1]*) C WP([-1,1]°).
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For positive integers d,s with d < s, the class Lﬁ;z consists of all functions g :
R¢ — R such that / K|g(x)|p dx < oo for every compact subset K C R® and Mgy,
denotes the set of all real valued d x s matrices. Let N be a positive integer, 1 < p < o0
and ¢ : R® - R. A generalised translation network % on R® with N neurons means
a function of the form

N
(2.1) B(x) =) ar(Arx + by)

k=1
where A, € Mgxs, br € R% and ai € R. The set of all such functions with a fixed N
will be denoted by Wg.n 5.
The degree of approximation of a function f € LP([-1,1]°) by such networks is
defined by

Egnps(f) = inf{“f = Pllp(j-1,y0): P € ‘I’¢;N,s}-
If @ 2 1 is not an integer, we define
E¢;a,p,3(f) = E¢;[a],p,8(f)a
where [-] is the Gauss function.

We consider networks where each neuron may evaluate a different activation func-
tion. If gy,...,gn are functions in L?%, we define

loc?
E(f, {gla' .. ,gN},p,S)

= inf{’ f(x) - kZ:Ckgk(Akx)

ENp,s(f) = inf{E(f;{gl, .oy 9NLDS) 91, 59N € Lﬁﬁ}-

The quantity E(f;{g1,.-.,9n}, D, s) measures the degree of approximation of f when
the neurons evaluate the functions {gx}, but only on an inner product with the input
variables without any thresholds b as in (2.1). When one considers gx(x) := ¢(x + bg)

tcx ER, Ax € Myy, and xeR’}

LP([-1,1]*)

and

N

for k with 1 < k < N, one may think of ¥ crgx(Axx) as a generalisation of the gen-
k=1

eralised translation networks. The quantity ey, ,(f) measures the degree of approxi-

mation when the neurons may evaluate any activation functions, even if the activation
functions are dependent on the target function f. We define €4 5 5(f) := €[a},p,s (f) for
any real number o > 1.

For a Lebesgue measurable function f on R?, we denote by A(f) the diameter of
the essential support of f. For f € VP?([-1,1)°), and positive numbers r and ¢, we
write

A(f,r,t) == ((A(f))‘ +r")t.
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3. MAIN RESULTS
In this section, we state two theorems that are main results of this paper.
Let 1 € p € o0, and let d,s,n be integers with 1 £ d < s and n > 1. For
¢ € L%, we define

loc?

Egnpo(VP(=1,1%) :=inf{t >0:  sup  Eynizmupelf) <1/n}.
feve(-1,1)9)
The quantity Eynps(V?([~1,1]°)) gives the minimum number of neurons in a network
with one hidden layer, each evaluating the activation function ¢, that are necessary to
guarantee localised approximation of every function in V?([—1,1]*) up to order 1/n.

THEOREM 3.1. Let d,s be integers such that 1 < d < s, and let 1 < p € oo.
Let ¢ : R = R be infinitely many times continuously differentiable in some open
sphere in R?. Assume that for some b in this open sphere,

(3.1) D*¢(b) # 0
for any k € Z% and k > 0. Then, for § >0, we have
Ed’;ﬂ,p,s (Vp([_l, l]s)) <en®ts, n>1,

where ¢ is a positive number depending on é, p and s but is independent of n.

This theorem shows that localisation provides a near optimal order of approxima-
tion.

REMARK. Some examples where (3.1) is satisfied are the following, where for x € R4,

4 1/2
we write |x| = (Z :1:3) :

i=1
The squashing function #(z) = (1 + e_z)_l, d=1,
Generalised multiquadrics o(x) = (1+]x*)% a #2, d>1,
The Gaussian function ¢(x) = exp(~|x|?), d>1,

. [x|29-41log |x| if d is even
Thin plate splines o(x) =

|x|29—4 if d is odd
for d > 1 and ¢q € Z with ¢ > d/2.

For 1 < p € o0, we define

Enps(VP(-1L1)) i=inf{t > 01 sup  enggmnpelf) 1/n}.
feve([-1,1)%)
This quantity shows the minimum number of neurons in a network with one hid-
den layer, each evaluating {gx}, that are necessary to approximate every function in
VP([-1,1)*) locally up to order 1/n.
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THEOREM 3.2. For 1< p<oo and 1<d< s, we have
Enps(VP([-1,1]%)) 2 cn’logn, n>1,

where c¢ is a positive number depending on p and s, but independent of n.

This theorem shows that the number of neurons in a network with one hidden
layer is at least cn®logn and implies that the optimal order n° cannot be reached by
localisation.

4. PROOFS

To prove Theorem 3.1, we use the B-spline functions. The B-spline of order 0 is
defined to be the characteristic function of the interval [0,1] and is denoted by Ng. For
any integer m > 1, Ny, is defined recursively by

1
Np(z) == / Np—1(z — t) dt, z€R.
0

Then N, has a compact support [0,m] and N, is (m — 1) times continuously differ-
entiable. In addition, “Nm“Ll([O,m]) = ||Nm||L°°([0,m]) =1 and ”Nm”LP([O,m]) < 1 for
1< p<oo.

The tensor product B-splines are defined by

N3 (x) := HNm(zk), x = (z1,...,%5) € R%.
k=1

We prepare with two lemmas to prove Theorem 3.1.

LEMMA 4.1. Let ¢ satisfy the conditions of Theorem 3.1, and let m be an
integer larger than (s® + s+ 6)/8. For any integer n > 1 and multi-integer k, there
exists a ¢ € Il 4 , such that

IN3, — @llpeo(-1,12) S en™*7F,

where c is a positive constant depending on §, m and s.

PROOF: The result is immediate from {7, Theorem 2.1] when we replace m —1 by

r. 0

According to [9], there exists a bounded linear operator T : WP([-1,1]°) —
W”([—?, 2]’) such that T(f) = f almost everywhere on [—1,1]°. Since T is a bounded
linear operator, there exists a constant ¢ such that

T () we(=2,21) < cllfllwe-1.1%)
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for every f € WP([—1,1])%). Let ¢ be an infinitely many times continuously differen-
tiable function that takes the value 1 on [-1,1]° and 0 outside of [-3/2,3/2]°. Then
the function T'(f)¥ equals f on [—1,1]® almost everywhere and is identically 0 out-
side [-3/2,3/2)° and ||T(f)¢”wp([_2,2],) < cll fllwe(i-1,1)5)- We denote the extension

T(f)y of f by the symbol f.
Now we have the following lemma.

LEMMA 4.2. Let Iy, be the cube with centre (2k + 1)/(2n) and side 1/n for
any integer n > 1 and multi-integer k € Z*, where (2k + 1)/(2n) = ((2k1 + 1)/2n,-- -,
(2ks + 1)/2n). Define '

(1) SN =nt T ([ Foa)Namm -,

—m—1gkgn~

where —m — 1<k < n—-—1 meansthat —-m—1<k; <n-—1for1<i<s. Then, for
any f € VP([—1,1]*) and n > 1,

”f - Sﬂvm(f)”Lp([-Lm) < %

where ¢ is a positive constant depending only on s.
PROOF: See Mhaskar [4]. 0
Lemma 4.1 and Lemma 4.2 can be used to prove Theorem 3.1.

PROOF OF THEOREM 3.1: We choose an integer m larger than (s*+s+4)/d
and M such that the summand in (4.1) does not exceed MA(f,n,n®). We construct a
neural network

Px)=n" Y ( - F(t) dt) o(nx — k).

~m—-1<kgn—1

Then P is a network having at most MA(f,n,n°*®) neurons by Lemma 4.1. In
addition, we have, by Lemma 4.1 and Lemma 4.2,

f- P“L"([—I,II“) < ”f - Snrm(f)”LP([—l,l]-’) + ”S"M(f) - P”LP([—I,]]-’)

ol 5

—m-1g<kgn~1 YWk

- py1l/p
< f(t)dt)} N, = ol gore)

Slo

<S4+

Sl

31a3le
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This completes the proof. 0

Since Holder’s inequality says that ||fllpi—11je) < lfllzp(-1,1)%) holds for a
Lebesgue integrable function f and 1 < p, it is enough to show that Theorem 3.2
holds for p = 1. For this purpose we prove the following two lemmas.

LEMMA 4.3. Let m,s > 1 be integers and 0 < a < 2~™s~1/2, Define
B(a) :== {x € R® : |z;| < a}.
If F is a function from R?® into [0,00), and is zero outside B(a), then
€m,1,s(F) = I FllL1((=1,159)-

PRrROOF: Let Ay,..., A, be d x s matrices and let u,,...,u,, be unit vectors in
RS such that A;u; =0, 1 <7< m. Let

1 if x € B(a),
|

0 otherwise.

We define
F1(%) = Xa(x) = Xa(x + Vsau,)

and inductively, for 2 < n < m,
Ia(x) = fac1(x) = fam1(x + 2" 'Vsau,).
Then, directly from the construction of f,, for 1 < n £ m we have
|fa(x)| <1, forx €R® and fa(x)=0, for x¢ B(2"/sa).

In addition, by mathematical induction,

(42) L P OFE = I ls e

and

(4.3) / fa()9(Ax)dx =0, 1<j<n, geLbd
[—1,1]"

For n =1, we have

[_1,115 fl (X)F(X) dx = A—l,l]‘ XG(X)F(X) dx - / Xa (X -+ \/.;a.ul)F(x) dx

(—1,1]"
=/ Xa(x)F(x) dx
[_111]’

= “F”Ll([—l,l]’)
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and

/ fi(x)g(A1x) dx = / 9(A1x) dx - / g(A1 (x - \/Eaul)) dx
(—1,1)° B(a) B(a)
= /B(a)g(Alx) dx —/ g{A;x) dx

B(a)
=0.
If we assume that (4.2) and (4.3) hold for n = k with & < m, we have, for
n=k+1,
[ fenoPdx= /[ RICLOES /{ | Jeloct 2o ) () d
['_lvl]‘g —-1,1)¢ —1,1}*

= / Fre+1(x)F(x) dx
(-11)°

= ||F||L1([—1,1]s),
since x + 28/saug 4, ¢ B(a) for z € B(a), and

/ Fr1(X)g(A;%) dx
[-1,1]*

=/[ e fe(x)g(4;x) dx—/ Fi(x + 2% V/5auses 1) g(A;x) dx

[-I’I]S

= /[_1 " fr(x)g(A;x) dx —/ Fr ()9 (4; (x — 26\/5aumer,)) dx

[_1,1]‘!
=0,

since g(A4;(x — 2¥\/sauk41)) € L};g for 1< j <kand Agyqugyy =0 for j =k +1.
By the definition of &m,1,(F), it is clear that em 1,5(F) < ||F||g1(j—1,1js)- On the

other hand, if we take ¢1,...,9m € L};f and f1,...,fm as above, then we have

> |
Ll([_l,lla) [_1!1]’

=/ |F(x)fm(x)|dx
(-1,1)°

“F(X) — > cegr(Axx) F(x) fm(x) = ) ckgr(Arx) frn(x)| dx
k=1 k=1

= [|1Fllpr =1,y

This completes the proof. 1]
LEMMA 4.4. Let 0 <a <1 and define, for x € R?,

P9 = (1- B a0
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where ||x||? = Z z?. Then there exist constants & and  depending only on s such
that
NFllrgo1,y = @@®  and  ||Fllwioy,yey < B2

PROOF: We observe that F is supported on B(a) and is continuously differen-
tiable. Therefore

2
NF L g=1,150) = 1- ” ” Xa(x) dx
[-1,1)°

2
o - 0)
B(a) sa

OF

Since [;_; 1 e

dx = fB(a)I(Z.’I:,/sa )]dx = (2%a*"1)/s, we have

”Fllwl([—l,l]‘ ”F“L‘([—l o) + Z/ L)

8,8—1
= aa® + ———s
8

3:1:,

s aas—l + Zsas—l

e ﬂas—l

This completes the proof. 0
Now we prove Theorem 3.2 using Lemma 4.3 and Lemma 4.4.

PrOOF OF THEOREM 3.2: Let N :=¢&,,,{(Vi,s), and a := (208)/(an), where o,
are the constants in Lemma 4.4. Let m be the largest integer less than ((v/sa)’ +
n~*)N. This implies that

(4.4) m < ((\/Ea)" + %)N < ((i%) N.
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Assume that 0 < a < 2=™s~1/2 a5 in Lemma 4.3. We define
8
>z
F(x) = (1 & )Xa(x).

Note that the diameter of the essential support of F/||Fllwi(_115s) Is Vsa and
F/||F|lw1 -1,y belongs to VP([-1,1]°). In addition, (4.4) implies that m is the
largest integer less than A(F/ N lw(=1,030)s P N). According to the definition of
En,s(VP([~1,1]°)), we have

6 (Fmigm) = () <
A(F/||F||wl([_1,1]s),mN):1’5 ”F”Wl([_l,l]s) ™1 ”Fllwl([_l’]_]a) Sl

By Lemma 4.4,

NFllwr (=1, < Ba*~!
n = on

(4.5) Em,l,s(F) <
On the other hand, we have, by Lemma 4.3 and Lemma 4.4,
(4.6) €m,1,5(F) = ||FllLe(-1,15) = aa’.

Therefore, {4.5) and (4.6) show that

s—1
aa® < pa , that is, %zaas é
n n n
This is a contradiction to the assumption and hence
(4.7) a>2"ms"12
Let ¢; := (28+/s)/a. Then (4.7) implies that
logn € mlog2+logce; < cam
for some constant ¢z € R. Therefore, logn/cs £ m and
as
N 2 mn’®
(@)
1 8
2 —lognn
2 © ((Mﬁ) +as)
:=cn’logn
where ¢ = o* / (cz (2vsB)’ + as)) . This completes the proof. a
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