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Abstract

Let f be an irrational number with simple continued fraction expansion

(E = [a 0 ; a , . . . . , * , . , . . . ] ,

pl/qi be its /th convergent. Let Mi = [aj+l; a,•, ... , a ,] + [0; aj+2 , ai+i , . . . ] . In this paper

we prove that Mn_l < r and Mn < R imply Mn+l > l / ( r ~ ' + a n + l N / l - 4/(rR)-al+lR~i),
which generalizes a previous result of the author.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 11 J 04, 11 A 55.

1. Introduction

Let <J be an irrational number with simple continued fraction expansion
£, - [a0; ax, ... , ai,...], and pjq. be its rth convergent. Let Mt =
[ai+1 ;a(, ... , a J + tO; ai+2, ai+3,...]. In a recent paper [9], the present au-
thor proved the following conjugate property of the triplet (Mn_l,Mn,Mn+l),
which implies the classical results of Borel and Segre [5] on a symmetric and
a symmetric Diophantine approximations.

THEOREM 1. Let r>an+l. Then

(i) Mn > r implies min(Afn_!, MH+l) < 4r/(r2 - a2
n+l);

(ii) Mn < r implies max(Afn_,, Mn+l) > 4r/(r2 - a2
n+l);
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(iii) Mn = r implies

m i n ^ . , , Mn+l) < 4r/(r2 - a2
n+l) < max(J/B_,, Mn+l).

The essence of Theorem 1 is using the magnitude of Mn to estimate
the magnitudes of Mn_x and Mn+l. It is very natural to pose two related
questions: how to use Mn_x, Mn+l to estimate Mn and how to use Mn_x,
Mn to estimate Mn+l ? Apparently these questions are more complicated
because there are two parameters involved.

In this paper we solve these two questions and show that Theorem 1 is a
corollary of our results.

2. Preliminaries

Since
Mt = [ a i + l ; at, ... , a , ] + [ 0 ; ai+2, ai+3, . . . ] ,

l e t t i n g P = [ a n + 2 ; an+i, . . . ] a n d Q = [ a n ; an_x, ... , ax], w e h a v e

and

It is well known [2, 3, 4] that

(4) £ 4
3. Main results

THEOREM 2. Let £ be an irrational number such that

<f = [ a 0 ; a , , . . . . a f , . . . ] .

If r, R are two real numbers such that r > 1, R > 1 and rR > 4, then
Mn_x < r and Mn < R imply

(5) Mn+X
 l
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PROOF. Sine
By (2) we have

PROOF. Since Mn_{ < r, by (1) we have Q l > l /(r - l/(an+l + P ' ) ) .

R > a. - + P l +

and

(6) P>2/(R-

From Mn< R and (2) we have

(7) a ,+Q

By (3), we then have

By (7), we have RP > P(an+l + P " 1 + (T 1 ) > a XP + 1 > 2 .
This implies that the right-hand side of (8) is an increasing function of P.

By (6) and (8) we then have

REMARK 1. In Theorem 2, if we reverse the directions of the inequality
signs in the proof, we have a conjugate theorem.

THEOREM 2'. Let £, r, R be given as in Theorem 2. Then Mn_x > r and
Mn> R imply

REMARK 2. The conditions Mn_x <r and Mn < R in Theorem 2 can be
changed to be Mn_x < r and Mn< R but Mn_l = r and Mn= R do not
hold simultaneously. A similar result is true for Theorem 2'.
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REMARK 3. If we interchange the roles of Mn+l and Mn_l in the proof
of Theorem 2, and use equation (3) instead of equation (1), the conclusion
of the theorem becomes Mn< R and Mn+l < r implying

As in Remark 2, the inequalities Mn< R and Mn+l < r may be replaced
by Mn < R and Mn+l < r, provided that Mn = R and Mn+l = r do not
hold simultaneously.

COROLLARY 1. Let r,r be two real numbers such that r > 1, / > 1.
Then Mn_{ < r and Mn+l < r imply

,„ w
PROOF. Let H be the right-hand side of inequality (9). It is easy to check

the following equality.

(io) k i

We consider two possible cases.
CASE 1. r <r . Rewrite (10) as follows:

( I D

Since r > 1, r > 1, we have 0 < 1 - a~^(l/r - l/r'f < 1. From r < r
we have

K [r + r' + \a"+1 + rr'J > r + +\ r ~
Hence Hr > 4 and (11) becomes

<l (7 -7) H+".« = "f^w-
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If Mn < H, by Mn+l < r and Remark 3, we have

contradicting the assumption that Mn_x < r. Hence Mn> H.
CASE 2. r > r . By a similar method we can prove that

. . / i l. 4 c
r H J "

By Theorem 2, Mn < H and Mn_, < r imply Afn+1 > r , contradicting
the assumption that Mn+l < r . Hence Mn> H.

Now we discuss a special case of Corollary 1. By (1) and (3), if Afn-1 =
Mn+l we have (P - Q){an+XPQ + P + Q) = 0. Hence P = Q. But P is an
infinite continued fraction, and hence irrational, while Q is finite and hence
rational so that P ^ Q. Therefore Mn_x = r and Mn+l = r cannot hold
simultaneously. Corollary 1 may be varied in the same way as Theorem 1,
as described in Remarks 1, 2 and 3. By these variations and setting r - r ,
we obtain the following result.

COROLLARY 2. Let r > 1 be a real number. Then
(i) Mn_x < r and Mn+l < r imply

(ii) Mn_x > r and Mn+X > r imply

„ 2

REMARK 4. Theorem 1 is a simple corollary to Corollary 2 because
min(Mn_l, Mn+l) > 4r/{r2 - a2

n+l) implies, by (ii), that Mn < r and

max(Mn_l, Mn+l) < 4r/(r2 - a2
n+i) implies, by (i), that Mn > r. The

contrapositives of these two statements imply the three parts of Theorem
1.

We give another application of Corollary 2.
In [7], the present author proved that if T is a real number such that

1 < T < 2 + \/5 , then among any three consecutive convergents pjqi (i -
n - 1, n, n +1) of an irrational number £, at least one satisfies the following
inequality:

(12) ^ ^ T

a)
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We show that the restriction T < 2 + \/5 may be dropped.

THEOREM 3. Let x > 1 be a real number. Then among ii,:tc a.nsejuiive
convergents pjQj {i = n-\,n,n + \) of an irrational number £, at least
one satisfies inequality (12).

PROOF. By (4) we need only prove that either there is an odd index i

among n - 1, n, n + 1 such that Mt > Ja2
n+l + 4x , or there is an even

index i such that Mt > \ja2
n+x + 4T/T .

We discuss two possible cases.
CASE 1. n isodd. Then n-\ and «+l areeven. If one of Mn_x, Mn+l >

^ 2
+ 1 +4T/T , then (12 )ho ldsby (4 ) . If both Mn_x, Mn+X < ^/al+l

we may assume \Ja2
n+x + 4T/T > 1 because ya2

n+l + 4T/T < 1 implies

Mn+l > an+2 > ! >

Letting
r =

in Corollary 2(i), we have Mn > Ja2
n+l + 4T .

CASE 2. n is even. Then n - 1 and n + 1 are odd.
If one of Mn_x, Mn+l > \fa2

n+l+4x, then (12) holds by (4).

If both Mn_l, Mn+l < ^/a2
n+l + 4x, then letting r = sja2

n+x + 4T > 1 in
Corollary 2(i), we have

( 1 J )

Since x > 1, the right-hand side of (13) is greater than \Ja2
n+x + 4 T / T .

The proof is complete.
REMARK 5. An alternative proof of Theorem 3 can be found in [1].
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