BULL. AUSTRAL. MATH. SOC. 06C15
VOL. 34 (1986) 219-~-223

THE FREE ORTHOMODULAR WORD
PROBLEM IS SOLVABLE

GubruN KALMBACH

It is shown that the free orthomodular word problem is solvable.

Since the free orthomodular lattice Lo on countably many

generators has, as a partial subalgebra, every finite partial
orthomodular lattice P , which is contained in some orthomodular
lattice as a partial subalgebra, it is sufficient to prove Evans
embedding property for these P only. The construction of the
finite orthomodular lattice containing P as a partial subalgebra
has and can be done qutside of Lo . It uses the coatom extension

for ortholattices.

In order to prove that the free orthomodular word problem is
solvable, it is sufficient, by [1], to prove that every finite “partial"
orthomodular lattice S can be embedded in a finite orthomodular lattice.

We can assume that S is a finite suborthoposet of the free ortho-

modular lattice Lo on countably many generators and we shall prove that
there exists a finite suborthoposet M(S) of Lo which is generated by

S and M(S) 1is, with the induced structure, an orthomodular lattice

(Theorem 4).
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Theorem 4 holds for all m=-generated suborthoposets of LO with

m < 2 since the free orthomodular lattice on two generators is finite

[2;3.9]. oOur inductive hypothesis is:

(A) For every m—-generated suborthoposet T E_Lo with m < »n there

exists a finite orthomodular lattice M(T) such that
(i) T 1is a generating suborthoposet of M(T) ,

(ii) joins and meets in Lo of elements in T , which exist in T , are
preserved in M(T) ,

(iii) M(T) can be embedded into Lo such that T is mapped identically

onto itself and every chain FE < T generates the Boolean subalgebra
FEELO in M(T) .

Here TA 1is, for A S_Lo , the subalgebra of Lo generated by A4 . For
condition (iii) we observe that, in general, the condition on Lo implies

that, for any finite orthomodular lattice N generated by T , there

exists an isomorphic copy of N in Lo' We shall write &0 = a2 and

1 .
X~ = x' for elements & of an ortholattice.

LEMMA 1. Let L be a finite ortholattice and let a ¢ L - {0,1}
be such that:

(i) M=1L - {a,az} , with the induced structure, igs an orthomodular
lattice

(i1) there exist bo,b1 € L such that

[0,a%) = 0,61l fore =0,1.

Then there exist a finite orthomodular lattice N containing M as a

subalgebra and L as a generating suborthoposet.

Proof. By [Z2; p. 310] we construct for the quasi-ideal
D= [0, bo v b1] C'M a coatom-extension N =M u (D x {e'}) v (D' x {c})

where (1, ¢} 1is a new coatom above the elements of D . If we identify

a® ¢ L with (b;—e ,ce) then M is a subalgebra of ¥ and L is

embedded as a generating suborthoposet in N .
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LEMMA 2. Let S be a finite n-generated suborthoposet of L

with an element a € S such that T =8 - la,a't is (n-1)-generated.
Then there exists a finite. orthomodular lattice M(S) such that (i)-(iii)
of (4) hold for S < M(S).

Proof. By the inductive hypothesis there exists a suborthoposet
M(T) of Lo with the properties (i)-(iii) of (a) for T ¢ M(T) . In T

there exist finitely many elements a;,...,q, < a and dl""’d > a .

1 t

pDefine bo = apyN...va, and bl' = dlA...Adt . We can assume bo’b_‘l e M(T)

1
since T u {bo’bl’bo"b.‘;} is (n-1)-generated. By 1. there exists a

finite orthomodular lattice N = M(S) containing the ortholattice
M(T) v {a,a’'},-with x ga <y for =z,y € M(T) iff x < bo and bJ' LY,
as a generating suborthoposet and M(T), 8s a subalgebra. The definition

of N and the properties of M(T) , S and Lo imply that (i)-(iii) of
(4) holds for S < M(S) .

It follows from Lemma 2 that we can make the new inductive assumption:

(B) For every n—ge{lerated suborthoposet S ¢ Lo which contains an

(n-1)-generated suborthoposet T with 2 < [S - 7| < 2r there
exists a finite orthomodular lattice M(S) such that (i)-(iii) of
(d) holds for S < M(S).

et S ¢ Lo be an n-generated suborthoposet with an (n-1/)-generated

suborthoposet T such that |S - T| =2r . Let a e S - T be such that
S 1is generated by T u {a} . We measure the length of an element in §
in terms of the generating set D and choose an element b ¢ S - T of
maximal length. Then E =S - {b,b'} is a suborthoposet of Lo
generated by D for which the inductive hypothesis (B) applies. Let L1
be a finite orthomodular lattice which is embedded into Lo such that

(1)-(iii) hold for E c M(E) = L1 . We can assume that b ¢ Ll in the

following lemma since otherwise M(E)
for 5 < M(8) .

M(S) satisfies (i)-(iii) of (B)

LEMMA 3. Assume that whenever z ¢ E covers b, and b covers
two elements x,y ¢ E , then u <b <v for u,w e E implies 2z 2 v and

ugsx or u=sy . Then there exists a finite orthomodular lattice
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N = M(S) , containing L,u {b,b'} as a suborthoposet, such that (i)-

(i11) of (4) holds for S < M(S) .

Proof., We assume b ¢ LJ . In particular, by (iii), xz £ y' . 1In
L, we consider the interval [x Ay, z]l and its extension to the
orthoposet Nl =[x A y,z]l u {b,b!} such that [0,b) n N] =
= ([0,x1 v [0,y]) n N] is a quasi-ideal A4 in Nl n Ll and where
a<b<e in N implies ¢ =23 and afx or a £y . By using the

1
coatom-extension for the new coatom b and the quasi-ideal A there

exists a finite orthomodular lattice N2 containing Nl as a generating

suborthoposet, We can assume that N2 is embedded in Lo and we replace

in L1 the interval [0,z A (z' V y')]l by an isomorphic copy #N, of

3
N, . 1In the product L, of [0,2' V¥ (x A y)]l € L, with N, we
identify the element (x A y,b A (z' v y'))® with b® . We paste the
ortholattices L2 and L3 = Ll - ([0,2 A (' Vv y')]l ulz’v (zA y):ljl)

to the ortholattice N along the common segment [0,z' V(x A y)]lx{O,l}.

is only comparable with an element x € L3 if

, we have both ¢ < d' and

A new element in N - Ll

x € L2 holds. Therefore if, for e,d € L

e'' And' gL

3
3 then e’ Ad' <3 A (x!' vy') and we extend the partial

order on N for these elements and their orthocomplements by u £ ¢', d'
for all u £ e’ Ad' in N. This way we obtain from ¥ an orthomodular

lattice M(S) such that (i)-(iii) of (B) holds for S < M(S) .

Some remarks additional to Lemma 3 are: If there exists A c S
with |A| 2 2 such that 2z covers b and b covers a for all
aed and 8e€ S, and if u <b <v for u,v € E implies 2z < v and
u 2 a for some a € A , then we can use the same arguments for the quasi-

ideal v {[0,alla € 4} n Nl replacing ([0,z] v [0,y]1) n NJ in Lemma 3,

We also observe that, for the case where two elements u,v (or more)
cover b and b covers two elements x,y (or more) in S such that
a<b< ¢ for abe S implies a<x or g5y and ugc or v s ¢,

there exists an element 2z in Ll such that for the FE-generated

https://doi.org/10.1017/5000497270001008X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270001008X

Free Orthomodular Word Problem 223

element b either b < 2 s u,» or X,y £2<b holds. In the first
case we apply the construction of Lemma 3, to the interval

Nl =[x A y,z]l E~L1 . The other case is dual and for the case where

more than two elements in S cover b or are covered by b we apply
the procedure just described (several times if necessary)., We conclude
that the assertion of Lemma 3 holds without the additional assumptions

on F .

THEOREM 4, Let S < L, be a finite suborthoposet. Then there
exists a finite suborthoposet M(S) < L, containing S as a generating
set which, together with its induced structure, is an orthomodular
lattice.
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