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TWISTOR THEORY OF MANIFOLDS WITH
GRASSMANNIAN STRUCTURES

YOSHINORI MACHIDA anpD HAJIME SATO

Abstract. As a generalization of the conformal structure of type (2,2), we
study Grassmannian structures of type (n,m) for n,m > 2. We develop their
twistor theory by considering the complete integrability of the associated null
distributions. The integrability corresponds to global solutions of the geometric
structures.

A Grassmannian structure of type (n,m) on a manifold M is, by definition,
an isomorphism from the tangent bundle TM of M to the tensor product
V ® W of two vector bundles V and W with rank n and m over M respectively.
Because of the tensor product structure, we have two null plane bundles with
fibres P71 (R) and P™ *(R) over M. The tautological distribution is defined
on each two bundles by a connection. We relate the integrability condition
to the half flatness of the Grassmannian structures. Tanaka’s normal Cartan
connections are fully used and the Spencer cohomology groups of graded Lie
algebras play a fundamental role.

Besides the integrability conditions corrsponding to the twistor theory, the
lifting theorems and the reduction theorems are derived. We also study twistor
diagrams under Weyl connections.

Introduction

An aspect of the twistor theory of R. Penrose is to know the relations
and correspondences between geometric structures defined by a double fi-

bration
F

SN
P M

for three spaces F', P and M.

As a flat model, we take the spaces F', P and M to be the homogeneous
spaces of a fixed Lie group G. The group G is considered as the automor-
phism group of each suitably defined geometric structure. Then the maps

Received February 12, 1998.
Revised October 21, 1999.
2000 Mathematics Subject Classification: 53C28, 53C15.

17

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

18 Y. MACHIDA AND H. SATO

in the double fibration have geometric meanings. As a curved analogue, we
take the spaces F', P and M to be the manifolds with corresponding geo-
metric structures. The twistor correspondence between P and M is given by
choosing the moduli space of the orbits of the distribution which is naturally
defined from the geometric structure.

Penrose himself treated the case where M is the Grassmann manifold
of 2-planes in C* and P = P3(C). Between curved manifolds, the corre-
spondence is given when M is half conformally flat ([W-W]).

As a real version of these structures, we can consider the real 4-dimen-
sional space-time M = 5% x S? of (2,2)-type metric and P = P3(R). We
put on C* a Hermitian inner product with type (2,2). By the restriction to
the null spaces of the Hermitian inner product, we get M = S3 x S' and
P = 83 x S82. The corresponding geometric structures are 4-dimensional
Lorentzian geometry and 5-dimensional CR geometry with Levi signature
(1,1). We have studied the twistor theory for real space-times of (3, 1)-type
metric, i.e., Lorentzian metric in [Ma-Sa]. For real space-times of (2, 2)-type
metric, i.e., neutral metric, see [K-M].

In this paper, as a generalization of conformal structures of type (2,2),
we study Grassmannian structures of type (n,m). The case where m = 2 is
more interesting, since we can define the notion of half flatness meaningfully
and the geometric structure of the twistor partner is a different projective
structure from a Grassmannian structure. By N. Tanaka’s theory [T1], the
normal Cartan connection is uniquely defined on some principal bundle @
associated with G over a manifold M with a Grassmannian structure of
type (n, m). By this connection, we define the notion of half flatness for the
Grassmannian structures of type (n,m). Furthermore, it is important to
consider the harmonic part H K of the curvature function K of the normal
Cartan connection, which is the fundamental invariant and is generated by
the nonzero generators in the 2-dimensional generalized Spencer cohomol-
ogy.

A Grassmannian structure of type (n,m) on M is defined by an iso-
morphism from the tangent bundle 7'M of M to the tensor product V@ W
of two vector bundles V and W with rank n and m over M respectively.
Considering a set of all the null n-planes with forms {V, @ w | w € W, }
in T, M at each point x € M, we have a null n-plane bundle Fj, with fibre
P™1(R) and the projection wy, : F;, — M over M. Similarly, consider-
ing a set of all the null m-planes with forms {v @ W, | v € V,} in T, M,
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we have a null m-plane bundle Fp with fibre P"~1(R) and the projection
wpr : Fr — M over M. By the normal Cartan connection, the tautological
distribution Dy, of null n-planes on F}, over M and Dpg of null m-planes on
Fr over M are defined respectively. We have the following result.

THEOREM 5.1, 6.1. Let M be a manifold with a Grassmannian struc-
ture of type (n, m) and equipped with the normal Cartan connection w. Then

(1) the tautological distribution Dy on the null n-plane bundle Fy, over
M is completely integrable if and only if the Grassmannian structure on M
18

1. if n,m > 3, right-half torsion-free, i.e., HK% =0,

2. if n >3, m = 2, torsion-free, i.e., KY = HK? = 0,

3. if n =2, m =2, right-half Grassmannian flat, i.e., HK}{ =0,

(2) the tautological distribution Dy on the null m-plane bundle Fr over
M is completely integrable if and only if the Grassmannian structure on M
18

1. if n,m > 3, left-half torsion-free, i.e., HK% =0,

2. ifn >3, m =2, left-half Grassmannian flat, i.e., HK' =0,

3. if n =2, m =2, left-half Grassmannian flat, i.e., HK}J =0.

The result has some overlap with Chapter 7 of recently published book
by Akivis-Goldberg ([A-G1, Theorems 7.4.4, 7.4.5 and 7.4.6], cf. [A-G2],
[A-G3], [A-G4]). We have obtained the results independently in the frame-
work of the twistor theory using Tanaka’s Cartan connection [T1].

Our result gives a construction of the global completely integrable dis-
tribution. This corresponds to a construction of a global solution more than
the construction of a local solution of the differential equation which defines
the null distribution.

The null n-plane bundle F;, and the null m-plane bundle Fr over M
have also geometric structures, which we call co-Grassmannian structures.
A co-Grassmannian structure of type (k,l) on a manifold R is defined
by a pair (E,F) consisting of transversal, completely integable distribu-
tions of dimensions k£ and ! on the tangent bundle TR of R such that
(i) TR = D + [D,D] and (ii) rank TR/D = rank E - rank F' (= kl) for
D = FE @ F. Tanaka settled the equivalence problem of the system of or-
dinary differential equations of second order [T3]. On that occation, he
defined a pseudo-projective systems in the sense of Tanaka ([T2]). We con-
sider a co-Grassmannian structure of type (k,l) as the extension. When
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[ = 2, it coincides with a Tanaka’s pseudo-projective system. Note that
a Grassmannian structure on M is defined by an isomorphism of T'M to
a tensor product of two vector bundles. By the Tanaka theory, we have
the normal Cartan connections on F, and Fr. Then we have the following
lifting theorem.

THEOREM 5.2, 6.2. (Lifting Theorem) Let M be a manifold with a
Grassmannian structure of type (n,m) and equipped with the normal Cartan
connection w.

(1) Suppose that an n-dimensional tautological distribution Dy of null
n-planes on the null n-plane bundle Fr, over M 1is completely integrable.
Then a pair (D, Er, = Ker(wy,)s) defines a co-Grassmannian structure of
type (n,m — 1) on Fy,. Moreover the normal Cartan connection (Q,w) of a
Grassmannian structure of type (n,m) induces the normal Cartan connec-
tion (Q,w) of the co-Grassmannian structure of type (n,m — 1) on Fp,.

(2) Suppose that an m-dimensional tautological distribution Dg of null
m-planes on the null m-plane bundle Fr over M is completely integrable.
Then a pair (Er = Ker(wg)«, Dr) defines a co-Grassmannian structure of
type (n —1,m) on Fgr. Moreover the normal Cartan connection (Q,w) of a
Grassmannian structure of type (n,m) induces the normal Cartan connec-
tion (Q,w) of the co-Grassmannian structure of type (n — 1,m) on Fg.

A co-Grassmannian structure induces a Grassmannian structure on one
of two leaf spaces defined by the structure under the vanishing of some part
of the harmonic part H K of the curvature function K. We have the following
reduction theorem.

THEOREM 7.1. (Reduction Theorem) Let F' be a manifold with a co-
Grassmannian structure of type (k,1) by a pair (D2, D1) and equipped with
the normal Cartan connection (Q,w). Put My, = F/Dy, My = F/Ds with
the canonical projections v : F — My, pu: F — Msy. Then

1. if 1 > 3, we have HK = (HK®), + (HK®)o, and
(i) (HK®); = 0 <= (Q,w) is reduced to (Q1,w1) over My,
(ii) (HK%)y = 0 < (Qw) is reduced to (Q2,ws) over M,
2. if | =2,
(a) for k >3, we have HK = (HK"); + (HK®)3 + (HK")3, and
(i) (HK%), = (HK")y = 0 <= (Q,w) is reduced to (Q1,w1) on M,
(i) (HK?)3 = 0 <= (Q,w) is reduced to (Qa,ws) on Ma,
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(b) for k=2, we have HK = (HK®); + (HK®)s + (HK®)3 + (HK"),4,
and
(i) (HK%); = (HK"); = 0 <= (Q,w) is reduced to (Q1,w1) on M,
(i) (HKY)3 = (HK")4 = 0 <= (Q,w) is reduced to (Q2,wsz) on Mo,
3.ifl=1,
(a) for k >3, we have HK = HK' + HK?, and
(i) HK! = 0 <= (Q,w) is reduced to (Q1,w1) on My,
(i) HK? = 0 <= (Q,w) is reduced to (Qa,ws) on Ma,
(b) for k =2, we have HK = HK° + HK' + HK?, and
(i) HK' = 0 <= (Q,w) is reduced to (Q1,w1) on My,
(i) HK? = HK? = 0 <= (Q,w) is reduced to (Q2,ws) on Ms.

Here, (Q1,w1) on M; and (Q2,w2) on My have Grassmannian struc-
tures, especially in 3 (a) (ii), (b) (ii) (Q2,w2) has a projective structure.

We show that the normal Cartan connection on Fp, (resp. Fr) over
M (resp. M) is induced from a Grassmannian structure of the moduli
space My (resp. Mj) of orbits of the distribution Dy (resp. Dg) only if
the Grassmannian structure on M; (resp. Ms) is flat. Indeed we have the
following twistor theorem.

THEOREM 7.2, 7.3. (Twistor Theorem)

1. Let My be a manifold with a right-half torsion-free Grassmannian
structure of type (n, m). Then, if the structure on M induces a Grassman-
nian structure of type (n + 1,m — 1) on My = Fr, /Dy, the Grassmannian
structure of type (n,m) on My is flat.

2. Let My be a manifold with a left-half torsion-free Grassmannian
structure of type (n + 1,m — 1). Then, if the structure on My induces a
Grassmannian structure of type (n,m) on M; = Fr/Dg, the Grassman-
nian structure of type (n+ 1,m — 1) on My is flat.

In particular, assume that m = 2.

1. Let My be a 2n-dimensional manifold with a right-half Grassmannian
flat Grassmannian structure of type (n,2). Then, if the structure on M
induces a projective structure on Ms, the Grassmannian structure of type
(n,2) on M is flat.

2. Let My be an (n+1)-dimensional manifold with a projective structure.
Then, if the structure on Mo induces a Grassmannian structure of type

(n,2) on the orbit space My of the geodesic flow, the projective structure on
My is flat.
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Here, in 1 F7, denotes the null n-plane bundle on My, and in 2 Fpg
denotes the null (m — 1)-plane bundle on Ms.

By the theorem above, we know that the flat models play important
roles in the twistor diagrams together with the geometric structures. Now,
we consider Weyl connections associated with conformal structures on a lin-
ear frame bundle in place of a normal Cartan connection on a frame bundle
of second order. We study geometric structures related to the geodesic flows
of the Weyl connections. Then, even for some non-flat spaces the twistor
diagrams work well. We have the following.

THEOREM 8.1, 8.2. Let P be an (n + 1)-dimensional manifold with a
Weyl structure with constant curvature. Then the structure on P induces a
right-half Grassmannian flat Grassmannian structure of type (n,2) on the
orbit space M of the geodesic flow.

In particular, assume that n = 2. Let P be a 3-dimensional manifold
with an Finstein-Weyl structure. Then the structure on P induces a self-
dual conformal Hermitian structure of type (2,2) on the orbit space M of
the geodesic flow.

This paper is organized as follows:

In Section 1, we define a Grassmannian structure of type (n,m) and
consider its structure group as a geometric structure. Typical examples
are Grassmann manifolds, which are the flat models. We give some non-flat
examples too. A topological obstruction to the existence of a Grassmannian
structure of type (n,2) is described. As a consequence, the sphere S?" and
the quaternionic projective space P"(H) (n = 2m) admit no Grassmannian
structures of type (n,2). In the case n = 2, we remark that the notion of a
Grassmannian structure of type (2,2) is equivalent to that of a conformal
structure of type (2,2). (See also [A-G1, Table 7.4.1] and [A-G3], [A-G4].)

In Section 2, we regard a Grassmannian structure of type (n,m) as a
geometric structure related to a simple graded Lie algebra of first kind. We
apply the Tanaka theory which induces the existence of a unique normal
Cartan connection. As a condition of the curvature, we give the definition
of half flatness due to the decomposition of two invariant subspaces of the
space of 2-forms AZ.

In Section 3, we review the Tanaka theory including the generalized
Spencer cohomology, the harmonic theory and the existence of a normal
Cartan connection. We explicitly write down the normal Cartan connec-
tion for a Grassmannian structure of type (n,m). We indicate the nonzero
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generators as gp-module in the 2-dimensional generalized Spencer cohomol-
ogy H?, which make use of the fundamental invariant HK of the curvature
function K.

In Section 4, we define a co-Grassmannian structure of type (k,1). Typ-
ical examples are some generalized flag manifolds, which are the flat mod-
els. By considering a graded Lie algebra of second kind of type (k,l) co-
Grassmann (abbreviated to a type (k,l) CGR), we apply the Tanaka theory
which induces the existence of the normal Cartan connection. We indicate
the nonzero generators in H? associated with a graded Lie algebra of type
(k,1) CGR.

In Section 5, we consider the null n-plane bundle Fp, to be the set of
all null n-planes for a manifold M with a Grassmannian structure of type
(n,m). The space FJ, is a fibre bundle with fibre P™~1(R) over M. We define
a tautological n-dimensional distribution Dy, on Ff, over M using the normal
Cartan connection. We prove the theorem that the distribution Dy on Fp,
over M is completely integrable if and only if the Grassmannian structure
on M is right-half flat. We give a non-flat half-flat example. Next, under
complete integrability of Dy on Fp, we mention that a co-Grassmannian
structure of type (n,m — 1) is defined on F7,.

In Section 6, in the same way as in Section 5, we consider the null m-
plane bundle Fr to be the set of all null m-planes for M. The space Fpg is
a fibre bundle with fibre P"~1(R) over M. We define the tautological m-
dimensional distribution Dr on Fr over M, and give the condition for Dp
to be completely integrable, that is, left-half flatness. Next, under complete
integrability of Dg on Fr, we mention that a co-Grassmannian structure of
type (n — 1,m) on Fp is defined on Fr. We describe a projective structure
that is a Grassmannian structure of type (n,1).

In Section 7, we interpret the results above under the diagram of the
twistor theory. We explain the twistor diagrams of Grassmannian structures
in terms of the Dynkin diagrams. We show the reduction theorem from
co-Grassmannian structures down to Grassmannian structures under the
vanishing of some part of HK. Furthermore we show that the flat models
play important roles in the twistor diagrams together with the geometric
structures.

In Section 8, after preparing the notions of Einstein-Weyl structure, Lie
contact structure, geodesic flow and Jacobi field, we study twistor diagrams
under Weyl connections. We show that the Weyl connections with constant
curvature work well in the twistor diagrams.
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§1. Definitions and examples of Grassmannian structures

1.1. Definitions

We define Grassmannian structures of type (n,m).

Let M be an I-dimensional real manifold. In this paper we study only
the real category and not the complex category.

A Grassmannian structure of type (n,m) on M is defined by an isomor-
phism ¢ from the tangent bundle TM of M to the tensor product V @ W
of two vector bundles V' and W with rank n and m (n,m > 2) over M
respectively:

c:TM — VoW

Note that there are various names and different but essentially equivalent
definitions. (e.g., almost Grassmannian structure [Mi], [A-G1], Grassman-
nian spinor structure [Mal], tensor product structure [Hal, [I], paraconformal
structure [B-E], generalized conformal structure [G].) If M has a Grassman-
nian structures of type (n,m), the dimension [ of M is equal to mn.

Consider the mn-dimensional vector space R"" = R"™ @ R™. The group
GL(n,R) acts on R™ in the usual way and GL(m,R) acts by inverse from
the right on R™. The combined action gr(n,m) C GL(mn,R) is the (n? +
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m? — 1)-dimensional tensor product linear Lie group GL(n,R) ® GL(m,R).
We have the natural projection

p:GL(m,R) x GL(n,R) — gr(n,m) = GL(n,R) ® GL(m,R)

which defines a fibre bundle with fibre R* by the scalar multiplication.

Let M be a manifold with a Grassmannian structure of type (n,m).
Then the structure group of T'M is reduced to gr(n,m).

Let S(GL(m,R)xGL(n,R)) be the subgroup of SL(m+n,R) consisting
of matrices of the form

A O
(O B>’ A e GL(m,R), B € GL(n,R).

Restricting the homomorphism p to the subgroup S(GL(m,R)x GL(n,R)),
we have the homomorphism

h:S(GL(m,R) x GL(n,R)) —— gr(n,m) = GL(n,R) ® GL(m,R)
N N
SL(m+ n,R) GL(mn,R).

If we restrict the above GL(m,R) and GL(n,R) to GLy(m,R) = {A €
GL(m,R) | det(A) > 0} and GL4+(n,R) = {B € GL(n,R) | det(B) >
0} respectively, the homomorphism h is surjective. We define a Lie group
GR(n,m) by the image of h.

Identify R™" = R™ @ R™ with the set of matrices of the form

I, O
(X In) , X € Mat(n x m,R).
Then, for ¢ € S(GL(m,R) x GL(n,R)), h(g) is expressed by the adjoint
action of g:

h(g)(x) = Ad(g)(xz) for x € R™".

Therefore GR(n,m) is the image of the linear isotropy representation of
S(GL(m,R) x GL(n,R)).

A spin Grassmannian structure of type (n,m) on a manifold M is a
lifting for h of the structure group GR(n,m) of TM to S(GL(m,R) x
GL(n,R)). From now on, we consider manifolds with spin Grassmannian
structure of type (n,m).
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Let M be a manifold with a Grassmannian structure of type (n,m).
Put
SGR(n,m) = GR(n,m) N SL(mn,R).

Suppose that the structure group of T'M is reduced to SGR(n,m). The
restriction of h on SL(m,R) x SL(n,R) is a surjective covering

h:SL(m,R) x SL(n,R) —— SGR(n,m)
N N
S(GL(m,R) x GL(n,R)) GR(n,m).
Then M is called a manifold with a scaled Grassmannian structure of type
(n,m).
1.2. Typical examples
Typical examples of manifolds with Grassmannian structures are Grass-
mann manifolds.
Let Gy ntm be a Grassmann manifold consisting of all m-dimensional
subspaces in the (n+m)-dimensional real vector space R"*". Then G, ntm
is of dimension mn.

The group G = SL(m + n,R) acts transitively on G, y4m. Let G’ be
the isotropy group at the base point. Then we have

Grnim = G/G.

Let U nt+m be the universal bundle over Gy, 41, Since the fibres are
m-dimensional subspaces in R™*™  there is a natural bundle map from
Un.n+m into the trivial bundle G, p1m x R™T™. Denoting by V' the quotient
bundle of Uy, y4m in Gy ngm xR e obtain the following exact sequence

0 — Unntm — Gmantm X R"T™" — V — 0.
Let TGy, n+m be the tangent bundle of Gy, y4m. Then we have

TGm,n+m = Hom(Um,n—‘rma V)
=Ve U:;l,n+m‘

Putting W = U}, we have

,n+m>

TGm,n+m = V b2 W

Therefore the Grassmann manifold G, n4+m has a Grassmannian structure
of type (n, m).
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1.3. Nontrivial examples
We describe two kinds of nontrivial examples.

(1) Let M be an n-dimensional differentiable manifold and let TM be
the tangent bundle of M. Denote by m the natural projection of T'M onto
M. Taking a linear connection on M, we can decompose the tangent space
T, T M at each point v of T'M into the n-dimensional horizontal space H,
Tf M = T, )M and the n-dimensional vertical space V, = T, vV M

(v) m(v)
Tr()M. Then the tangent bundle TT'M of T'M is decomposed as follows:

e i

TTM =HoV
>0 TM @ n*TM
=~ 1*TM & 27,

where 71" M is the induced vector bundle of TM by 7w : TM — M, and 27
is the trivial bundle with rank 2 over T'M. Therefore the 2n-dimensional
manifold 7'M has a Grassmannian structure of type (n,2).

Let F"M be the r-frame bundle of M. We mean by an r-frame a set of
linearly independent r tangent vectors at a point of M. In the case r = 1,
F'M is nothing but the tangent bundle TM of M. In the case r = n,
F™M is nothing but the linear frame bundle FFM of M. Denote by 7 the
natural projection of F"M onto M. Take a linear connection on M. An r-
frame ¢ is regarded as an into-isomorphism of R" to T M. We denote by
{e1,€e2,...,e.} the basis of R". Then we can define an isomorphism of the

: H 1% 1%
tangent space T¢ "M at § to r+1 direct sum Tf(é)M@TE(@M@TE(@M@
P TFV(@M as follows:
X — ((E*X)H7 (5(61))‘/7 (5(62))‘/7 R (f(eT))v)
Therefore

TFM=7T"TM&7mTM &7 TM&--- &7 TM
% _*TM ® (T + 1)F7‘M’
where 7*T'M is the induced vector bundle of TM by 7w : F'M — M,
and (r + 1)prps is the trivial bundle with rank r + 1 over F"M. Thus the

n(r + 1)-dimensional manifold "M has a Grassmannian structure of type
(n,r+1).
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(2) Let h be a Hermitian inner product of type (m + 1,m) on the
complex (2m + 1)-dimensional vector space C™ 1™, Put n = 2m. It follows
that the quadric hypersurface N defined by h(z,z) = 1 is the (real) (2n+1)-
dimensional pseudo-hyperbolic space H" 1" of type (n+1,n) with negative
constant curvature. On H"+1" U(m+1,m) acts transitively and S' = {e?}
acts freely by z — €?z. The base space M of the principal bundle H™+.»
with structure group S' is nothing but the complex pseudo-hyperbolic space
H™™(C) of type (m,m):

(Cm+1,m o Hn+1,n o Sl
|
H™™(C)

The group U(m~+1,m) acts transitively on H™"™(C) and the space H™"™(C)
has the form

H™™C)=U(m+1,m)/U(1) x U(m,m)

as a symmetric space.
The Lie algebra g = u(m + 1,m) has the canonical decomposition g =
h+m ([h,m] Cm, [m,m] C h) as follows:

g=u(m+1,m),

h=u(l) +u(m,m)
tA 00 000

= 000 + 0 AB

000 0'B C
(AER;A,B,C € gl(m,C),A= A C =-'0)
0 _ti ty

m= x 0 0 (x,y € C™).
y 0 0

The adjoint action of H = U(1) x U(m,m) on m is the form

e? 0 0 0 —'x 'y
Ad| 0 AB||lx 0 0
0 CcD/\y 0 0

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

TWISTOR THEORY OF GRASSMANNIAN STRUCTURES 29

0 _eietiA/ + eietycl —6i0t§B/ + elet—D/
= | Axe " 4+ Bye " 0 0 ,
Cxe~ " + Dye=% 0 0

ABY o A B\ [(AB\'

C D iy \erp ) \ecp) -
0 t

We identify m (9 <x 8 Z)) with C" ( (;)) Therefore the action of

y

<ei9, (g g)) e U(1) x U(m,m)

on C" = C™™ = C™™ @ C! is given as follows:

((Eo)B)-(E0)()

Since (;) € C™m@C! is regarded as (zx ) eER"@R? (x; = z;+v/—1,
yi=vi+vV-1y, € C; z,2',y,y € R") and U(1) = SO(2),

A B cosf —sinf
Ulm,m)@U(1) 5 (C D) @ (sin@ cosf >
acts on R" @ R2. Therefore H™™(C) has a Grassmannian structure of
type (n,2). Remark that H™"™(C) also has a canonical pseudo-Riemannian
structure of type (n,n). (See [K-M] for HY1(C).)
1.4. Topological obstructions
There are topological obstructions for admitting a Grassmannian struc-

ture of type (n,2). If M has a Grassmannian structure of type (n,2), then
we have

TM=VaW,

where V and W are vector bundles with rank n (> 2) and 2 over M respec-
tively.

Now assume that H?(M;Z) = 0. Then any vector bundle with rank 2
over M is trivial. Therefore it follows that

TM=VaoV.

Let M be the 2n-dimensional sphere S?". Since the homotopy set
[S*™; Bso(n)] (= m2n—1(SO(n))) from S?" to the classifying space Bgo(n) of
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SO(n) is 0 mod torsion, the vector bundle V with rank n over S?" is trivial.
So V @V is trivial. By the way, the Euler number of the tangent bundle
TS5 of S?" is equal to 2. This is a contradiction. Therefore S?* admits no
Grassmannian structures of type (n,2).

Let M be the quaternionic projective space P™(H) (n = 2m). The total
Pontryagin classes {p;} are given by

(1 + u)2m+2

=1 24 ...
1+ 40 +pru+pou” 4 -,

where u is the generator of H*(P™(H);Z) = Z (see e.g. [Mi-St]). It follows
that p1 = 2(m — 1), po = 2m? — 5m + 9. For example, in the case of P?(H),
p1 = 2, po = 7 hold. On the other hand, for the vector bundle V & V over
M, up to mod torsion,

(Ve V)=p(V)+p(V),
p(VaeV)=pV) m(V).

Putting p1 (V) = z, we have
2z =2(m —1), 2?=2m?—-5m+9.

This is a contradiction. Therefore P (H) admits no Grassmannian struc-
tures of type (n,2).

Let M be the Cayley projective space P?(Ca). Then it is known that
p2 = 6, py = 39. In a similar way to P™(H), P?(Ca) admits no Grassman-
nian structures of type (n,2).

If we let M be the complex projective space P*(C), H*(P"(C);Z) =
Z holds. We do not use the argument above. But if M is P?(C), P?(C)
admits no Grassmannian structures of type (2,2). In fact, according to
the following 1.5, the notion of Grassmannian structures of type (2,2) is
equivalent to the notion of conformal structures of type (2,2). By the way,
P?(C) admits no conformal structures of type (2,2) (cf. [K-M]). Therefore
P?(C) admits no Grassmannian structures of type (2,2).

1.5. Grassmannian structures of type (2,2)

Let us see that in 4-dimensinal case the notion of Grassmannian struc-
tures of type (2,2) is equivalent to the notion of conformal structures of
type (2,2). Let M be a 4-dimensional manifold and let € M. Denote by
U the tangent space T, M at x.
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Now suppose that M has a Grassmannian structure of type (2,2). Then
U is represented by U =V @ W, where V and W are 2-dimensional vector
spaces. As V and W are 2-dimensional, there exist canonical (conformal)
symplectic forms wy and wyy respectively. We take symplectic basis {e1,e2}
of V and {fi, fo} such that wy(e1,e2) = 1 and wyw (f1, f2) = 1 respectively.
Note that {e;® f; (1 < 4,5 < 2)} is a null basis of U and II; = span{e; ® fi,
ea ® f1}, Iy = span{e; ® fa,e2 ® fo} are null 2-planes. (See 5.1.)

A (conformal) inner product (-, -) of type (2,2) on U is defined as
follows:

(e; ® fi er @ fi) = wv(ei,er) - ww(fj, fi)-

Extending it to the whole U linearly, a conformal structure of type (2,2) is
defined on M. Note that with respect to the inner product (-, -), e; ® f;
(1 <14,5 <2)is anull vector and IIy, IIy are totally null planes.

Conversely suppose that M has a conformal structure of type (2,2).
With respect to a (conformal) inner product (-, -) of type (2,2), take a
basis {s1, $2,t1,t2} such that

(si,si) =1, (s1,82) =
(tzatz) - _17 (tlatQ) -

0,
0,
(si, ;) =0 (1<4,j<2).

Then S = span{si, so} and T' = span{t1,t2} are definite planes. For U =

S @ T, we define a mapping f from S @ T to Mat(2,R) as follows:

f:S®T — Mat(2,R)
(a3, b) — (a1+b1 —a2+52>
(2] .

az +by ay — by
Then the mapping f is an isomorphism as 4-dimensional vector spaces.
Furthermore we have a linear isometry from (U, (-, -)) to (Mat(2,R), det).
There exist 2-dimensional vector spaces V, W and bases {ej,es} of V,
{f1, f2} of W such that

Mat(2,R) — V @ W
2
mi1 mi2
() o 3 e o £
i,7=1
Using a well-known two-to-one mapping

¢: SL(2,R) ® SL(2,R) — S0y(2,2),
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we have the following commutative diagram: for g@h € SL(2,R)®SL(2,R),

goh
VoW — VoW

b
ST —— SaT.
#(g®h)

Therefore, independently of bases, a Grassmannian structure of type (2, 2)
is canonically defined on M.

§2. Connection and curvature of Grassmannian structures

2.1. Decomposition of the space of 2-forms

Let M be a manifold with a Grassmannian structure of type (n,m).
Then the tensor spaces and the tensor fields on M give rise to decomposi-
tions with respect to the structure.

Denote by A2 the space of 2-forms A%2(T'M) or A?2(T*M). Then A? is
decomposed as follows:

A2 = S2(V) @ A2(W) @ A%(V) @ S*2(W).

Here we identify T'M with V ® W under o. The decomposition is invariant
under the group GR(n,m). Put

A2 = S2(V) @ A2(W),
A% = A(V) @ S2(W).

The dimensions are
n+ )m(m —1) and  dim A2 — n(n — 1)m(m + 1)'

: A2 — n(
dim 1 1

Especially, in the case n = m = 2, the decomposition corresponds to the de-
composition of the self-dual part and the anti-self-dual part for a conformal
structure of type (4,0) or (2,2).

Let us write down the components of A? and A% explicitly. Let {e;}
(1 <4 < n) be local basis vector fields on V' and {f;} (1 < j < m) local
basis vector fields on W. Then {e; ® f;} (1 <i <n, 1 < j <m) are local
basis vector fields on V @ W.
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A vector u belonging to V' ® W is represented by
u=>Y_ aije; @ f = (ij)1<i<n, 1<j<m-
Z'7j
Put z;x = €; ® f. The space A? has a basis of forms %(1’ Ay +yAx), that

is to say,

m(m — 1)

a; gl = Tip, ATy, dim=n > ;

n(n —1)m(m — 1)'

1 .
bz’j,kl = —(x A T+ Xk N xi), dim= 5 5

2

Here, for example,

a1,12 = 211 N T12
= (e1®@ fi) A (e1® f2) = (e1 ©e1) ® (f1 A fa),

1
bi2,12 = 5(5611 A T2 + To1 A X12)

_ %((61 ® f1) A (e2® fo) + (e2® f1) A (e1 ® f2))

=(e1 0 e2) ® (f1 A f2).

The space A% has a basis of forms %(x Ay —y A x), that is to say,

n(n—1)
2

Cijk = Tik N Tj, dim = m,
n(n —1)m(m — 1)

2 2

1 .
dij i = 5(5% Nxj— 2 Axg), dim=

Here, for example,

c12,1 = T11 N\ X21
=(e1® fi) N (e2® f1) = (e1 Ne2) ® (f1 © f1)

di2,12 = %(9611 A Zgg — T21 A Z12)
= %((61 ® f1) A ez ® f2) — (e2® f1) A (e1 ® fo))

= (61 /\62)®(f1®f2)'
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2.2. Prolongation of GR(n,m)

If we prolongate the group GR(n,m) or the Lie algebra, the second
prolongation of it becomes trivial. Therefore it is of finite type of order 2
(cf. [Ko], [S]). According to Kobayashi-Nagano [K-Nal, it has a structure of
the following graded Lie algebra of first kind:

g =sl(m+n,R)
=g 1D g Do

00 B 0 0D
{00 e)=(e9)}
(A € Mat(n x m,R), B € Mat(m,R), C € Mat(n,R),
D € Mat(m x n,R), trace B + trace C' = 0),
[9i: 8] C @it

Here g is the Lie algebra of G = SL(m + n,R), go the Lie algebra of
Go = GR(n,m) and g; the Lie algebra of the first prolongation of gg. We
denote by G’ the Lie group of a Lie subalgebra go@®g; of g. We put m = g_1.

The flat model, which is a flat homogeneous space ([O]), is the Grass-
mann manifold Gy, p+m consisting of all m-dimensional subspaces in the
(n 4+ m)-dimensional real vector space R™"":

Grmam = G/G.

The isotropy group G’ is regarded as a subgroup of the group G?(mn)
consisting of frames of second order at the origin o in R™". Therefore we
can regard G as a G'-structure of second order on G/G’ (cf. [A-G1, p. 274],
[A-G2, p. 26] and [A-G3, p. 195]). The group Gy C G’ is the linear isotropy
group.

2.3. Normal Cartan connection and half flatness

Let M be a manifold with a Grassmannian structure of type (n,m).
Let P be the GR(n, m)-structure on M, namely, P is a linear frame bundle
with structure group GR(n,m) on M. Note that a GR(n,m)-connection
on P generally has a torsion (cf. [O]). Let @ be the G’-structure of second
order on M, namely, () is the frame bundle of second order with structure
group G’ on M. From 2.2, G/G' is the flat model associated with the graded
Lie algebra g of first kind.

A Cartan connection w of type G/G’ on @Q is a g = sl(m + n, R)-valued
1-form such that
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() w(X) £ 0 (X € TQ, X #0),

(i) w(A") = A, Aeyg,

(iii) Ry*w = Ad(a™Hw, a € G".

We have the following theorem due to Tanaka ([T1]).

THEOREM 2.1. Under the assumption above, there exists a unique nor-
mal Cartan connection of type G/G' on Q.

The normality condition is explained in Section 3.

We have two decompositions: the one is the space A? = A% &) A%% of
2-forms, the other the graded Lie algebra g = g_1 @ go @ g1 of first kind.
According to the decompositions, the torsion part €2_; of the curvature
form €, which is a g_1-valued 2-form, is decomposed as follows:

Q1=9g10A Dg_1®A%.

And the curvature part g of €2, which is a gg-valued 2-form, is decomposed
as follows:
Qo= g0 @ A2 ©go® A%,

If the components g_1 ®A?2 and go®A?2 are 0, a Grassmannian structure
of type (n,m) is called left-half Grassmannian flat. If the components g_1 ®
A% and go ® A% are 0, it is called right-half Grassmannian flat. Both are
called half Grassmannian flat.

In particular, if n = m = 2, the torsion of the normal Cartan connection
vanishes for any manifold with a Grassmannian structure of type (2,2). The
left-half Grassmannian flatness and the right-half Grassmannian flatness
correspond to anti-self-duality and self-duality of a conformal structure of
type (4,0) or (2,2) respectively. Both are called half conformally flat.

§3. Tanaka theory for Grassmannian structures

3.1. Review of Tanaka theory

Let us recall the definition of the normal Cartan connections in the
Tanaka theory ([T1], cf. [Ko], [O]).

Let g be a simple graded Lie algebra of p-th kind. Consider the sub-
algebra m = Zp<0 gp of g. The Lie algebra g is regarded as the m-module
with respect to the adjoint representation ad : m — gl(g). Then we have
the Lie algebra cohomology called the generalized Spencer cohomology.
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First, we define C'? by
C? =g ® A (m*) = Hom(A?(m), g),
and the operator 9 is given by, for c € C9, Xq,..., X,41 € m,

(D) (X1 A~ A Xys1)
—Z z+1 XZ,C X1 /\Xi/\"'/\Xqul)]

+Z DX, XA X A AXi A AXjA - A Xgp1).
1<j

Then we obtain a complex {CY,0}:
RNYCT NG S S

Therefore we can define the cohomology group HY%(m,g) of this cochain
complex. The group H%(m, g) is the Lie algebra cohomology of the nilpotent
Lie algebra m with respect to the adjoint representation ad : m — gl(g).
Next, we define the adjoint operator 0* of the operator 0. With respect
to the Killing form B, a subalgebra Zp>0 gp of g can be identified with
the dual space m* of m. Let {ej,...,en} be a basis of m. The dual basis
{el,....epfof m* =37 gy with B(el, e;) = dij is determined. Then the
operator 9* : C4t1 — Cq is defined as follows: for c € C9™1 X3,..., X, € m,

(@) (X1 AN Xg)
_Z clej AXT A AX,)]

+ = Z D e([eh, Xil- Aej AXL A AX A+ A X,

where [e}, X;|— is an m-component of [e}, X;] with respect to the decom-

position g = m @ g’. Let p be an involutive automorphism of g such that
pgp = 9—p and B(X, pX) < 0 (X # 0). Then we define a positive definite
inner product (-, -) in g by

(X,Y)=-B(X,pY), X,Yeg.

We have
(0c,) = (¢,0%), ceCl eIt
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The operator A called the Laplacian is defined as usual:
A=00+00":CT— C1.

If Ac =0 for ¢ € CY cis called harmonic. Evidently ¢ is harmonic if and
only if dc = 0*c = 0. We denote by H? the set of all harmonic forms in C.
It is well-known that

H?> H%(m,g).

Since m = ) j<08j the space A?(m*) is decomposed as follows:
M) = > g AN
r1,...,7q<0
Furthermore, we define the subspace A?(m*) as follows:
Mm )= Y giA--Ag
ri+-4re=t
7150.,7g <0
Then we have
AN (m*) = Z Al(m*)  (direct sum).
i
Since g = >, g, the space C? = g ® A?(m”) is decomposed as follows:
C?1=g®A(m") = Zgj ® Al (m*).
i?j

We define the subspace CP4 by

Pt = Z 8 © A gir (7).
J

In particular, we have

Cp70 == gp—h
CPJ = Zgj ® g;‘f_p,
J<p

Furthermore, we have

1= Z CP9  (direct sum)
P

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

38 Y. MACHIDA AND H. SATO

and

ocPd Cp—17q+1’
o*CP4 Cp+1,q—17
ACPY — P4,

We denote by HP'? the set of all harmonic forms in CP4. Then we have

H? = ZHp’q (direct sum).
P

The group Gg linearly acts on C'? as follows: for ¢ € C'? and a € Gy,
(ac)(X1 A+ A Xy) = Ad(aY)e(Ad(a) X1 A -+ A Ad(a)X,),

where Xi,...,X, € m. It follows that g; ® A!(m*) is Gy invariant and
a(0c) = d(ac), a(0*c) = 0*(ac). Hence CP? and HP? are Gy invariant
subspaces of C'? and HY respectively.

The case ¢ = 2 is important.

Let G/G’ be a homogeneous space associated with the simple graded
Lie algebra g. Let M be a manifold with dim M = dim G/G’. Let @ be a
G’-principal bundle over M and w a Cartan connection of type G/G’ on Q.
It is a g-valued 1-form. Let 2 be the curvature form on Q. It is a g-valued
2-form. Then the curvature function K : Q — C? = g ® A?(m*) on Q is

defined: )

0= iK(w, ANw_),
where w_ is an m-component with respect to the decomposition g = m @ g’
of w.

Corresponding to the decomposition g = Zj g;, w and 2 are decom-
w= ij, Q= ZQj.
J J
The curvature function K is decomposed as follows:

K=) K;j=) K
J P

We abbreviate K72 to KP.
A Cartan connection w is called normal if

posed as follows:
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(1) K7 =0 (p<0),

(2) 9°K? =0 (p > 0).
Take M = G/G'. Then the Maurer-Cartan form is a Cartan connection w
which is a g-valued 1-form on Q = G. As K = 0 holds, w is normal.

The space C? is orthogonally decomposed into

C? = H* + AC?.

Denote by H the orthogonal projection C? — H?. We have
HCP? = HP2,

The function HK : Q — H? on @ is the harmonic part of K. As K =
> K7,

HK =) HEKP".

P
We remark that HK gives the fundamental invariant of the normal

Cartan connection for the geometric structure subordinate to type G/G’

associated with the simple graded Lie algebra g. Namely, we have the fol-
lowing theorem due to Tanaka ([T1]).

THEOREM 3.1. We have
K=0«< HK =0.
Moreover we have the following theorem.
THEOREM 3.2. We have, for some p > 0,
K9=0 forallq<p—=— K? = HK?.

3.2. Tanaka theory for Grassmannian structure

Let M be a manifold with a Grassmannian structure of type (n,m).
The flat model is the Grassmann manifold G, p4+m = G/G’ associated with
the graded Lie algebra g = sl(m + n,R) of first kind:

g =sl(m+n,R)
=g-1Dgo Do
Om O B 0 O, D
(o= {(Te)r={(% o)t
(A € Mat(n x m,R), B € Mat(m,R), C' € Mat(n,R),
D € Mat(m x n,R), trace B + trace C' = 0),
95 85] C @it
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We put their bases and coordinates as follows:

o _(Om O
ij — Ez'j On ’

(Eij € Mat(nxm),R): matrix unit, i.e., (¢, j)-component = 1, otherwise
= 0),

E;; 0O O, 0
gij—( 6 On),hij—< Om Eéj),efj—teji,

(Eij € Mat(m,R), E;; € Mat(n,R): matrix units respectively)
and
(i? e ) =Y wijey + ) gy + ) hihy + ) dijel;.
i Tlij
Let @ be the frame bundle of second order with structure group G’ on

M. By 2.3, there exists a g = sl(m+n, R)-valued normal Cartan connection
of type G/G'. As g is of first kind, we have

CQ — CO,Q D 01,2 D 02,2
=g 1N, B QA g @ A%,

The curvature function K of the connection w has

K(=K_+Ky+ K;) =K+ K2 4 K2
=K'+ K'+ K2

We can view K as the torsion part and K' as the curvature part.

It follows that K satisfies the condition (1) of normality as a conse-
quence. Let us write down the condition (2) of normality:

(i) 9*K° =0,

(ii) *K! = 0.
Since 0* : C%*? — C3! =0, we have 0*K? = 0.

In particular, in the case m = 2, i.e., a Grassmannian structure of type
(n,2), let us see it explicitly. Put a; = €;1, b; = a,,4; = €;2. The dual basis
of gy is aj ="'ay,...,a} ="a,, a} |, ='by,...,a}, ="b,.

We investigate the case (i):

o C%? = g-1® A2_2 — Ol = g0 Al_l
K% +— 9*KVY.
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For X em=g_1,

2n
(" KO)(X) = [a}, K%(a; A X)) Z K°([a%, X]_ A ay)

j—l

Za K%a; A X)),

where the second equality holds from [a}, X]— = 0 for [a], X] € go.
The Lie bracket of g; and g_; are given by, for ¢,7 =1,...,n,

[a},a;] = dijg11 — hyi, [b],b;] = dijg22 — hyi,
[a},bj] = 6ijg12, (b}, a;] = dijga1.
If we assume that 9* K" = 0, the following relations hold in g:
n
gi1-component = (0 < ZK?(ai ANX) =0,
i=1

n
g1o-component = 0 <= Z Kgﬂ-(ai AN X) =0,
i=1

n
go1-component = 0 <= Z K?(api A X) =0,
i=1

n
goo-component = 0 <= Z K2+i(an+i ANX) =0,
i=1
h; j-component = 0 <= K (a; A X) + Ky, ;(ap+; A X) = 0.
Here K; 0 and Kg 4; are a; and a,1; = b; components in g_; respectively.

From 0*K? = 0 of the normality, we have the following.

ProOPOSITION 3.1. Let M be a manifold with a Grassmannian struc-
ture of type (n,2). Then, for the normal Cartan connection w of type G /G’
on Q, the g_1 ® A%-component of the torsion part 1_1 is 0.

Proof. We use the relations

K)(a; A X) = —Kp, (antj A X).
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Putting X = a,;, we obtain
K(aj Aapij) = 0.
Putting X = a;, we obtain
Kpyi(antj Aag) =0.
Putting X = a, 1, we have

Kio(aj Nanyk) = _K2+i(an+j Aanik)
= K i(an4n A any)
= —K?(ak A an+j).

Thus we obtain
KZ-O(aj Napir +ag A anH) =0.

Putting X = ay, we similarly obtain
Kgﬂ»(aj Aapik +ag Aayyj) =0.

Therefore it follows that g_; ® A%-component is 0. U

PRrROPOSITION 3.2. Let M be a 4-dimensional manifold with o Grass-
mannian structure (or a conformal structure) of type (2,2). Then, for the
normal Cartan connection w, the torsion part 1_1 is 0.

Proof. A basis of g_; is a1, az, ag = by, ag = ba.
We have

K)(aj Aag) =0, K3, (ajhag)=0 (i=1,2),
K)(b1 Aby) =0, K35 ,(biAby)=0 (i=12).

Moreover we have

K)(a;j Abg) =0, K (aiAbg)=0 (i=1,2),
K)(ag Aby) =0, K3, (azAby)=0

Thus it follows that g_1 ® A%—component is 0. Therefore the torsion part
Q-1 is 0. O
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We investigate the case (ii):

O 0 =go@ A, — CP =g @A,

K'— 0*K".
We will adopt the notation and the argument of (i) similarly. For X € m =
g-1,
2n
(O K(X) = [, K (a; A X))
j=1

The Lie bracket of g1 and g are given by, for i,5 =1,...,n,

[aj,g11] = —a;, [a;,812] =0, [a],821] = —a;;, [aj,82] =0,
[ay 1,811 =0, (a5, 812] = —a;, [an,;821] =0, [, 82] = —a,,,
a7, hjx] = 0ijag, (a4 hy] = 0iay, 4
If we assume that 0*K' = 0, the following relations hold in gi: for i =
1,...,n,

a;-component = 0
= Kp(a; A X) + K} (anii A X) Z (a; A X),
an+; = b;-component = 0

n
= Kl (ai AX) + Ky(anti AX) =Y Kjj(anij A X).
j=1

Here K;, K;, K;, KQ}J are g11, g12, 21, 22 components and K}] are hy;
components in go respectively. The number of independent equations is 4n?.
We write down 4n? independent relations of the normality:

K;(az-/\ak)—i—K i A\ ag) ZK (aj Aay),
1 1 _ 1
Kx(ai A bk) + Ky(bi VAN bk) = ZKﬂ(aj AN bk),

j /\ak)a
)

K;(az /\ak.) —i—Kij(bZ Nag) =
( j/\bk .

7j=1

)= KL
j=1

)= KL
j=1

KlXa; Abg) + KL (b; Aby) =
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Next, we consider the Bianchi identities. They are given, by Lem-
mas 2.10, 2.11 in [T1], as follows: for p > 0,

OKP = gP~ 1,

We consider K = KY + K! + K? with respect to a graded Lie algebra
g of first kind.

For K% 0K® =¥t € 0713 = g_,® A3, = 0 holds. Joining 9*K? = 0
of normality together, we see that K is harmonic, that is,

HK=K'=K_, € H*?.

For K!, assume that the torsion part K = K_; is 0. Then it follows
that 0K = W0 € C%3 = g_; ® A3, is 0 from the definition of U°. Joining
0*K' = 0 of normality together, we see that K! is harmonic, that is, under
the assumption K% = 0,

HK'= K'= K, e H"2,

For K2, in general 0K? = ! is not 0.

3.3. Nonzero generators in H?

Before we investigate the harmonic part HK of the curvature func-
tion K, which is the fundamental invariant of a Grassmannian structure
of type (n,m), we calculate H?> = H?(m,g) according to Yamaguchi ([Y,
Proposition 5.5]).

A nonzero generator in H? decomposed as an irreducible go-module is
represented by

ZTo(g) @ To, € HPii?

for o = 045 € WO(2). Here o = Oij = 0+ 0j = Oa; * Oa; (i,05 € Ar a
fixed simple root system of g) is the composition of reflections by «, a5,
and Z4(g) € g5(0)() 18 the root vector for the root by the reflection o = o;;
of the highest root 6, and xe, € A?m* is the exterior product of two root
vectors for &, = @, = {a;,a; — (aj,;)a;}, and p;; is a nonnegative
integer decided by o;;. See [Y] in detail.

We consider the simple graded Lie algebra

g=0-1P00DPo1, Mm=g_
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of first kind for the Lie algebra g = sl(m + n,R) of G = SL(m + n,R)
associated with a Grassmannian structure of type (n,m). We have
Am* = A%g7) = A%, = AT @ A%,
where, from TM =2V @ W,
A2 =S2(V)@ A2(W), AL =A%V)®S2(W).
This is a decomposition as a gg-module. We remark that

C™? =g 1 @A, =g 1®A] ©g1 @AF,
C2=gyo A%, = (sh @ el ©2) ® (A © A%),
C*? =g @ A%, = g1 ® A} @ g1 ® A,
where
gt =l =sl(n,R), gff =slg =sl(m,R)
and z is the trace part of go.

Assume that n > m. Then we obtain the following.

ProproSITION 3.3. The components of nonzero generators as go-mod-
ules in H? are represented by
1. if n,m > 3,
(i) en ® (elm_l* AN elm*) e HO2 ¢ g1 ® A%,
(ii) e, X (elm* AN GQm*) e H%? g1 ® A%,
2. ifn >3, m=2,
(i) en1 ® (e12* Nex™) € H?2 Ccg 1 ® A%,
(ii) h,; ® (611* A 612*) e H2 ¢ gé ® A%,
3. ifn=2, m=2,
(i) hy ® (611* A 612*) e H2 ¢ gé (%9 A%,
(ii) 291 ® (612* A 822*) S H1’2 C gOR X A%
If n >3, m =2, from 2 (i) in the above proposition, it follows that the
g1 ® A%—component of the torsion part is 0. See Proposition 3.1.

If n =2, m = 2, from 3 in the above proposition, it follows that K9 = 0,
i.e., the torsion part is 0. See Proposition 3.2. Hence K' = HK" holds.
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When we take m = 1, the geometric structure becomes a projective
structure whose flat model is the n-dimensional projective space P"(R)
(n > 3). See 6.5, 7.1. There is not the notion of half flatness. Now we
remark that

*
g-1= Span{az‘ = ez‘j}lgz‘gn,j:h go = Span{gn, hz‘jhgi,jgm g1=9_1-

Then the components of nonzero generators as go-modules in H? are rep-
resented by
h,; ® (aj Aaj) € HY? C go® A%

Therefore it follows that K° = 0, i.e., the torsion part is 0. Hence K' =
HK" holds.

§4. Co-Grassmannian structures

4.1. Example as the flat model

Before we argue the twistor theory of Grassmannian structures in Sec-
tion 7, we define and study co-Grassmannian structures that are geometric
structures of the top space, that is, the incidence space of the double fibra-
tion by twistor theory of Grassmannian structures.

In the (n+m)-dimensional real vector space V = R"™™ let F,,_1,, be
the following generalized flag manifold:

Fo—1m = {(Sm=1,Sm) | Si : i-dimensional subspace of V', S;,—1 C Sp,}.

The dimension of F,_1 y, is mn+m—1. The group G = SL(m+n,R) acts
transitively on Fj,_1 .

Let {ai,...,am,b1,...,b,} be a basis of V. = R*"™  Choose Z, =
(Xo0,Y0) € Frp—1,m such that

Xo =span{ay,...,am,_1} = span(ImO1> (e Mat((m +n) x (m — 1),R)),

Yy =span{ay,...,am-1,am} = span(jg) (e Mat((m + n) x m,R)),

where a; = (0,...,0, i, 0,...,0) € V=R"" Let G’ be the isotropy group
of G = SL(m + n,R) at the base point Zy = (Xo, Yy). Then we have

mel,m = G/G,,
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and it is easy to check that

m—1
m—1

G = :

€ SL(m+n,R)

¥ ¥ % 3

1
*
*
0

o O ¥

n

This is the flat model of manifolds with co-Grassmannian structures of type
(n,m — 1), which are defined in the next 4.2.

The Lie algebra g = sl(m +n,R) of G = SL(m +n,R) has a decompo-
sition as follows:

g =sl(m+n,R)

:m@g/
Om-10 0 B'h D

= f 00 oo dtg]},
A e O, 0 0C

(A € Mat(n x (m —1),R), B € Mat(m — 1,R), C' € Mat(n,R),
D e Mat((m—1) xn,R), d € R, e,g € R, f,h e R™™ 1,
trace B + d + trace C' = 0).

The subalgebra g’ is the Lie algebra of G’, and m is identified with the
tangent space Tz, Fyp—1,m Of Fi—1m at Zy. Furthermore, g = sl(m + n,R)
has more decompositions:
g =sl(m+n,R)
=g 209-1DP90D 91D g2

Om-10 0 Om-10 0 B0O
= 0 00 ) f 00 D 0do
A 00, 0 eO, 00C
Omfl th 0 Om,lo D
® 0 0 'tg ) 0 00 ,
0 0 O, 0 00,
m=g os®g_1,

g =go® g1 D g2,

and has a structure of a simple graded Lie algebra of second kind.
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‘We consider

Omflo 0 Om,10 0
e = 0O 0 0 , = f 00
Then we have
1)9 l—e@f7
2) [e,e] = [}, 7] =0,
3)9 2_[ ]_e®f7

4) [907 ] = goe C e, [907ﬂ = gOf - f
Furthermore, we consider

a=etg, b=f+g"

Then we can easily verify that
5) Ad(G")a = a, Ad(G')b = b,
6)anb=g¢g,
7) both a and b are subalgebras of g.

By 5), a and b induce invariant differential systems E (with dimension n)
and F' (with dimension m — 1) on F,_1,, = G/G' respectively. By 6) and
7), the pair (E, F) has

1) E and F are transversal,

2) both E and F' are completely integrable,

and, by g—2 = [g-1,9-1],
3) TFy-1,m =D+ [D,D],
where we put D = E @ F. Moreover, the quotient bundle T'F,,_1 ,,/D has
4) rank T'Fy,—1 /D = rank E - rank F' (= n(m — 1)).
Motivated by the discussion of the above example, we will give the definition
of a co-Grassmannian structure in the next 4.2, 4.3.

We note the following. Fix an (positive definite) inner product on V.
For Zy = (Xo,Y0) € Frn—1,m, put

Yo = Xo®R (orthogonal sum).
We consider two orthogonal projections

n:V=Yaevl —Y,
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and

p2: Yo =Xo &R — Xj.

Let W be an open subset consisting of all Z = (X,Y) € Fj,_1,, such that
p1(Y) = Yo, p2(X) = Xo. Then Z = (X,Y) € W can be regarded as the
direct product of graphs of two linear mappings 71(Y) : Yy — Y5~ and
T5(X) : Xo — R. Let {x1,29,...,Zm—1} be an orthonormal basis of Xj.

By adding x,, we let {z1,z2,...,Zm—1, %} be an orthonormal basis of Yj.
For each Z = (X,Y) € W, there exist a unique basis {u,ua,...,uy,} of Y
and a unique basis {v1,v2,...,vn-1} of X such that

p1, (u1) = 21,p1, (u2) = T2, .., p1, (Um) = T,

pQ*(Ul) = 9017172*(1}2) =Z2,... 7p2*(vm71) = Tm—1,P2, (Um) = Tm-

Then the equations hold:

w=z;+Ti(Y)z; (i=1,...,m),
Vi :xi—l—Tg(X)xi (i:1,...,m—1).

Therefore, for the tangent space Tz Fp—1m at Z = (X,Y) € Fp_1m, we
have

Ty F_1.m = Hom(Yp, Y5") @ Hom(Xo, R)
~Yi oYy e X

Let U,,—1, Uy, be the tautological vector bundles with rank m — 1, m over
Fy—1,m respectively. Then U,,—1 C U,,. Let V;,41, V,, be the quotient bun-
dles of Uy,—1, Uy, in a trivial bundle F,_1,, x R respectively. Then
Viat1 D Vi. Then we have the following:

TFpim =V, Uy & U4
2V U1 ®1p,_,.,,) @ Uy 4
=V,eU,_ 1oV, U _,
=FE®F®EQF,

where we put £ =V,, and F = U}, _;.
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4.2. Definition

Let R be an r-dimensional real manifold. Let £ and F' be two dif-
ferential systems on R, i.e., subbundles with rankk and [ (k +1 < r) of
the tangent bundle TR of R respectively. A co-Grassmannian structure of
type (k,1) on R is defined by the pair (E, F') which satisfies the following
conditions:

(1) E and F are transversal.
(2) Both FE and F' are completely integable.

(3) The derived system of a differential system D = E'@® F on R coin-
cides with TR, i.e.,

TR=D+[D,D].
(4) The quotient bundle TR/D has

rank TR/D = rank E - rank F' (= kl).

Here the equation in (3) means the equality by taking the sheaf of germs
of local sections at each point of R. The dimension r of R is k+ [+ kl. This
is a subclass of pseudo-product structures in the sense of Tanaka ([T2]).

The pair (E, F) is called an almost co-Grassmannian structure of type
(k,1) on R if the condition (2) is not necessarily satisfied.

We remark the following. Now, assume globally that the quotient bun-
dle TR/D is isomorphic to the tensor product bundle E ® F over R, i.e.,

TREFOFOEQRLF.
Then, the leaf space Ry = R/FE is of dimension (k + 1) and
TRE=FGE®F=(E®1g,)® F

Therefore Rp has a Grassmannian structure of type (k+1,1). The leaf space
Rp = R/F is of dimension k(I + 1) and

TRF=EGERF =EQ(F&1g,).

Therefore Rr has a Grassmannian structure of type (k,l + 1).
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4.3. Normal Cartan connection

Let R be a manifold with a pair (E, F') that satisfies (1), (2), (3) in 4.2.
For each point z € R, with a differential system D = E @ F we associate a
graded algebra m(z) called a symbol algebra of D ([T2]).

For x € R, put

gfl(ﬂj) = Dy,
g_g(iﬂ) = T;ER/D;E,
m(z) = g-2(z) & g-1(2).
Let @ be the projection of TR onto T'R/D. We define a bracket operator
[+, -] in m(z) by the requirement that
Xz, Yzl = w([X,Y];), X,Y eI'(D) (local sections of D),
[0-2(2), 8-2(2)] = [9-2(2), g-1(x)] = 0.
Then we see that [, -] is well-defined and that m(x) becomes a Lie algebra.
Further m(z) is a (truncated) graded Lie algebra of second kind. It is called
the symbol algebra of the differential system D at the point x.

Let R be a manifold with a co-Grassmannian structure of type (k,!)
equipped with a pair (E, F'). The spaces E, and F, are subspaces of g_1(z)
=D,

g_l(x) =F, ®F,.

Since E and F' are completely integrable,
[Ew, Ea] = [Fo, 2] = 0.
Moreover we have
dimg_o(z) = dim E, - dim F, (= kl).

This implies that
9—2(x) = [Eérv Fac] = Eac & Fx'

Let m = g_o @ g_1 be a (truncated) graded Lie algebra of second
kind such that g, = 0 for all p > 0. Let ¢ and | be subspaces of g_; and
dime = k, dimf = [. A triplet £ = {m;e,f} is called a graded Lie algebra
of type (k,l) co-Grassmann or briefly a type (k,l) CGR if it satisfies the
following conditions:
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(2) [e;e] = [, 1] =0,

(3), (4), it follows that g_o = [e,f] = ¢ ® f. A graded Lie algebra of type
(k,l) CGR is uniquely determined up to isomorphisms by the conditions
above. A triplet £ is nothing but m, e, f defined in 4.1 for g = sl(m + n,R).

Let go(m) be the gradation preserving derivation algebra Der(m) of m
and Der(£) of £ be as follows:

Der(£) ={X € go(m) | Xe Ce, XfCf}.

We denote Der(£) by go. The prolongation g = g(m, go) of (m, go) is called
the prolongation of type CGR £. Then g is finite dimensional ([T2]). In the
case k # 1, [ # 1, since we can easily see that

go = go(m),

the prolongation g of type CGR £ becomes the prolongation g(m) of m.
According to Yamaguchi ([Y, Theorem 5.3], cf. [Kal), if dime =n, dimf =
m — 1, it follows that g = sl(m + n,R). The group Gy = Aut(£) is the Lie
group of gg. And if we let G and G’ be the Lie groups of g and g’ = go®g1Dgo
respectively, we have

Foim 2 G/G.

Let R be a manifold with a co-Grassmannian structure of type (k,!)
equipped with a pair (E, F'). Then, at each point x € R, the symbol algebra
m(x) of a differential system D = E @ F is isomorphic to a graded Lie
algebra £ = {m;e,f} of type (k,l) CGR. Conversely, let R be a manifold
with a differential system D of £ = {m;e, f} of type (k,I) CGR. Then a
co-Grassmannian structure of type (k,!) equipped with a pair (E, F') on R
is defined. At each point x € R, the symbol algebra m(xz) of D = E® F is
isomorphic to £.

According to Tanaka ([T1], [T2]), we have the following.

THEOREM 4.1. Let R be a manifold with a co-Grassmannian structure
of type (k,l). Then there exist a principal bundle Q with structure group G’
over R and a unique normal Cartan connection w of type G/G’ on Q.
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4.4. Nonzero generators in H?
We consider the simple graded Lie algebra

§=90-2D9-1DgoDg1D g2,
m=g 2691,
g-1=¢Df
of second kind of type (k,l) CGR for the Lie algebra g = sl(m + n,R) of

G =SL(m+n,R) (m+n=Fk+1+1) associated with a co-Grassmannian
structure of type (k,l). We write it down explicitly:

g =sl(m+n,R)
=g 20g-1DgoD g1 D go

0,00 0,00 BO0O
= 000 ) f 00 @ 0do
AOOk OeOk 00C
O, 'h 0 0,0 D
® 0 0 g ® 000 ,
0 0 O 0 0 Oy

(A € Mat(k x [,R), B € Mat(l,R), C € Mat(k,R),
D e Mat(l x k,R), d € R, e,g € R*, f h e R,
trace B + d + trace C = 0),

0,0 0 0,0 0
¢ = 000 . = f 00 ,
0 eOk 0 OOk
e, =[ff] =0, go=[ef=eaf

l9i, 95] C gitj-

We put their bases and coordinates as follows:

O 00 O 0 0 0,00
€j; = 0 00 , €; = 0 0 0 s fi = fZ 00 y
Ez‘j 0 Ok 0 €; Ok 00 Ok

E;; € Mat(k x [,R) : matrix unit, i.e., (¢, 7)-component = 1,
(Eij j p
otherwise = 0,

e; € R*, f; € R': j-component = 1, otherwise = 0),
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Ej;0 0 010 0
g;=( 000, hy=lo00 0 |,
0 00 0 0 E;
(Eij € Mat(l,R), E;; € Mat(k,R) : matrix units respectively)
and
9ij thy dij
yi d g :Zxijez‘j‘|‘zxiei+zyjfj+zgijgij+zhijhz‘j+‘“'
L5 Ty hz‘j

As in 3.3, we calculate H? = H?(m, g). We have

9=92D9-1DgoD g1 D g2,
g1 =g @gly,
where
9}—21 =¥, 951 =
Further we have
Am* =A%, @ A2, 0 A%,
where
A2—4 = A29*—27
Ay=g'ngli @ty Al
A%, = A%glt @ gl A gl @ A%,
We remark that .
c? = p cr?,
p=—1
where
c = g2 ® A%,
C™? = g 2@A2,Bg 1 @A2,,
C2 =g @A, @9 10A%, 8 go® A2,
C?*? =g 10N, @ go®A ;0 g1 ©A2,,
C¥? = A, 6 gioA;e geA2,,
CY¥ = @A, 0 g0 A%,
C%? = ga®@ A%,

Then we obtain the following.
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PROPOSITION 4.1. The components of nonzero generators as go-mod-
ules in H? are represented by

1 ifl >3,
(i) ex1 @ (F Aet)) € HO? Cgo® (g5, A (g5)%),
(ii) er1 ® (e]; A e]) € H%? C gy ®(g%y A(g5))%),

2. ifl =2,

(a) fork+1+1>6, ie, k>3,
(i) e @ (B A £5) € HO? C gby @ A2(g",)",
(ii) ep1 @ (e, A £7) € H*? C g_a ® (g"5 A (g7))"),
(iil) ex1 ® (ef; Aet) € HO2 C g_o ® (g*4 A (g1)%),

(b) fork+1+1=5, ie., k=2,
(i) e2 @ (£f A £5) € HO2 C gk, @ A%(gh,)",
(i) ex1 @ (efs A £3) € H? C ga @ (855 A (971)%),
(iii) e21 ® (ef, Aef) € H? C 9 2@ (855 A (851)%),
(iv) f1 @ (e Aep) € H? C gffy @ A*(g2)",

3. ifl =1,

(a) fork+1+1>5, ie, k>3,
(i) er ® (e]qy N T7) € HY? Cgly @ (g5, A (85)7),
(ii) hg ® (ef(l) Aet)e H*? Cgo® (g%, A (g51)%),

therefore, K =0, K' = HK!,

(b) fork+1+1=4, ie., k=2,
() f® (ef Aej) € H*? C gy @ A%(ghy)",
(ii) e2 @ (e](y) A f7) € H'Y C gk @ (855 A (85)"),
(i) har @ (€1, A €]) € H22 C g ® (g% A (0%)7).

§5. Null n-plane bundle

5.1. Definition

In the vector space R™" = R"™ ® R™, a vector u is called null (simple,
or decomposable) if there exist a vector v belonging to R™ and a vector w
belonging to R™ such that u = v ® w.
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Let {e;} (1 <i < n) be a basis of R" and {f;} (1 < j < m) a basis of
R™. For v =" | oe;, w = Z;nzl B fj,

U=vQwWw= (iaiei) ® (iﬁjfj)
i=1 j=1

= Z aifje; @ fj = (ifj)1<i<n,1<j<m-
i?j
In particular, each vector e; ® f; that makes a basis of R™" = R" @ R™ is
null.

A k-dimensional subspace of R™" = R" ®@R™ is called a null k-plane (or
an isotropic k-plane) if each vector in the k-dimensional subspace is a null
vector. Note that & < max(n,m) holds. We consider the set of all n-planes
with forms {R® @ w | w € R™}. It has a P™ !(R) family. Each the null
n-plane is called a null n-plane. And moreover we consider the set of all
null m-planes with forms {v ®@R™ | v € R"}. It has a P"~}(R) family. Each
the null m-plane is called a null m-plane. We remark that the intersection
of each null n-plane and each null m-plane is 1-dimensional subspace.

Let M be a manifold with a Grassmannian structure of type (n,m).
Considering a set of all the null n-planes in the tangent space at each point
of M, we have a fibre bundle Fy, with fibre P™~}(R) over M, called a null

n-plane bundle:
Fy «—— pm—l (R)

=

M

5.2. Tautological distribution

An n-dimensional distribution D on the null n-plane bundle Fj, over
M is called an n-dimensional tautological distribution of null n-planes if it
satisfies the following: for the n-dimensional subspace Dy C T F7,

WL, (DH) =1II C TwL(H)M'

Here note that II € F, is a null n-plane in T;, qq) M.

From now, we will define an n-dimensional tautological distribution D
of null n-planes on Fr,. When we consider the horizontal lift of a null n-
plane II in M to the null n-plane bundle F7, by a connection, we note that
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Fr,, which is the bundle associated with the linear frame bundle P with
structure group GR(n,m) on M, does not have a canonical connection.
But Fj, is the bundle associated with the frame bundle @ of second order
with structure group G’ on M as well. We observe from 2.3 that there exists
a unique Cartan connection on ). Considering the horizontal lift of II in
M to @) and doing the reduction to F, we can define an n-dimensional
tautological distribution Dy of null n-planes on Fr. We will describe the
argument fully in the following.

Let M be a manifold with a Grassmannian structure of type (n,m).
We identify TM with V @ W under o. For © € M,

TM =V, @ Wy,

where V. is an n-dimensional vector space and W, an m-dimensional vector
space. Take a basis {e;} (1 < i < n) of V; and a basis {f;} (1 < j < m)
of W Aset {e; ® fj} (1 <i<n,1<j<m)isanull basis of V, ® W.
Therefore Ay, = (e1® f1,€2@ f1,.. ., €, @ f1,...,€1Q fin, 2@ frny .- €n® fin)
belongs to P.
Put
Iz, = span(e; @ fim, €2 ® fin,y ... n @ fn).

The space Il is a null n-plane in T, M. Namely, 117 belongs to Fr. Then
a mapping pr, : P — Fp, is defined by

pr i Az — 1.

A subgroup of Gy = GR(n,m) which leaves the null n-plane IIy,, invariant
is

Hor = S({B} x GL(n,R)),

where
ail ai2 e A1m—1 A1m
a1 a2 T a2m—1 a2m
B = : Lo ; : € GL(m,R).
Um—11 Am—-12 " Am—1m—1 Am—1m
0 o - 0 Amm,

Consequently we define a principal bundle P(Fr, Hyr,pr). The null n-
plane bundle Fy, over M is the fibre bundle with fibre Go/Hpy, = P™ 1(R)
associated with P:

FL =P XGo GO/HOL :P/HOL.
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For a linear frame bundle P with structure group Gy = GR(n, m) over
M, let us consider the frame bundle @) of second order with structure group
G’. Let p be a canonical projection () — P. Then the null n-plane bundle
Fy, over M is the fibre bundle with fibre G'/H = P™~!(R) associated with
Q:
Fp=Q xq G'/Hp, = Q/H.

Consequently a mapping 7y, : Q — Fp, being defined, we define a principal
bundle Q(Fr, Hy,mp,).

Summarizing them, we have the following diagram:

G’ Q Hj,
Tp\ 7L
Go P Hyp,
DN
T FL<—G0/H0L§G’/H£§P7"*1(R).
M wr,

From 2.3, there exists a unique g = sl(m+ n,R)-valued Cartan connec-
tion w of type G/G’' on Q. For v € Q, the linear isomorphism

w:T,Q —g

is defined. The Lie algebra g = sl(m+n,R) of G = SL(m+n,R) is a graded
Lie algebra of first kind:

g=9-1DgoDg1-

We identify R™" = R" ® R™ with g_; as follows:
i J
t(o,...,o,i,o,...,o)®(0,...,0,1,0,...,0)<—>eij: (?Ef’? OO )
i n

where E;; € Mat(n x m,R) is a matrix unit, i.e., (¢, j)-component is 1 and
otherwise 0.
A subspace

ng = Span(elmy €2my - .- 7enm)
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spanned by €1, €2, ..., €nm is a null n-plane. The Lie algebra b, of H}
is a subalgebra of g’ = go @ g1 and has the following form:

( ail a2 - Aim-—1 A1m )
a21 a2 - A2m—1 a2m
: : : : D /
hL = cg,
Um—11 Gm—12 " Om—1Im—1 Am—1m
0 0 0 A,
. O C

where a;; € R, C' € Mat(n,R), D € Mat(mxn,R), and > " | a;;i+traceC =
0.
For the vector subspace ny, + b, of g, we have the following:

LEMMA 5.1. The space ny, + b is invariant under the adjoint actions
of H; and by,.

Remark that the space ny, is invariant under the adjoint action of Hyr,.

Let v € Q. Let © = mp(v) € M. Let Ay = mp(v) and I, = 7 (v).
Then pr,(A;) =11, holds. An element A\, = (e1 ® f1,...,e, @ f1,...,1®
sy en®fm) € Pisregarded as an isomorphism A, : R™" (= R"@R™) =

g1 — T, M:
€, —6Q® fj.
Then
I‘lL — ]:[Lz
holds.

By using the normal Cartan connection w, vectors w™'(e;;) € T,,Q are
the horizontal lift of vectors e; ® f; € T, M.
Next, putting

Dr, =w (g +b1),

we can define a distribution Dy, on . From the lemma above, we have the
following;:

LEMMA 5.2. The distribution Dy on @ is invariant under the right
action of Hy .
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Therefore an n-dimensional distribution Dy, is defined on the null n-
plane bundle F;, = Q/Hj:

DL = DL mod H}/

This is a tautological distribution of null n-planes.

Investigating the complete integrability of the distribution Dy on Fp,
is equivalent to investigating the complete integrability of the distribution
Dy, on Q modulo Hy.

LEMMA 5.3. We have

[DL,DL] C Dy, on Fj,
<= (D mod H},Dy, mod H}] C Dr, mod H} on Q.

For v € @), elements in T,,Q)

Cimlv = wil(eim)v I1<i<n,
are defined. Put
ng = wil(‘[’lL).
We will investigate the condition modulo H} satisfying
[éimyéjm] € ﬁL,
for vector fields €;,, (1 <i<mn)on Q.

Before investigating the complete integrability of the distribution, we
prepare several lemmas.
Corresponding to the decomposition

g9=9-1DgoD g1,

the normal Cartan connection form w and the curvature form ) are decom-
posed respectively as follows:

w=w_1DwyDuwi,
Q=0Q_18Q Q.

Put
QO = Qo D Q.
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Recall that the curvature form €2 is defined as follows:
1
Q=dw—+ E[w,w].

Denote by hX and vX the components of the decomposition of w™!(g_1)
and w™!(go @ g1) respectively (cf. a horizontal component and a vertical
component). Denote by A* the fundamental vector field on @) corresponding
to A € go® g

First we remark the following lemma. Put e; = €;,,, (1 < i < n). For
an element &;,, (1 <7 < n) in T,,Q at Ryv = va (a € G'), we have the
relation to an element in 7T,Q):

LEMMA 5.4.
Cilva = Ra*w\;l(Ad(a)ei) (1<i<n).

Proof. At v € Q, take X such that w(X) = Ad(a)e;: X =
w™(Ad(a)e;). At va € Q,

w(Re, X) = Riw(X) = Ad(a™1) - w(X) = Ad(a™1) - Ad(a)e; = e;.

Therefore

O

Next we have the relations between vX, hX and @', Q_; respectively.

LEMMA 5.5. We have
(1) U[éi,éj] = —QQ/(éZ’,é]’)* (1 < ) < n), .
(i) v[6i,&;]ja = —2(Ad(a™1)) - ' (w  (Ad(a)e;),w (Ad(a)e;))".

v v

Proof. (i): The following holds:

Q0(8;, 8;) = dwo(&;, &) + %[Wfl(éi)awl(éj)] + %[wo(éz%wo(éj)]
= dwo(éi,éj) = —%wo([éi,éj]).
Thus
wo([éi,éj]) = —QQo(éi,é]’).
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Similarly, from Q = dwy + w1, wp],

wi([&;,€)]) = —2Q1(&;, &).
Hence

v[e;. &) = v (wol[&:, &]) +wi([ér &)
= wil(—QQ(](éi, éj) — QQl(éZ, é]))
= —2w_19,(éi,é]‘)
— —200(&;,8;)".
(ii): It follows that

U[éiaéj]\va = U[Ra*wil Ad(a

where the third equality is obtained from vR,, = R,, v and the fifth equality
from (RG*A’T))h}a = (Ad(a_l)A)Tva’ |:|

LEMMA 5.6. We have
(i) hlei, &) = =201 (Q- (ezueg)) (1<i< )
(ii) hl&i, &j]je = —2w™ ! (a710 1w, (Ad(a ) (Ad(a)e)))).

Proof. (i): From Q_1 = dw_1 + [w_1,wy],

= dwfl(éz,é]
= %(éZ w_1(€;) — €& - w_1(&) —w_1([€;,€;]))
= —%w_1([éz,ej] h[e’ue]]

Here note that €;, €; are the basic vector fields of e;, ej, that is to say,
ei @ fm, €j @ frm. Hence

hlé;, 8] = —20_1(&;,8;).
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(ii): It follows that

h[éivéj]lva = h[Ra*wil(
= hR,, [w (Ad(a

= Ry, hlw™Y(

1

= 2w Ha ' Q1 (w T (Ad(a)e;),w (Ad(a)e)))),
where in the last term g_; and R™" = R"™ ® R™ are identified. 0

5.3. Complete integrability

Let M be a manifold with a Grassmannian structure of type (n,m).
An n-dimensional tautological distribution Dy, of null n-planes on the null
n-plane bundle F7, over M and the distribution Dy, on a frame bundle ) of
second order with structure group G’ on M are defined.

Now, assume that the distribution Dy on F, namely, the distribution
Dy, on @ is completely integrable.

Let x € M. Let {e1® f1,...,en® f1,...,€1® fmy ..., en® fi } be alocal
basis field about . Then A\, = (e1®f1,...,e,@f1,.. ., 1@ finy -+ -y €n® fin)z
belongs to m~!(z) C P. Let v € 7} (¥) C Q such that 7p(v) = A\z. And let
éim\vuéjmh; € Dry C T, Q. Here €;,,, = w_l(eim) and 7"'M*‘v(éim) =€ ® fm
(i=1,...,n). We describe conditions such that [€;,,&;jm]|, € DLo-

By QF (1 < a,b < m) and QZL] (1 <i,j <n) we denote (a,b)-compo-
nent of gi¥ and (i, j)-component of gl with respect to the decomposition
Q=019 0 = Q_1 QY of the curvature form Q of the normal
Cartan connection w respectively, and by Qﬁlﬂ 1 <a<n1<p<m)
(a, B)-component of g_.

From lemmas in 5.2, we have the following.

ProrosiTioN 5.1. We have
[éimyéjm]\u € DLU
(1) (@i, 8jm) =0, (1<b<m—1)
(i) Q% (&im,€jm) =0, (1<a<n, 1<B<m-—1).

In the case n,m > 3:
In particular, we have Q"} (&1, &2,) = 0, namely, e, ® (e, Nes,) €
g-1 ® A%-component of K is 0. From Proposition 3.3, 1 (ii) in 3.3, this
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component is the component of one nonzero generator as go-module in H?2.
Therefore the Grassmannian structure is right-half torsion-free, i.e., HKY =
0. Here K = HK® = HKY + HKY (HKY C g 1 ® A2, HKY, C g_; ® A2,
in Proposition 3.3, 1 (i), (ii) respectively).

Conversely, assume that H K% =0.1fH K% = 0, the component of the
generator e,; ® (e}, Aeh,) € g_1 ® A% as go-module in H? of K is 0.
Thus, by lemmas in 5.2, we get (ii) in the above proposition. Further, from
Proposition 5.2, 1 in 5.5 which appears later on (cf. Proposition 4.1 in 4.4)
for a co-Grassmannian structure on Fr, we get (i) in the above proposition.
Therefore Dy, on Fp, is completely integrable.

In the case n > 3, m = 2:

In particular, we have Q") (€12, &) = 0, namely, e,; @ (€%, A €}y) €
g_1 ® A% component of K° is 0. From Proposition 3.3, 2 (i) in 3.3, this
component is the component of one nonzero generator as go-module in H2.
Therefore the Grassmannian structure is torsion-free (especially right-half
Grassmannian flat), i.e., K = HK? = 0.

Conversely, assume that K = HKY = 0. If HK® = 0, the component
of the generator e, ® (e}, A eh,) € g_1 ® A% as go-module in H? of K°
is 0. Thus, by lemmas in 5.2, we get (ii) in the above proposition. Fur-
ther, from Proposition 5.2, 2 in the next 5.5 (cf. Proposition 4.1 in 4.4) for
a co-Grassmannian structure on Fr, we get (i) in the above proposition.
Therefore Dy, on Fp, is completely integrable.

In the case n =2, m = 2:

In particular, we have QI (&12,822) = 0, namely, g2 ® (e, A €}y) €
gt ® A% component of K is 0. From Proposition 3.3, 3 (ii) in 3.3, this
component is the component of one nonzero generator as gg-module in H?2.
Therefore, in consideration of Proposition 3.2 in 3.2, the Grassmannian
structure is right-half Grassmannian flat, i.e., H K}% = 0. Here K" = 0,
K!' = HK! = HK} + HK}, (HK} C gh ® A2, HK} C gl ® A% in
Proposition 3.3, 3 (i), (ii) respectively).

Conversely, assume that H K}{ =0.IfH K}z = 0, the component of
the generator go1 @ (€}, A €3,) € g ® A% as go-module in H? of K! is
0. Thus, by lemmas in 5.2, we get (i) in the above proposition. Further,
from Proposition 5.2, 3 in the next 5.5 (cf. Proposition 4.1 in 4.4) for a
co-Grassmannian structure on Fp, we get (ii) in the above proposition.
Therefore Dy, on Fp, is completely integrable.

Summarizing them, we have the following.
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THEOREM 5.1. Let M be a manifold with a Grassmannian structure
of type (n,m) and equipped with the normal Cartan connection w. Then
the tautological distribution Dy on the null n-plane bundle Fr, over M is
completely integrable if and only if the Grassmannian structure on M is

1. if n,m > 3, right-half torsion-free, i.e., HK% =0,
2. if n >3, m =2, torsion-free, i.e., KY = HK" = 0,
3. if n =2, m = 2, right-half Grassmannian flat, i.e., HK} = 0.

If n =2 m =2, K= 0 holds. Therefore K = K' = HK"' is noth-
ing but the conformal Weyl tensor of a conformal structure of type (2,2)
(see 1.5, 2.3. cf. [O]).

5.4. An example of type (n,2)

We give an example M with the completely integrable condition of 2
in the above theorem.

We study the example described in 1.3 (2):

M=H""C)=U(m+1,m)/U(1) x U(m,m).

Since U(m+1, m) acts transitively on M, we consider the origin o = U(1) x
U(m,m). Moreover, since U(1) x U(m,m) acts transitively on the set of
all null n-planes in the tangent space T,M at the origin o, we consider a
distinguished null n-plane.

In T,M = m,
0tz y
n= z 0 0 , (z,yeR™cCC™)
y 0 0

is a null n-plane. We show that expn is a null n-manifold in M, that is,
each null vector in n is mapped to a null vector in the tangent space at each
point in exp n under the differential exp,. If so, it follows that, for any point
in M and any null n-plane in tangent space at the point, there exists a null
n-manifold through the point such that the tangent space at the point is the
null n-plane. Then, from the above Theorem, M = H"™™(C) is right-half
Grassmannian flat.
Since M is a symmetric space, according to [He], for X enCm C g,

1— e—adX

eXp*X = (LGXP)*e © adX
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holds, where e is the unit element of G = U(m + 1,m) and (1 — e~4)/A =

Yoo m(—A)m. Thus, it suffices that, for Y € n,

1 — e—adX(Y)

o 1 -
ad X (Y) Z:: e X))

m=0

belongs to n mod h. Since [n,n] C [m,m] C b, if m is odd, ad™ X (Y') is an
element of fh. By simple calculations, if m is even, it follows directly that
ad™X(Y) is an element of n. Thus exp, (Y) is a null vector. Therefore
expn is a null n-manifold.

5.5. Co-Grassmannian structure of type (n,m—1) and its nor-
mal Cartan connection

Let M be a manifold with a Grassmannian structure of type (n,m)
and equipped with the normal Cartan connection w. Suppose that an n-
dimensional tautological distribution Dy of null n-planes on the null n-
plane bundle Fy, over M is completely integrable. For the natural projection
wr, : Fr, — M, put Er, = Ker(wp).. Then Ef, is a completely integrable
(m — 1)-dimensional distribution on Ff. In the following, by considering
a differential system ZA)L = Dy @& Fr, we will see that a transversal pair
(D, Ep) defines a co-Grassmannian structure of type (n, m—1) on Fp, that
is, the symbol algebra of lA?L = Dy ® Fr, at each point of FJ, is isomorphic
to a graded Lie algebra of type (n,m—1) CGR. Moreover we will show that
the normal Cartan connection (Q,w) induced by a Grassmannian structure
of type (n,m) on M decides the normal Cartan connection (Q,w) of the
co-Grassmannian structure of type (n,m — 1) on FT.

In Sections 2 and 3, we considered g = sl(m+n,R) = g_1®goDg1. Now
we write it as € = sl(m+n,R) = €_1 D8 D¥¢;. On the other hand, in Section 4,
we have the decomposition g = sl(m+n,R) = g_o®g_1DgoPDg1Dgo as type
(n,m —1) CGR. Thus we have the two decompositions g = ¢ = sl(m+n,R)
of G = K = SL(m + n,R), as graded Lie algebras of first kind and second
kind respectively, as follows:

Ezéfl@ko@ﬂ
=9g=98-2D9-1DgoDg1 D go.

We have

ti=godgk, (g8 =¢

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

TWISTOR THEORY OF GRASSMANNIAN STRUCTURES 67

th=g%ogoe, %=1 ="
g1= 951 @ 91317 g2 = 951 ® 9131-

Moreover we have the following:

A% = A2 @ A%
= A%g", @ (g5, A (g5)") @ A%(ah)",
A%(gh)* C A%

We identify R™ = R @ R™ with £_; and R™*"~1 = R* @ R™! @
R" @ R™ ! with g_o D g_1 = g_» @ g~; @ g’ respectively. The set of all
isomorphisms of £_; to the tangent space at each point of M is the linear
frame bundle of M and the structure group is the Lie group of €. The set
of all isomorphisms of g_o®g_1 =g 2P gfjl &) glfl to the tangent space at
each point of Fj, is the linear frame bundle of F7, and the structure group
is the Lie group of gp.

Let K’ be the Lie group of ¢ = £y®¥; and G’ the Lie group of go® g1 Dgo.
The flat model with a Grassmannian structure of type (n,m) is G pgm =
K/K' (see 1.2) and the flat model with a co-Grassmannian structure of
type (n,m — 1) is Fy_1.m = G/G’ (see 4.2).

From the diagram in 5.2, we can regard the frame bundle @ of second
order with structure group K’ on M as a principal bundle with structure
group G’ over Fr,. The normal Cartan connection w of type K/K' on @ is a
g = ¢ = sl(m + n,R)-valued 1-form and a linear isomorphism w : T,QQ — ¢
for v € Q. At the same time, w defines a Cartan connection @ of type G/G’
on Q. The curvature function K by the curvature form Q of w is said to be
the lift of the curvature function K by the curvature form 2 of w.

We show that w satisfies normality condition, that is, K= 0, K" =

0(p=>0).
K '=o:
K ' = K% has the values in

CT12 =g @A, =g 0@ ANg",
= g2 @ A% (gh)* @ (g2 ® (g%1)" A (051)%) @ g_2 @ A%(gF)™.

Since K is the lift of K, it follows that

Ffl =0<=ga2® AQ(gfl)*—componen‘u of K =0.
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If an n-dimensional tautological distribution Dy of null n-planes on F7, is
completely integrable (see 5.3), these equivalent conditions are satisfied.
K" =0:
Let {e;} be a basis of m = g_o @ g1 and take X € m. Then

(a*f)(X):Z[e;,EeJAX ZK e}, X]— Aej)

:Z[e K(e; N X)) ZK s, X]- Nej).

J

Since ef € m* = g*, @ (g21)* ® (¢7y)* = &, @ (5)* and [g], g-2] C g1,
the second term does not appear. Remark that K (e; A X) = 0 for e; € g%.
Thus it follows that

K =K

From normality condition of K, we have 0*K? = 0 (p > 0). Therefore we
get *K’ = 0.

We have the following.

THEOREM 5.2. Let M be a manifold with a Grassmannian structure
of type (n,m) and equipped with the normal Cartan connection w. Sup-
pose that an n-dimensional tautological distribution Dy of null n-planes
on the null n-plane bundle Fy over M 1is completely integrable. Then a
pair (Dr,Er, = Ker(wp).) defines a co-Grassmannian structure of type
(n,m—1) on Fr. Moreover the normal Cartan connection (Q,w) of a Grass-
mannian structure of type (n,m) induces the normal Cartan connection
(Q,w) of the co-Grassmannian structure of type (n,m — 1) on Fp.

We have the harmonic part HK of the curvature function K of w and
the harmonic part HK of the curvature function K of @ that is its lift. The
relation of them is as follows.

ProOPOSITION 5.2. If the conditions of the theorem above are satisfied,
1. ifn,m >3, for K=HK"=HK? + HKY,

(a) the vanishing of the generator of HK% C t_1 ® A% implies the
normality condition of K (plus the complete integrability of Dr),
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(b) the generator of HK? C t_1 @ A2 is lifted to the generator of
HEK' ¢ g2 ®@ (g°5 A (g%)"), (the other generator of HK' ¢
g2 ® (g%, A (g%))*) vanishes)

2. ifn>3, m=2, for K=HK" and HK",

(a) the vanishing of the generator of K = HK® C ¢_; ® A% implies
the normality condition of K (plus the complete integrability of
DL)’

(b) the generator of HK' C ¥ ® A% is lifted to the generator of
HE® ¢ g0 ® (g%5 A (gb))%), (the generator of HE' ¢ ol ®
(975 A (a%)") vanishes)

3. ifn=2 m=2, for K! = HK' = HK} + HK},

(a) the generator of HK§ C € @ A% is lifted to the generator of
HK® gft, ® A%(gt,)*, the vanishing of the generator of HK},
implies the normality condition (plus the complete integrability of
DL);

(b) the generator of HKi C €& ® A2 is lifted to the generator of
HE® ¢ g0 @ (8% A (g2))%). (the generator of HEK' ¢ of, ®
(9" 5 A (8%))%) vanishes).

Here £} = sl = sl(n,R) and £ = slr = sl(m, R).

Remark that, from Proposition 4.1, 2 (a), (b) in 4.4, if n > 2, m = 3,
the relations are the same ones as the above 1 (a), (b). If n = 2, m = 3,
the generator of HE ¢ g, ® A%(g*,)* vanishes besides, because of the
complete integrability of Dy. (The other generator of H K c gl @A%(gh)"
vanishes.)

§6. Null m-plane bundle
6.1. Definition

Let M be a manifold with a Grassmannian structure of type (n,m).
Considering a set of all the null m-planes as in 5.1 in the tangent space at
each point of M, we have a fibre bundle Fp with fibre P"1(R) over M,
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called a null m-plane bundle:

Frp «——— P" }(R)

[

M

6.2. Tautological distribution

An m-dimensional distribution D on the null m-plane bundle Fr over
M is called an m-dimensional tautological distribution of null m-planes if
it satisfies the following: for the m-dimensional subspace Dy C T FR,

wR*(DH) =1IC TwR(H)M~

Here note that Il € Fg is a null m-plane in T, 1) M. As in the way that we
defined an n-dimensional tautological distribution of null n-planes on the
null n-plane bundle F}, over M in Section 5, by the use of the normal Cartan
connection on ) we will define an m-dimensional tautological distribution
Dpg of null m-planes on the null m-plane bundle Fr over M.

Let M be a manifold with a Grassmannian structure of type (n, m). We
identify T'M with V@ W under o. For x € M, we denote T, M by V, @ W,.
Take a basis {e;} (1 <i < n) of V; and a basis {f;} (1 <j<m)of W,. A
set {e; ® fj} (1 <i<n,1<j<m)isanull basis of V, ® W,. Therefore
Ae = (1@ fr,e2®@ f1,...,en®@ f1,...,61® fin,€2® fin, ..., en ® fr) belongs
to P.

Put

g, = span(e; ® fi,e1 ® fa,...,e1 @ fin).
The subspace IIg, is a null m-plane in T, M. Namely, IIr, belongs to Fg.
Then a mapping pgr : P — Fpg is defined by

PR Ay — 1IR,.

A subgroup of Go = GR(n,m) which leaves the null m-plane IIg,
invariant is

Hor = S(GL(m,R) x {C}),

where
aip ai2 -+ ain
0 agy -+ a9
c=1| . " | € GL(n,R).
0 an2 - Gpn
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Consequently we define a principal bundle P(Fr, Hyg,pr). The null m-
plane bundle F over M is the fibre bundle with fibre Gy/Hop = P"'(R)
associated with P:

FR =P X Go GO/HOR :P/H()R.

For a linear frame bundle P with structure group Gy = GR(n, m) over
M, let us consider the frame bundle @) of second order with structure group
G'. Let mp be a canonical projection Q — P. Then the null m-plane bundle
Fg over M is the fibre bundle with fibre G'/H}, = P"~1(R) associated with
Q:
FR = Q X/ G//H;% = Q/H;%

Consequently a mapping 7g : Q — Fr being defined, we define a principal
bundle Q(Fr, Hy, TR).

Summarizing them, we have the following diagram:

G’ Q Hy
M \
Tp TR
Go P HOR
I
T Fp <—G0/H0R2G’/H}{gpnfl(R).
M

We use the same notations as in 5.2.
A subspace

np = span(eu, €12,... 7elm)

spanned by e11,e19,...,€1,, is a null m-plane. The Lie algebra hg of HJ’Q is
a subalgebra of g’ = go @ g1 and has the following form:

B D
ailp ai2 - Qin
... /
hr = 0 0 ag asnp cg,
0 an2 -+ ann
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where a;; € R, B € Mat(m,R), D € Mat(mxn,R), and trace B+ ;" | a;; =
0.
For the vector subspace ng + hr of g, We have the following;:

LEMMA 6.1. The space ng + br of g is invariant under the adjoint
action of Hy, and hp.

Remark that the space ng is invariant under the adjoint action of Hyg.

Let v € Q. Let x = mp(v) € M. Let Ay = wp(v) and g, = 7r(v).
Then pr(Az) = IIg, holds. An element A\, = (e1 ® f1,...,en, ® f1,...,€1 ®
fmy ooy en®fm) € Pisregarded as an isomorphism A, : R™" (= R"@R™) =

g1 — T, M:
ejj — € ® fj.
Then
l’lR — HRm
holds.

By using the normal Cartan connection w, vectors w™'(e;;) € T,,Q are
the horizontal lift of vectors e; ® f; € T, M.
Next, putting

Dg, =w ' (ng + hR),

we can define a distribution Dy on Q. From the lemma above, we have the
following:

LEMMA 6.2. The distribution Dr on Q is invariant under the right
action of Hp,.

Therefore an m-dimensional distribution Dpg is defined on the null m-
plane bundle Fr = Q/H};:

DR = DR mod HJIQ

This is a tautological distribution of null m-planes.

Investigating the complete integrability of the distribution Dr on Fpgr
is equivalent to investigating the complete integrability of the distribution
Dpr on @ modulo Hy,.
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LEMMA 6.3. We have

[DR,DR] C Dr on Fg
<= [Dg mod Hf, Dr mod H}] C D mod Hf, on Q.

For v € @), elements in T,,Q)
iy =w (1), 1<j<m,

are defined. Put
ng = wil(‘[’lR).

We will investigate the condition modulo HY, satisfying
€11, €15] € nR,
for vector fields €1; (1 < j <m) on Q.

6.3. Complete integrability

Now, assume that the distribution Dr on Fgr, namely, the distribution
Dpr on @ is completely integrable.

We describe conditions such that [€y;,€1;]j, € Dry for €y, €15, €
Dr C T,Q.

We use the same notations as in 5.3.

From lemmas in 5.2, we have the following.

PROPOSITION 6.1. We have

€17, €151y € DRy
(i) 951((311‘,@1]‘) =0, (2<k<n)
(i) Q% (15,81;) =0, (2<a<n, 1<g<m).

In the case n,m > 3:

In particular, we have Q! (&1,,-1,€1,,) = 0, namely, e,1 ® (e},,_; A
e},,) € 9-1 ® A2 component of K° is 0. From Proposition 3.3, 1 (i) in 3.3,
this component is the component of one nonzero generator as go-module
in H?. Therefore the Grassmannian structure is left-half torsion-free, i.e.,
HK? =0. Here K = HK" = HKY + HK}, (HK? C g_1 ® A?, HKY C
g_1 ® A% in Proposition 3.3, 1 (i), (ii) respectively).

Conversely, assume that H Kg =0.IfH Kg = 0, the component of
the generator e, ® (ej,,_; Nej,,) € g-1 ® A% as go-module in H? of
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K° is 0. Thus, by lemmas in 5.2, we get (ii) in the above proposition.
Further, from Proposition 6.2, 1 in 6.4 which appears in the next subsection
(cf. Proposition 4.1 in 4.4) for a co-Grassmannian structure on Fg, we get
(i) in the above proposition. Therefore Dg on Fg is completely integrable.

In the case n > 3, m = 2:

In particular, we have le(éll,élz) = 0, namely, h,; ® (ej; Aej,y) €
g ® A2 component of K' is 0. From Proposition 3.3, 2 (ii) in 3.3, this
component is the component of one nonzero generator as gg-module in H?2.
Therefore, in consideration of Proposition 3.1 in 3.2, the Grassmannian
structure is left-half Grassmannian flat, i.e., HK' = 0.

Conversely, assume that HK! = 0. If HK! = 0, the component of
the generator hy,; ® (e}, A e}y) € g& ® A2 as go-module in H? of K! is
0. Thus, by lemmas in 5.2, we get (i) in the above proposition. Further,
from Proposition 6.2, 2 in the next 6.4 (cf. Proposition 4.1 in 4.4) for a
co-Grassmannian structure on Fg, we get (ii) in the above proposition.
Therefore Dr on Fg is completely integrable.

In the case n =2, m = 2:

In particular, we have Q& (&11,&12) = 0, namely, hy; ® (e}, A e],) €
g ® A2 component of K! is 0. From Proposition 3.3, 3 (i) in 3.3, this
component is the component of one nonzero generator as go-module in
H?. Therefore, by Proposition 3.2 in 3.2, the Grassmannian structure is
left-half Grassmannian flat, i.e., HKE = 0. Here K = 0, K! = HK' =
HK} + HK} (HK} C gk ® A2, HK} C gt ® A% in Proposition 3.3, 3 (i),
(ii) respectively).

Conversely, assume that H Ki =0.IfH Ki = 0, the component of
the generator hy; ® (e} A e}y) € gi ® A2 as go-module in H? of K is
0. Thus, by lemmas in 5.2, we get (i) in the above proposition. Further,
from Proposition 6.2, 3 in the next 6.4 (cf. Proposition 4.1 in 4.4) for a
co-Grassmannian structure on Fg, we get (ii) in the above proposition.
Therefore Dr on Fg is completely integrable.

Summarizing them, we have the following.

THEOREM 6.1. Let M be a manifold with a Grassmannian structure
of type (n,m) and equipped with the normal Cartan connection w. Then
the tautological distribution Dy on the null m-plane bundle Fr over M is
completely integrable if and only if the Grassmannian structure on M is

1. if n,m > 3, left-half torsion-free, i.e., HK% =0,
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2. if n >3, m =2, left-half Grassmannian flat, i.e., HK' = 0,
3. if n =2, m = 2, left-half Grassmannian flat, i.e., HK} = 0.

6.4. Co-Grassmannian structure of type (n—1,m) and its nor-
mal Cartan connection

Let M be a manifold with a Grassmannian structure of type (n,m)
and equipped with the normal Cartan connection w. Suppose that an m-
dimensional tautological distribution Dg of null m-planes on the null m-
plane bundle Fr over M is completely integrable. For the natural projection
wgr : Fr — M, put Er = Ker(wpg)s«. Then ER is a completely integrable
(n — 1)-dimensional distribution on Fg. In the following, by considering
a differential system lA?R = Er ® Dpr, we will see that a transversal pair
(ERr, DRr) defines a co-Grassmannian structure of type (n—1,m) on Fg, that
is, the symbol algebra of D r = Er @ Dpg at each point of F is isomorphic
to a graded Lie algebra of type (n—1,m) CGR. Moreover we will show that
the normal Cartan connection (Q),w) induced by a Grassmannian structure
of type (n,m) on M decides the normal Cratan connection (Q,w) of the
co-Grassmannian structure of type (n — 1, m) on Fg.

As appeared in 5.5, we have the two decompositions g = € = sl(m+n, R)
of G = K = SL(m + n,R), as graded Lie algebras of first kind and second
kind respectively, as follows:

E=t_ 0808
=g=g-2Dg-1PgoDg1 D go.

‘We have
ti=goagt, (g =9

=gl @gdel, (a8 =c¢ o =(g")")
g1 =g @gf, g2 gt ®g%.

Moreover we have the following:

A2, = A2 @ A2,
= Ng*, @ (g5, A (g5))%) & A% (gF))",
A%(gf)* c A2,
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We identify R™ = R® @ R™ with £_; and R™**t"~1 = Rl @ R™ @
R*"! @ R™ with g_o D g_1 = g_2 ® g~; @ g’ respectively. The set of all
isomorphisms of £_; to the tangent space at each point of M is the linear
frame bundle of M and the structure group is the Lie group of €. The set
of all isomorphisms of g_s®g_1 = g_» @ g~; @ g%, to the tangent space at
each point of Fg is the linear frame bundle of Fr and the structure group
is the Lie group of gp.

Let K’ be the Lie group of ¢ = £y®¥; and G’ the Lie group of go® g1 Dgo.
The flat model with a Grassmannian structure of type (n,m) is Gy nym =
K/K' (see 1.2) and the flat model with a co-Grassmannian structure of
type (n — 1,m) is Fp, my1 = G/G' (see 4.2).

From the diagram in 6.2, we can regard the frame bundle @) of second
order with structure group K’ on M as a principal bundle with structure
group G’ over Fg. The normal Cartan connection w of type K/K' on @ is
a g =t =sl(m+n,R)-valued 1-form and a linear isomorphism w : T;,,Q) — ¢
for v € Q. At the same time, w defines a Cartan connection @ of type G/G’
on Q. The curvature function K by the curvature form Q of w is the lift of
the curvature function K by the curvature form €2 of w.

We show that w satisfies normality condition, that is, K= 0, K" =
0(p>0).

—1

I
@

-1

= =

' K 2 has the values in

07172 =902 AQ,Q =g 92® A29*,1
=g 2@ A% (gh) @ (g2 @ (g%)" A (@5)) g2 @ A*(g7))".
Since K is the lift of K, it follows that
K '=0e g_2 ® A%(gf,)*-component of K = 0.

If an m-dimensional tautological distribution Dg of null m-planes on Fg is
completely integrable (see 6.3), these equivalent conditions are satisfied.

IFK’ =0:
Remark that m* = g*, @ (g%,)* @ (gf*))* =&, @ (g_fl)* and [gff, g_2] C
g%,. Then in the similar way to 5.5 it follows that K’ =0.

We have the following.
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THEOREM 6.2. Let M be a manifold with a Grassmannian structure
of type (n,m) and equipped with the normal Cartan connection w. Sup-
pose that an m-dimensional tautological distribution Dg of null m-planes
on the null m-plane bundle Fr over M is completely integrable. Then a
pair (Er = Ker(wp)s«, Dr) defines a co-Grassmannian structure of type
(n—1,m) on Fr. Moreover the normal Cartan connection (Q,w) of a Grass-
mannian structure of type (n,m) induces the normal Cartan connection
(Q,w) of the co-Grassmannian structure of type (n — 1,m) on Fg.

We have the harmonic part HK of the curvature function K of w and
the harmonic part HK of the curvature function K of @ that is its lift. The
relation of them is as follows.

PropoOSITION 6.2. If the conditions of the theorem above are satisfied,
1. ifn,m >3, for K= HK' = HK? + HKY,

(a) the vanishing of the generator of HKY C t_; ® A% implies the
normality condition of K (plus the complete integrability of Dg),

(b) the genemtor of HKY, C t_1 ® A% is lifted to the genemtog’ of
HEK C g2 ® (g°5 A (g8))%), (the other generator of HK C
g2 ® (g% 5 A (g71)*) vanishes)

2. ifn>3, m=2, for K= HK" and HK",

(a) the vanishing of the generator of HK' C & @ A2 is lifted to
the generator of K ¢ gl ® A%(g®))*, the vanishing of the
generator of HK' implies the normality condition of K (plus the
complete integrability of Dg),

(b) the generator of K = HK® C t_1 @ A% is lifted to the generator
of HEK® ¢ g2 ® (g°5 A (g%))%), (the other generator of HEK® ¢
g_2® (g5 A (g%,)") vanishes)

3.ifn=2 m=2, for K} = HK' = HK} + HK},

(a) the generator of HK} C ¥ ® A2 is lifted to the generator of
HEK® ol @ A2(gft))*, the vanishing of the generator of HK}
implies the normality condition of K (plus the complete integra-
bility of DR),
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(b) the generator of HK}, C ¥t ® A% is lifted to the generator of
HE 0@ (g% 5 A (g%))%) (the generator of HEK' g @ (g" 5 A
(gL1)*) vanishes).

Remark that, from Proposition 4.1, 2 (b) in 4.4, if n = 2, m = 3, the
relations are the same ones as the above 2 (a), (b). (The other generator of
HK' ¢ g, ® A%(gh,)* vanishes.)

Remark that the above (3) corresponds to the argument of the case
k=1,1=21in 4.4. Although we do not describe it in Proposition 4.1 in 4.4,
compare with the proposition 3 (b).

6.5. Projective structure

Let M be an [-dimensional real manifold. A Grassmannian structure of
type (n,1) on M is defined by an isomorphism o from the tangent bundle
TM of M to the tensor product V ® W of two vector bundles V and W
with rank n (n > 2) and 1 over M respectively (cf. 1.1). The flat model
like that in 1.2 is the Grassmann manifold Gy ,41 = G/G’ (G = SL(n +
1,R)) consisting of all 1-dimensional subspaces in the (n + 1)-dimensional
real vector space R"*!. This is nothing but the n-dimensional projective
space P"(R). Therefore Grassmannian structure of type (n,1) implies n-
dimensional projective structure.

As is well known ([Ko], [O]), there exists a normal Cartan (or projective)
connection w of type G/G’ on the principal bundle @ with structure group
G’ over M. The Lie algebra g = sl(n + 1,R) of G = SL(n 4+ 1,R) has the
structure of a graded Lie algebra of first kind like that in 2.2. We described
the component of nonzero generator as go-module in H? in a remark of
Proposition 3.3 in 3.3.

For each point z of M, a null n-plane in the tangent space T, M is an
only form V, ® w (w € W, = R). Thus the null n-plane bundle F}, over
M is the tangent bundle T'M itself. A null 1-plane (line) in 7, M is a form
v W, (v € V,) and is a line through the origin. Thus the null line bundle
Fg over M is the projective tangent bundle P(T M) with fibre P"~(R).

A 1-dimensional tautological distribution Dg of null lines on Fr =
P(T'M) over M is completely integrable because of dimension 1. For the nat-
ural projection wpg : Fr — M, put Er = Ker(wpg).. Then ER is transversal
to Dg and the fibre of Eg at © € M is the projective space P"1(R) of
Ty M. A pair (Er, Dg) defines a co-Grassmannian structure of type (n—1,1)
on Fg. In the same manner as mentioned Theorem 6.2 in 6.4, the normal
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Cartan connection (@Q,w) of an n-dimensional projective structure induces
the normal Cartan connection (Q,w) of the co-Grassmannian structure of
type (n —1,1) on Fg.

PROPOSITION 6.3. Under the above condition, for K = 0, K! =
HK!, the generator of HK' C go ® A? is lifted to the generator of HE' ¢
gl @ (g* 5 A (g5))"). (the generator ofHF2 C go®(g* 5 A(g%)*) vanishes.)
(when n = 3, the generator of HEK' ¢ o ® A(ghy)* vanishes.)

§7. Twistor theory of Grassmannian structures

7.1. Twistor diagrams
In the real (n+m)-dimensional vector space V = R"™™ (m > 2), define

G1 = Gumn+m = {m-dimensional subspace of V'},
G2 = Gr—1n+m = {(m — 1)-dimensional subspace of V'},
F=Fn1m
= {(Sm-1,5m) | Si: i-dimensional subspace of V', S,,—1 C Sy, }.

We have the double fibration that is considered as the twistor diagram of
the flat model (cf. [W-W], [W]):

F
LN\
Go G,

where pu, v are the natural projections.

Each space G1, G2 and F has a natural G structure (geometric struc-
ture).

The space Gi has the Grassmannian structure of type (n,m), as is
explained in 1.2. Each null n-submanifold of G is diffeomorphic to P"(R).
Then Go can be regarded as the space of all null n-submanifolds. Let m1 be a
point in Gy. The set of all null n-submanifolds through m; is diffeomorphic
to P""Y(R) in G;. Remark that there is the other space of all null m-
submanifolds of Gj.

The space Gy has the Grassmannian structure of type (n + 1,m — 1).
Each null (m — 1)-submanifold of G is diffeomorphic to P™~!(R). Then
G can be regarded as the space of all null (m — 1)-submanifolds. Let mso
be a point in Gg. The set of all null (m — 1)-submanifolds through my is
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diffeomorphic to P*(R) in G;. Remark that there is the other space of all
null (n + 1)-submanifolds of Ga.

The space F has the co-Grassmannian structure of type (n,m — 1), as
is explained in 4.2. There are two transversal n-dimensional and (m — 1)-
dimensional foliations. Each leaf is diffeomorphic to P*(R) and P™ 1(R)
respectively. The former leaf space is identified with G and the latter leaf
space Gj.

The three spaces are regarded as homogeneous spaces of G = SL(m +
n,R):

G, =G/H,, Gy=G/Hy;, F=G/H.

In complexified flag manifolds, we study them. Choose the Cartan subal-
gebra consisting of all the diagonal matrices in the Lie algebra A; (I =
m+n—1) =gc =sl(m+n,C) of Gc = SL(m + n,C). Denote the simple
root system by A = {au,...,Qmin—1}-

The manifolds G1, Go and F are flag manifolds corresponding to the
parabolic subalgebras defined by Ay = {a}, {am—1}, {@m—1,anm} respec-
tively. We indicate them by the double fibration in terms of the Dynkin

diagrams:
AUm—1 m
o—:+:+—0—0—e—0—:--—0
F
Am—1 Qm
O—:++—0—@—0—0—:+-+—0 o—:++—0—0—@—0—:--—0
Go G

The simple graded Lie algebras of g = sl(m + n,R) associated with
G1, Gg, F are of first kind, first kind (see §2, §3), second kind (see §4)
respectively:

G, :g:gl,l @gé@g%, m1:g£17 dimmy; = mn,
Gg:g:ggl@g%@g%, m2:92_1, dimmg =mn+m—n—1,
F:g=gBeog?eg’ o’ g, mo=g%ad?,
dimmys =mn+m —1, dimg'3 =n(m —1),
dimg'? =n+m—1.

Nonzero generators in H? are as follows. See 3.3 and 4.4 (cf. [Y]) in
detail.
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For A;; m—12> 3, ie., m >4,

H*(my,0) : Tmm-1 € H" C gty @ A2,
Tmmt1 € H%? c gl @ A%,

H*(m2,0) : Tm_1m2 € H? C g%, @ A2,,
Tmo1m € H*? C g2, ® A%,

H2(m12,g) CTm—1,m € H2 ¢ 91_22 ® A2_3,
Tmm-1 € H"? C g3 ® A%,

Tm—1,my Tmm—1

oO—+++0O—@—0—0+++—0 oO—+++0—0—@—0--:—0,
Tm—1,m—25 Tm—1,m Tmm—1, Tmym+1

For A; (1 >5),m+n>6;m—1=2,ie,m=3,

H?*(my,g) a3 € H*? C gl @ A2,,
z3 € H? C gl ® A%y,
H2(m2,g) cx9 € HY? C 92_1 029 A2_2,
zo3 € H"? C g2, ® A2,
H?(mi2,g) : 701 € H*? C g4 @ A2,
zo3 € H"? C 91722 ® A%37
x30 € H*? C g'% @ A% ;.
oO—e—e—0—---—0
p Ta1, T23, T32 N
0O——0—0—+-—0 oO—0—@—-:-—0,
21, T23 T32, T34
For Ay, m+n=5 m—1=2,1ie.,m=3,
H?*(my,g) :x30 € H*? C gl @ A2,,
z3 € HY? C gl @ A%y,
HQ(mg,g) 191 € HY? C 92,1 ®A2,2,
zo3 € HY C g2 @ A2,
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H2(m12,g) 1 x9] € H%? ¢ 91,21 & A%Q,
T93 € H? C 91722 ® A%IS’
x3g € H? 91_22 ® A2_3,
X34 € H%? ¢ g£21 & A%Q.
O—e—e—0

T21, 23, 32, L34
/ N
O—@—0—0 O—O0—e—0.
Z21, T23 T32, T34

We consider the case m = 2 especially.
In the real (n + 2)-dimensional vector space V = R"*2 define

G = G2 n4+2 = {2-dimensional subspace of V},
P = G112 = P""(R) = {1-dimensional subspace of V'},
F = F1o = {(S1,52) | S;: i-dimensional subspace of V', S; C Sz}.

We have the double fibration that is considered as the twistor diagram of
the flat model (cf. [W-W], [W]):

F
N
P G,

where pu, v are the natural projections.

The space G has the Grassmannian structure of type (n,2). Each null
n-submanifold of G is diffeomorphic to P"(R). Then P can be regarded as
the space of all null n-submanifolds. Let my be a point in G. The set of
all null n-submanifolds through m; is diffeomorphic to P}(R) = S! in P.
Remark that there is the other space of all null 2-submanifolds of G.

The space P has the projective structure. Each projective line of P
is diffeomorphic to P'(R). Then G can be regarded as the space of all
projective lines. Let mo be a point in P. The set of all projective lines
through my is diffeomorphic to P*(R) in G.

The space F has the co-Grassmannian structure of type (n,1). There
are two transversal n-dimensional and 1-dimensional foliations. Each leaf
is diffeomorphic to P*(R) and P!(R) respectively. The former leaf space is
identified with P and the latter leaf space G.
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The manifolds G, P and F are flag manifolds corresponding to the
parabolic subalgebras defined by A; = {as}, {a1}, {a1, @z} respectively.
We indicate them by the double fibration in terms of the Dynkin diagrams:

e—e 0 —-.-—0

7 N\
®e—O0—0O0—+++—0O o—e—O0—- - —0,

P G

Nonzero generators in H? are as follows.
For A; (I >4), n >4,

H?*(my,g) : 91 € HY? C gh @ A%,
zo3 € H" C gl ® A2,
H?*(my,g) : 110 € HY? C g3 ® A%,
H%*(mig,g9) : w10 € HY? C g'% @ A%,
xo1 € H?? C g® @ A%3.
e O0—---—0

T12, T21

7 N

T1g ®—0—0—::+—0 O—@—0—:-+-—O0.
T12 Z21, T23
For Az, n =3,

H*(my,g) 291 € H'? C gy @ Ay,
x93 € HY? C gh ® A2,
HQ(mg,g) cx19 € HY? C g% ®A2_2,
H?(mi2,g) 712 € HY? C g4 @ A2,
zo1 € H*? C g ® A3,
zo3 € H"? C 91,21 & A%2~
oo o0
T12, T21, T23

7 N\

&—0O0—=O O—e—O0.

12 T21, T23
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Summarizing them, we have a twistor diagram chain of Grassman-
nian structures. Let V be a real (n + m)-dimensional vector space. We
consider G = SL(m + n,R). We write G(m,n) for Gp, ntm. We simply
write F(il,iQ, ... ,’ik) for F%hi%---,ik = {(Sil,SiQ, ... 7‘9%) ‘ Sil C SZ‘Q C
-+ C Si, Si,: i-dimensional subspace of V'}. Note that G(m,n) = F(m),
G(1,n) = P"(R). Then, for m +n > 6, we have the following chain. We
write nonzero generators in H? (Diagram 1).

{point in G(m —1,n+ 1)}
«—— {n-dimensional null surface in G(m,n)},

{(m — 1)-dimensional null surface in G(m — 1,n+ 1)}
«—— {point in G(m,n)},

{m-dimensional null surface in G(m,n)}
«—— {point in G(m + 1,n — 1)},

{point in G(m,n)}

«—— {(n — 1)-dimensional null surface in G(m + 1,n —1)}.

For m +n = 5, let V be a 5-dimensional real vector space and G =
SL(5,R). We have the following.

e—0 —O—O OoO—e—0—O O—O—e—@
Fis Fy3 F3y
T12, T21 T21, T23, T32, T34 T34, T43

e N e N 7 N

O—0—0—O O—O0——@ ®e—O—0O0—~0 O—O0—O0—@
PY(R) Ga5(R) Gs5(R) (P4(R))*.
x12 x21, 23 T32, T34 43

For m +n = 4, let V be a 4-dimensional real vector space and G =
SL(4,R). We have the following.

e—0—O o—eo—e
Fia Fys
x12, T21, T23 X21, T23, L32

v N\ v N\

e—o0—0 o—e—e o—o—e
P3(R) Go4(R) (P*(R))".
Z12 T21, L23 €32
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F(l, 2) F(2, 3)
12,221 €23, 32
/ N\ / N\
F(1) F(2)
=G(l,n+m-1) =G2,n+m—-2) ...
— pntm—1
T12 €21, T23
F(m—1,m) F(m,m+1)
Tm—1,m> Tm,m—1 Tm,m+1s Tm+1,m
e N / N
Flm—1) F(m) F(m+1)
=G(m—-1,n+1) = G(m,n) =G(m+1,n-1)
Tm—1,m—25 Tm—1,m Tmm—1, Tmm+1 Tm+1,m> Lm+1,m+2

Fin+m—-3n+m-2) Fln+m—2n+m-—1)

Tn+m—3n+m—2; Ln+m—2n+m—1,
Tn+m—2,n+m—3 Tn+m—1,n+m—2
v N / N\
F(n+m—2) F(n+m—1)
...... =G(n+m-—2,2) =Gn+m-—1,1)
Tn+m—2,n+m—3;, = (Pneril)*
Tn+m—2,n+m—1 Tn+m—1,n+m—2

We see the contents in detail.

85

F(m —1,m) F(m,m+1)
co-Grassmannian structure co-Grassmannian structure
of type (n,m —1) of type (n — 1, m)

e N\ e N\
Gm—1,n+1) G(m,n) G(m+1,n—1)
Grassmannian structure Grassmannian structure  Grassmannian structure
of type (n+1,m —1) of type (n,m) of type (n —1,m+1).
Diagram 1.
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7.2. Reduction theorem

Let F' be a manifold with a co-Grassmannian structure of type (k,[) by
a pair (D2, D7) and equipped with the normal Cartan connection (Q,w).
The dimension of F' is k + [ 4+ kl. By definition, D is a subbundle of T'F'
with rank k and is completely integrable, and D; is a subbundle of T'F with
rank [ and is completely integrable.

For F, leaf spaces

M, =F/Dy, Msy=F/Ds

are defined and they are (locally) manifolds with Grassmannian structures
of type (k,l + 1) and of type (k + 1,1) respectively. Let

v:F— M, p:F — My
be canonical projections. Then
F — My x My; z— (u(x),v(z))
is an embedding locally. We have the following double fibration:

F
PN
M, M.

We consider the harmonic part H K of the curvature function K of the
normal Cartan connection (Q,w) over F. The places of nonzero generators
in H? in 7.1 (3.3, 4.4) show when (Q,w) is reduced to that over M; or Ms.
We have the following reduction theorem.

THEOREM 7.1. We have
1. if1 >3, we have KY = HK* = HK = (HK"); + (HK")3, and

(i) (HEK)1 (C g-2 @ (g% A (g%))")) = 0, if and only if (Q,w) is
reduced to the normal Cartan connection wi of type G/Hy on Q1 over
My and (Q,w) = (Q1,w1)|F,, w = V*wy,

(i) (HK%)2 (C g—2 ® (g% A (651)")) = 0, if and only if (Q.w) is
reduced to the normal Cartan connection wy of type G/Ha on Qo over
My and (Q,w) = (Q2,w2) |y, w = pw2,

2. ifl =2,
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(a) fork+1+1>6, ie., kK > 3, we have KY = HK" = HK =
HKY), + (HK®)y + (HK0)3, and

(
() (HK)1 (C gy ® A*(g))*) = 0, (HK )2 (C g2 ® (g5, A
(af)%)) = 0, if and only if (Q,w) is reduced to (Q1,w1) on M
(as in the above (1) (1)),

(i

i) (HK®)s (Cg-2® (855 A (g21)") =0, if and only if (Q,w) is
reduced to (Qa,w2) on My (as in the above (1) (ii)),
(b) for k+1+1 =25, ice., k = 2, we have K = HK" = HK =
(HK®); + (HK®)y + (HK®)3 + (HK")4, and
(i) (HK)1 (C gfy @ A%(gh))*) = 0, (HK?)z (C g2 @ (g% A
(a)*) = 0, if and only if (Q,w) is reduced to (Q1,w1) on M
(as in the above (1) (1)),

(ii) (HKO) (C g2® (g5, A (g21)7) = 0, (HK")4 (C ¢f) ®
A%(gh))*) =0, if and only if (Q,w) is reduced to (Q2,ws) on My
(as in the above (1) (ii)),

3. ifl =1,

(a) fork+1+1>5, ie, k>3, we have HK = HK' + HK?, and

(i) HK' (C g% @ (855 A (6%1)%)) = 0, if and only if (Q,w) is
reduced to (Q1,w1) on My with a Grassmannian structure of type
(k,2) (as in the above (1) (1)),

(i) HE? (C go ® (855 A (821))) = 0, if and only if (Q,w) is
reduced to (Q2,w2) on My with a (k + 1)-dimensional projective
structure (as in the above (1) (ii),

(b) fork+14+1=4, i.c., k =2, we have HK = HK'+ HK' + HK?,
and
(i) HK' (C g% @ (855 A (6%1)%)) = 0, if and only if (Q,w) is
reduced to (Q1,w1) on My with a Grassmannian structure of type

(2,2) (as in the above (1) (i)),

(i) HE? (C go® (g2, (951)%)) =0, HK® (C g ® A%(ghy)") =
0, if and only if (Q,w) is reduced to (Q2,w2) on My with a 3-
dimensional projective structure (as in the above (1) (ii)).

In the theorem above, 3 (a), (b) are Tanaka’s results ([T3]).
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7.3. Relation between both Grassmannian structures

Let M; be a manifold with a Grassmannian structure of type (n,m).
Assume that n,m > 4. Suppose that the Grassmannian structure has
H K% = 0 for the normal Cartan connection w;. The component of the
generator Ty, m+1 € H%2(my,g) is 0. Then, from Theorem 5.1 in 5.3, the n-
dimensional tautological distribution Dy, of null n-planes on the null n-plane
bundle Fr, over M; is completely integrable. Therefore a co-Grassmannian
structure of type (n,m — 1) is defined on FJ,. Since, of course, the structure
on Fy, is reduced onto Mj, by the reduction theorem 7.1 (HKY); = 0 for
K= HK"= HK = (HK"); + (HK")3 of the normal Cartan connection
w on Fr. The component of the generator x,,—1,, € HO’Z(mlg,g) is 0. A
condition for a Grassmannian structure of type (n+1,m —1) to be defined
on the (locally) (mn + m — n — 1)-dimensional manifold My = Fr/Dy, is
(HK")3 = 0. The component of the generator Tnm—1 € H%2(mqq, ) is 0.
That is to say, if a Grassmannian structure of type (n+ 1, m — 1) is defined
on Ms, a co-Grassmannian structure of type (n,m —1) on Fy, must be flat.
Then the Grassmannian structure of type (n+1,m — 1) on M, is also flat.
And the right-half torsion-free Grassmannian structure of type (n,m) on
M is also flat.

If we assume that m = 3, we have the same conclusion as in the case
n,m > 4.

We discuss the converse. Let My be a manifold with a Grassmannian
structure of type (n + 1,m — 1). Assume that n,m > 4. Suppose that the
Grassmannian structure has HKY = 0 for the normal Cartan connection
wo. The component of the generator x,,—im—2 € H%2(mg, g) is 0. Then,
from Theorem 6.1 in 6.3, the (m — 1)-dimensional tautological distribution
Dpg of null (m — 1)-planes on the null (m — 1)-plane bundle Fgr over My
is completely integrable. Therefore a co-Grassmannian structure of type
(n,m —1) is defined on Fg. Since, of course, the structure on Fpg is reduced
onto My, by the reduction theorem 7.1 (HK%); = 0 for KY = HK? =
HK = (HK®); + (HK")5 of the normal Cartan connection w on Fg. The
component of the generator x, ,m—1 € H%?(mja,g) is 0. A condition for a
Grassmannian structure of type (n,m) to be defined on the (locally) mn-
dimensional manifold My = Fr/Dg is (HK"); = 0. The component of the
generator Ty,—1., € H%?(mja,g) is 0. That is to say, if a Grassmannian
structure of type (n,m) is defined on M, a co-Grassmannian structure of
type (n,m — 1) on Fr must be flat. Then the Grassmannian structure of
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type (n,m) on M is also flat. And the left-half torsion-free Grassmannian
structure of type (n + 1,m — 1) on My is also flat.

If we assume that m = 3, we have the same conclusion as in the case
n,m > 4.

Consequently, if n,m > 3, we have the following.

THEOREM 7.2.

1. Let My be a manifold with a right-half torsion-free Grassmannian
structure of type (n, m). Then, if the structure on My induces a Grass-
mannian structure of type (n+ 1,m — 1) on My = F, /Dy, the Grass-
mannian structure of type (n,m) on My is flat.

2. Let My be a manifold with a left-half torsion-free Grassmannian struc-
ture of type (n + 1,m — 1). Then, if the structure on My induces a
Grassmannian structure of type (n,m) on M; = Fr/Dg, the Grass-
mannian structure of type (n 4+ 1,m — 1) on My is flat.

Here, in 1 F7, denotes the null n-plane bundle on My, and in 2 Fpg
denotes the null (m — 1)-plane bundle on Ms.

In the case m = 2 we discuss the above argument.

Let M be a 2n-dimensional manifold with a Grassmannian structure of
type (n,2). Assume that n > 4. Suppose that the Grassmannian structure
has HK® = 0 for the normal Cartan connection w;. The component of
the generator x93 € H%?(my, g) is 0. Then, from Theorem 5.1 in 5.3, the n-
dimensional tautological distribution Dy, of null n-planes on the null n-plane
bundle F7, over M; is completely integrable. Therefore a co-Grassmannian
structure of type (n,1) is defined on Ff. Since, of course, the structure on
Fy, is reduced onto Mj, by the reduction theorem 7.1 HK! =0 for HK =
HK' 4+ HK? of the normal Cartan connection w on Fy. The component of
the generator x5 € Hl’z(mm, g) is 0. A condition for a projective structure
to be defined on the (locally) (n + 1)-dimensional manifold My = F1, /Dy,
is HK? = 0. The component of the generator xo; € H??(mys, g) is 0. That
is to say, if a projective structure is defined on M, a co-Grassmannian
structure of type (n,1) on Fr must be flat. Then the projective structure
on My is also flat. And the right-half Grassmannian flat Grassmannian
structure of type (n,2) on M; is also flat.

If we assume that n = 3, we have the same conclusion as in the case
n > 4.
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We discuss the converse.

Let Mj be an (n+ 1)-dimensional manifold with a projective structure.
Assume that n > 4. In the (2n + 1)-dimensional projective tangent bundle
Fr = P(T'M3) of My, fibers P"(R) over My define an n-dimensional dis-
tribution Dy, on Fgr. On the other hand, the geodesic flow vector field on
Fr with respect to the normal Cartan connection of the projective struc-
ture on My defines a 1-dimensional distribution D on Fg. Therefore a
co-Grassmannian structure of type (n, 1) is defined on Fg. Since, of course,
the structure on Fr is reduced onto Ms, by the reduction theorem 7.1
HK? =0 for HK = HK' + HK? of the normal Cartan connection Fp.
The component of the generator xo; € H*2?(my2,g) is 0. A condition for
a Grassmannian structure of type (n,2) to be defined on the (locally) 2n-
dimensional manifold M; = Fg/Dg is HK! = 0. The component of the
generator x19 € H 1,2 (my2,g) is 0. That is to say, if a Grassmannian struc-
ture of type (n,2) is defined on M, a co-Grassmannian structure of type
(n,1) on Fr must be flat. Then the projective structure on M, is also flat.
And since the n-dimensional distribution Dy, on Fg is completely integrable,
the Grassmannian structure on M; has HK? = 0 for the normal Cartan
connection. The component of the generator x93 € H%? is 0. Therefore the
Grassmannian structure of type (n,2) on M; is also flat.

If we assume that n = 3, we have the same conclusions as in the case
n > 4.

If m = 2, we have the following.

THEOREM 7.3.

1. Let My be a 2n-dimensional manifold with o right-half Grassman-
nian flat Grassmannian structure of type (n,2) (if n > 3, equivalently
torsion-free). Then, if the structure on Mj induces a projective struc-
ture on My, the Grassmannian structure of type (n,2) on M is flat.

2. Let My be an (n+1)-dimensional manifold with a projective structure.
Then, if the structure on Ms induces a Grassmannian structure of
type (n,2) on the orbit space My of the geodesic flow, the projective
structure on My is flat.

68. Twistor theory by Weyl connections

In this section, we will investigate the twistor theory between projec-
tive structures and Grassmannian structures of type (n,2). By imposing a
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restriction to projective structures, we deal with the twistor theory by Weyl
connections. See the introduction.

In the next three subsections, we recall the notions of Einstein-Weyl
structure, Lie contact structure and geodesic flow before studying the
twistor theory by Weyl connections.

8.1. Einstein-Weyl structure

Let M be an n-dimensional manifold with a conformal structure. The
conformal structure is represented by a conformal class C' = [g] whose
representative is a Riemannian metric g on M.

Let D be a torsion-free linear connection on M which preserves the
conformal class C'. Namely, for g € C, there exists a 1-form w, on M such
that

Dg=w;®g.
For another ¢ = e*g € C (A € C*(M)), the 1-form wy is given by w,+dA.
The connection D is called a Weyl connection and we say that M has a
Weyl structure. To give a Weyl connection on M is equivalent to give a
torsion-free CO(n) connection on the linear frame bundle L of M with
structure group CO(n).

A Weyl structure on M is called an Einstein-Weyl structure if the
symmetric part Ric® of the Ricci tensor Ric for the Weyl connection D is
proportional to g € C:

Ric® = Ag,
where A is a generally nonconstant function on M.

Let (M, g) be an Einstein manifold. Then, taking the conformal struc-
ture C' = [g] of g and the Levi-Civita connection V of g as a Weyl connec-
tion D (then wy, = 0), we have an Einstein-Weyl structure on M. Therefore
the notion of Einstein-Weyl is a generalization of the notion of Einstein.
The simplest example of an Einstein-Weyl structure that is not Einstein
is S"1 x S! as a Hopf manifold. On S"~! x S! with the conformal class
C = [go] defined by the standard Riemannian product metric gy, we can
give a Weyl flat connection D by 1-form wy, = —2dt, where t is the standard
coordinate on S'. The metric gg is not Einstein, but the Weyl connection
D is Einstein-Weyl.

Many examples of Einstein-Weyl structures are known (cf. [P-T], [P-S]).
There is a twistor correspondence between complex 3-dimensional Einstein-

Weyl manifolds and (complex 2-dimensional) mini-twistor spaces ([Hi],
[J-T7).
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We can decompose the curvature tensor R of a Weyl connection D from
the irreducible CO(n)-decomposition as follows:

R=P+U+Z+W.

Here P is the part represented by the distance curvature § = —dw, (not
depended on g € C), U the part represented by K = s,g (not depended on
g € C) of the scalar curvature sy, Z the part represented by the symmetric
traceless Ricci tensor Ric) and W the Weyl conformal curvature tensor of
C not depending on D.

If D is an Einstein-Weyl connection,

Z=0, ie., R=P+U+W.

There are two important subclasses in Einstein-Weyl classes.
One class is Weyl Ricci-flat. It implies that

P+U+Z=0, ie, R=W.

Therefore it is decided only by C.
Another class is the set of Weyl structures with constant curvature. It
implies that
Z+W =0, ie, R=P+U.

This imposes no conditions on P. Therefore it includes wider classes than
the constant curvature class of a Levi-Civita connection. The classification
problem of Weyl structures with constant curvature is not known.

Let II be a 2-plane in T, M (z € M) and let X, Y be an orthonormal
basis of II with respect to g € C. Then, put

Ky () = g(R(X, Y)Y, X).

It does not depend on the choice of an orthonormal basis of II. It follows
that K, is constant on all 2-planes if and only if the Weyl structure is of
Weyl constant curvature.

If the dimension of M is equal to 3, the notion of Einstein-Weyl struc-
ture is equivalent to that of Weyl structure with constant curvature. The
proof is similar to that of the equivalence between 3-dimensional Rieman-
nian manifolds which are Einstein and manifolds of constant curvature
(cf. [K-No, p. 293]). The examples and the classification of 3-dimensional
Einstein-Weyl manifolds are given in [To].
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8.2. Lie contact structure
Let M be a (2n+ 1)-dimensional manifold with a contact structure. By
definition, there exists a distribution D of codimension 1 on M such that
at each point x € M the 2n-dimensional subspace D(x) C T, M is defined
by
D(x) = {X € T,M | 6(X) = 0},

where 6 is a local 1-form such that 6 A (df)™ is a volume element. Remark
that df,|p defines a symplectic structure on D. As 6 is unique up to nonzero
functions, we have a conformal symplectic structure on the vector subbundle
DcCTM.

Put

g-2(z) = T,M/D(z), g-1(x) =D(z), m(z)=g-2@g-1(z).

Then a graded Lie algebra of contact type on m(z) is naturally defined
by the Lie bracket of vector fields on M. Namely, at each point x € M
m(x) is equivalent to the fundamental graded Lie algebra m = g_o ® g1
of contact type. Here m is a nilpotent graded Lie algebra and dimg_o =1,
dimg_ 1 =2n, [, -] :9-1 X g1 — g_2 is nondegenerate.

Let C be the contact group which is a subgroup of GL(m) consisting of
the set of a linear isomorphism o : m — m such that o(g_1) = g—1 and the
induced graded map o : m — m is a Lie algebra isomorphism. With respect
to a contact basis by the decomposition m = g_o @ g_1, C is represented by

B c 0 YAJA =cJ, A€ GL(2n,R),
C—{<§A>CGL(2n+1,R) c£0ER, £ € R },

where J = ((I): _OI: ) Remark that A belongs to the conformal symplectic
group C'Sp(n,R).

We mean by a frame z at x € M a linear isomorphism z : m = R?"+1 —
T,M. A frame z : m — T, M is called adapted if z(g_1) = D(x) and the
induced graded map z : m — m(x) is a Lie algebra isomorphism. Let L (M)
be the set of all adapted frames. Then Lo (M) is a subbundle of the linear
frame bundle L(M) with structure group C.

Define a subgroup G of C by

= deta 0 B € O(n), a € GL(2,R),
G—{(5 B®Q>GGL(2n+1,R) £ c R }

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

94 Y. MACHIDA AND H. SATO

A Lie contact structure on M is by definition a subbundle P of Le (M) with
structure group G.

The model space is the unit tangent bundle 775"+ of the sphere S™*1.
It is a homogeneous space:

T,S" = G/G', G =PO(n+22).

The image p(G’) of the linear isotropy representation p : G’ — GL(m) of
G’ is G. We remark that the Lie contact structures is a G structure of finite
type while the general contact structures infinite type. In detail, see [S-Y1],
[S-Y2], [Ta].

Moreover, define a subgroup G; of G by

a 0 O
Gi={[0aBO||BcOm),a#0cR, bER,(cR"
¢ bB B

For an n-dimensional manifold N with a conformal structure, a Lie
contact structure is induced on the tangent sphere bundle M = S(N) of
N. See [S-Y1]. The conformal structure on N gives rise to the canonical
reduction of the structure group of Lo (S(N)) to the subgroup G1. So,
a subbundle P; of L (M) with structure group G, is called a conformal
contact structure on M. In detail, see [S-Y2].

8.3. Geodesic flow
Let P be an (n + 1)-dimensional manifold. The tangent sphere bundle

S(P) of P is a quotient space of TP defined as follows: Let TP denote the
set removed the zero section from TP, then

S(P)=1TP/R,
= {[v] | [v]: the equivalence class of {tv}, v € TP (t € R})}.

The natural projection p : TP — S(P) defines a principal bundle with
structure group R, and p~!([v]) = {tv € TP | t € R, }. The transformation
a:Ry x TP — TP of the structure group is a : (t,v) — tv and, if t € R,
is fixed, it defines the dilation a; : v — tv. The fundamental vector field
A* satisfies A* = sv¥ (v € TP) for LieR; = R 3 s. Here v denotes the
vertical lift of v.

Assume that P has a conformal structure C'. Take a Weyl connection V
on P associated with the conformal structure. A Weyl connection is defined,
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as a linear connection, on the tangent bundle TP of P. Let H C TTP be
the subbundle of the set of (n + 1)-dimensional horizontal subspaces and
V € TTP the subbundle of the set of (n-+1)-dimensional vertical subspaces.
The bundle TT'P is decomposed as the direct sum H and V: T TP=HaV.

Let 7: TP — P and 7 : S(P) — P be the natural projections. Taking
an arbitrary metric ¢ in the conformal structure C', we define a subbundle
D C TTP with rank 2n as follows: for v € TP, z = T(v),

D, ={(wf, wy)e HOV | g(v,w;) =0, w; € T,P (i =1,2)},

where w#, w" are the horizontal lift, vertical lift of w € T,P to T,T'P
respectively. We denote the horizontal component, vertical component of
D, by Ef, EL/ . The subbundle D does not depend on the choice of g in C.

The geodesic flow on S(P) is given as follows.
We fix an arbitrary metric g in the conformal structure C'. Define a
vector field 77 on T'(P) by

( erk o )EH”@V“’

where v = (v') € TP and Fé-k (1,7,k =1,...,n+ 1) denote the Christoffel
symbol of the Weyl connection. If |v| = 1, 77 is equal to the horizontal lift
T of v at v e TP.

Since the tangential mapping a;, for the dilation a; is written as ay,
(X,Y) — (X, tY), it follows that

at, My = Ny

Thus a vector field 7 is defined on S(P) from the vector field 7 on T'P.
Remark that trajectories are the same if we change the metric g in the
conformal class C.

The projection of a trajectory of n to P is equal to a geodesic with
respect to the Weyl connection. The parameter is not affine. We call the
vector field n the geodesic flow vector field and the flow the geodesic flow

¢r on S(P). o

Put H, = D, ® (7,) and D, = D, @ D, . We have a, (H,) =
= —H —H
Htvaat*(nv) = Tt at*(D ) = D, at*(Dv) Dtv and at*( ) = ‘DU
Thus we get corresponding subbundles H, (), D, D¥ and DV of TS(P).

The space T},)S(P) is regarded as Dy, & ([v]).
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We recall the notion and the properties of Jacobi fields.

Let ¢ be a geodesic on P with respect to the Weyl connection V. By
definition a Jacobi field J along c is a vector field along ¢ which satisfies a
second order differential equation

VeVed + R(J, é)é =0.

If we put R.J = R(J,¢)¢, the equation above becomes V:ViJ + RzJ = 0.
A Jacobi field along ¢ means the transversal vector field of the variation of
¢ by means of geodesics.

An orthogonal Jacobi field J = J(t) along ¢ = ¢(t) on P corresponds
to one-to-one geodesic flow invariant vector field Y = Y (¢) = ¢, Y (0) along
¢ = ¢(t) = ¢4¢(0) on S(P) as follows:

TP 2 J(t) — Y (t)= ()", (VeI (1)) € ng’t)S(P) ® T(.:‘(’t)S(P).

The tangential mapping for the geodesic flow ¢; is described as follows.
Let v be an element of S(P) and X an element of 7,,S(P). If Y = Y'(¢) is
a Jacobi field such that Y(0) = X,

P, (X) =Y (t)

holds. See [B].
Hence a vector field J along c on P is a Jacobi field if and only if, for
a vector field Y = J¢ = (JH,(V:J)Y) (called the complete lift JC of J,
see [Y-1]) along ¢ on S(P),
6.Y =Y

holds.

We have another look of Jacobi fields that satisfy the second order
differential equation along ¢ on P as the first order differential equation
along ¢ on S(P). We write W = (4, ) for W = wff +wY € D, c THS(P)&
TY S(P) = T,S(P), where wi,wa € T (P), g(v,w;) = 0 (i = 1,2). We
define an endomorphism K, on 1,,S(P) by

w1q . O I w1
w(n)=(Go) ()
for v € T,P (x € P). This defines a cross section K of the bundle
Hom(T'S(P),TS(P)) over S(P).
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We remark that, for the geodesic flow vector field n to ¢ on S(P) cor-
responding to a geodesic ¢ = c(t) on P, njy) = (ég)> holds. For a vector

field Y =Y (¢t) = (Yl(t)> along ¢ = ¢(t), put

Ya(t)
v i\ _ (Ve
T\Y, VY )~
We consider the following first order differential equation along ¢ on

S(P):
VY = K.Y.

From (gfé) = (_%é é) (283) = (711«21(/?(75))7 this equation implies
that Y7 = Yi(t) is a Jacobi field along ¢ on P.

8.4. Twistor theory by Weyl connections

With respect to the bases on S(P) of the horizontal lift and the vertical

lift of the conformal bases on P, the structure group of the tangent bundle
T'S(P) reduces to

3 a 0 0
G1: 0 aB O
¢ bB B

BeO(n),a#0cR, beR, (€R"

This defines a Lie contact structure on S(P). Remark that we call the
induced Lie contact structure a conformal contact structure.

According to [S-Y1], we have the following.

PROPOSITION 8.1. Let P be an (n + 1)-dimensional manifold with a
conformal structure C. Then, a Lie contact structure on the tangent sphere

bundle S(P) of P is defined by the conformal structure C on P.

Next, we have the following.

PROPOSITION 8.2. The Lie contact structure on S(P) induced by a
Weyl structure on P is invariant under the geodesic flow if and only if the
Weyl structure on P is of Weyl constant curvature.

Proof. Let ¢ = ¢(t) be a geodesic on P. Let e; = ¢;(t) (: =0,1,...,n)

be parallel orthonormal vector fields along ¢ and with ey = ¢ = v. Vectors

ef{ and eZV are regarded as the horizontal lifts and vertical lifts of them
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along the geodesic flow orbit ¢ = ¢(t) respectively. For B € O(n) and
o= (‘Z Z) € GL(2,R), we define an endomorphism op, on D, by

0B = (aB bB) € O(n) ® GL(2,R)

cB dB
with respect to e{{ yenn ,eﬁl ,eY, .. .,e,‘l/ . Furthermore, define an endomor-

phism 65.4.¢ on T,S(P) at v € S(P) by 6.4 = (dega 0 ) ¢ € R,

A Lie contact structure is to assign the following subset of frames at

ve S(P):
3 ef (0)
P,={6pac| e(0) | | B€O(n), a € GL(2,R), & € R*™"
el (0)

Then, that the Lie contact structure on S(P) is invariant under the geodesic
flow ¢; means

1. Py C Py,0),

in other words,

e (0) eq (t)
¢ | € (0) | =aprag| € (t)
el (0) e (t)

for some B’ € O(n), o/ € GL(2,R) and & € R*". Here 6 o ¢ depends on
the parameter t.
By differentiating with respect to the variable ¢, it follows that the Lie

contact structure on S(P) is invariant under the geodesic flow ¢, if and only
if

_ (O I\ _(zl+Ayl+A
KU_<_RU O>_<zI+Aw[+A>EIn®9[(2,R)€Bo(n)®]2

for some A € o(n) and (3 ?) € gl(2,R). Here I,, ® gl(2,R) ® o(n) @ I is
the Lie algebra of O(n) ® GL(2,R).
Therefore it follows that z =0, w=0,y=1, A= 0 and R, = —zI.

From this, we have opr o = (ZII tII) and

R, =M1
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for some A\, € R. Taking w € D, such that g(w,w) = 1, we obtain

g(R(wv U)v’ w) = g(Rv (w)’ w)
= g(Avw,w)
= Ayp.

This means that the sectional curvature of any planes including v with
respect to g is constant A,.

For v orthogonal to v, from a similar argument to v, the sectional
curvature of any planes including v" with respect to g is constant \,. The
sectional curvature of the plane spanned by v and v’ is A\, = A,/.

Hence, for an arbitrary v € T, P with g(v,v) = 1, A = ), is identically
constant. Therefore P has a Weyl structure with constant curvature.

Therefore this completes the proof. 0

We note that, as compared with a Levi-Civita connection, a Weyl con-
nection does not make the metric g parallel in general. Therefore R, is not
symmetric in general. We can decompose R, into the symmetric part and
the anti-symmetric part:

R, =R+ R;.

The Ricci tensor Ric is not also symmetric in general.

We remark that, when a conformal structure is defined from a Rieman-
nian structure and a Weyl connection from the Levi-Civita connection on
P, the Lie contact structure on the unit tangent bundle 77 P is invariant
under the geodesic flow if and only if P is of constant curvature.

In order to ensure that M is a manifold, we assume that P is an enough
small convex domain.
From the above proposition and the proof, we have the following:

THEOREM 8.1. Let P be an (n+ 1)-dimensional manifold with a Weyl
structure with constant curvature. Then the structure on P induces a right-
half Grassmannian flat Grassmannian structure of type (n,2) on the orbit
space M of the geodesic flow.

We may regard the manifold S(P) as a null n-plane bundle F, of M
with the Grassmannian structure of type (n,2) and the fibre is R! (C S1).
Each null n-manifold is diffeomorphic to S™.

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

100 Y. MACHIDA AND H. SATO

Assume that n = 2.

Remark that, in 3-dimensional Weyl structures, the notion of Einstein-
Weyl and that of Weyl constant curvature are equivalent.

On the 5-dimensional S(P), a CR structure of type (1,1) is naturally
defined as follows: for T,,S(P) at v € S(P), it is defined by m/2-rotation in
the horizontal lift and 7 /2-rotation in the vertical lift of D, respectively. The
CR structure is integrable. As there is a (graded) Lie algebra isomorphism
of 0(4,2) = su(2,2), a Lie contact structure on a 5-dimensional contact
manifold is equivalent to a CR structure with a nondegenerate and indefinite
Levi form. See [S-Y1]. Therefore a complex structure J on M is induced by
the CR structure on S(P).

Remark that, on M as the manifold of geodesics, a symplectic structure
is not necessarily defined from S(P) with the contact structure (cf. [B,
p. 58]).

Since the notion of Grassmannian structures of type (2,2) and that of
conformal structures of type (2,2) are equivalent, we have the following:

THEOREM 8.2. Let P be a 3-dimensional manifold with an Finstein-
Weyl structure. Then the structure on P induces a self-dual conformal Her-
mitian structure of type (2,2) on the orbit space M of the geodesic flow.

REFERENCES

[A-G1] M. A. Akivis and V. V. Goldberg, Conformal differential geometry and its gen-
eralizations, John Wiley and Sons, Inc., New York, 1996.

[A-G2] , On the theory of almost Grassmann structures, in New developments in
differential geometry (J. Szenthe, ed.), Kluwer Academic Publishers, Dordrecht,
Boston, London (1998), pp. 1-37.

[A-G3] , Conformal and Grassmann structures, Differential Geom. Appl., 8
(1998), 177-203.

[A-G4] , Semiintegrable almost Grassmann structures, Differential Geom. Appl.,

10 (1999), 257-294.

[B] A. L. Besse, Manifolds all of whose geodesics are closed, Springer-Verlag, Berlin,
Heidelberg, New York, 1978.

[B-E] T. N. Bailey and M. G. Eastwood, Complex paraconformal manifolds — their
differential geometry and twistor theory, Forum Math., 3 (1991), 61-103.

[G] A. B. Goncharov, Generalized conformal structures on manifolds, Selecta Math.
Sov., 6 (1987), 307-340.
[Ha] T. Hangan, Gedmétrie différentielle Grassmannienne, Rev. Roum. Math. Pures

Appl., 11 (1966), 519-531.

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

TWISTOR THEORY OF GRASSMANNIAN STRUCTURES 101

[He] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Academic
Press, New York, London, 1978.
[Hi] N. J. Hitchin, Complex manifolds and FEinstein’s equations, in Twistor geometry

and non-linear systems (H. D. Doebner, T. D. Palev, eds.), Lecture Notes in
Math. 970, Springer-Verlag, Berlin, Heidelberg, New York (1982), pp. 73-99.

1] T. Ishihara, On tensor-product structures and Grassmannian structures, J. Math.
Tokushima Univ., 4 (1970), 1-17.

[J-T] P. E. Jones and K. P. Tod, Minitwistor spaces and Finstein- Weyl spaces, Class.
Quantum. Grav., 2 (1985), 565-577.

[Ka] S. Kaneyuki, On the subalgebras go and gev of semisimple graded Lie algebras,
J. Math. Soc. Japan., 45 (1993), 1-19.

[Ko] S. Kobayashi, Transformation groups in differential geometry, Springer-Verlag,
Berlin, Heidelberg, New York, 1972.

[K-M] H. Kamada and Y. Machida, Self-duality of metrics of type (2,2) on four-dimen-
sional manifolds, Tohoku Math. J., 49 (1997), 259-275.

[K-Na] S. Kobayashi and T. Nagano, On filterd Lie algebras and geometric structures I,
J. Math. Mech., 13 (1964), 875-907.

[K-No] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, Interscience
Publishers, John Wiley and Sons, New York, London, 1963.

[Ma] Y. I. Manin, Gauge field theory and complex geometry, Springer-Verlag, Berlin,
Heidelberg, New York, 1988.

[Mi] Y. 1. Mikhailov, On the structure of almost Grassmannian manifolds, Soviet
Maht., 22 (1978), 54-63.

[Ma-Sa] Y. Machida and H. Sato, Twistor spaces for real four-dimensional Lorentzian
manifolds, Nagoya Math. J., 134 (1994), 107-135.

[Mi-St] J. Milnor and J.D. Stasheff, Characteristic classes, Princeton Univ., 1974.

(O] T. Ochiai, Geometry associated with semisimple flat homogeneous spaces, Trans.
Amer. Math. Soc., 152 (1970), 159-193.
[P-S]  H. Pedersen and A. Swann, Riemannian submersions, four-manifolds and Ein-

stein- Weyl geometry, Proc. London Math. Soc., 66 (1993), 381-399.

[P-T] H. Pedersen and K. P. Tod, Three-dimensional Einstein- Weyl geometry, Adv. in
Math., 97 (1993), 74-109.

[S] S. Sternberg, Lectures on differential geometry, Prentice-Hall, Inc., New Jersey,
1964.

[S-Y1] H. Sato and K. Yamaguchi, Lie contact manifods, in Geometry of manifolds
(K. Shiohama, ed.), Academic Press, Boston (1989), pp. 191-238.

[S-Y2] , Lie contact manifolds II, Math. Ann., 297 (1993), 33-57.

[Ta] M. Takeuchi, A remark on Lie contact structures, Science Report Coll. Ge. Ed.
Osaka Univ., 42 (1993), 29-37.

[To] K. P. Tod, Compact 3-dimensional Einstein-Weyl structures, J. London Math.
Soc., 45 (1992), 341-351.

[T1] N. Tanaka, On the equivalence problems associated with simple graded Lie alge-

bras, Hokkaido Math. J., 8 (1979), 23-84.

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

102 Y. MACHIDA AND H. SATO

[T2] , On affine symmetric spaces and the automorphism groups of product
manifolds, Hokkaido Math. J., 14 (1985), 277-351.
[T3] , On geometric theory of systems of ordinary differential equations, Lec-

tures in Collog. on Diff. Geom. at Sendai, August, 1989.

[W] R. O. Wells, Jr., Complex geometry in mathematical physics, Presses de
I’Université de Montréal, Montréal, 1982.

[W-W] R.S. Ward and R. O. Wells, Jr., Twistor geometry and field theory, Cambridge
Univ. Press, 1990.

[Y] K. Yamaguchi, Differential systems associated with simple graded Lie algebras,
Advanced Studies in Pure Math., 22 (1993), 413-494.

[Y-] K. Yano and S. Ishihara, Tangent and cotangent bundles, Marcel Dekker, New
york, 1973.

Yoshinori Machida

Numazu College of Technology
3600 Ooka

Numazu-shi

Shizuoka, 410-8501

Japan
nachida@la.numazu-ct.ac. jp

Hajime Sato

Graduate School of Mathematics
Nagoya University

Chikusa-ku

Nagoya, 464-8602

Japan
hsato@math.nagoya-u.ac.jp

https://doi.org/10.1017/50027763000007698 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007698

