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A. Avila (Université Paris VI) M. Rasmussen (Imperial College London)
M. Boyle (University of Maryland) D. Ruelle (IHES, Bures-sur-Yvette)
D. Dolgopyat (University of Maryland) N. Simányi (University of Alabama, Birmingham)
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Abstract. It is shown that the Ellis semigroup of a Z-action on a compact totally
disconnected space is completely regular if and only if forward proximality coincides with
forward asymptoticity and backward proximality coincides with backward asymptoticity.
Furthermore, the Ellis semigroup of a Z- or R-action for which forward proximality and
backward proximality are transitive relations is shown to have at most two left minimal
ideals. Finally, the notion of near simplicity of the Ellis semigroup is introduced and related
to the above.
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1. Introduction
Associated with any topological dynamical system (X, α, T ) is a semigroup E(X, T ), its
enveloping or Ellis semigroup. This is a completion of the set {αt , t ∈ T } of continuous
surjections given by the action of the group (or semigroup) T . Its algebraic and topological
properties reflect those of the dynamical system. We focus here on one algebraic property
called complete regularity with the aim of understanding what complete regularity of the
Ellis semigroup implies dynamically.

By construction, E(X, T ) contains a unit, the identity map. It contains furthermore a
(unique) minimal two-sided ideal M(X, T ). M(X, T ) is a completely simple semigroup
and therefore a disjoint union of isomorphic groups. We say that E(X, T ) is nearly simple
if all its non-invertible elements belong to its minimal two-sided ideal M(X, T ). Examples
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