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Abstract

We study the L% -norm (2 < W < 00) of the discrepancy of a sequence of points in the unit cube relative
to similar copies of a given convex polygon. In particular, we prove the rather surprising result that the
estimates obtained have the same order of magnitude as the analogous question when the sequence of
points is replaced by a set of points.
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1. Introduction

Suppose that & is a distribution of N points in the unit torus UL = [0, 1)%, where
L>1 Foreveryy = (y,...,y) € UL, let

B(Y) = [O’ )’1) X oo X [O’ )’L),
and let
Z,[Z; B(y)] = (P N B(y)),

where #S denotes the cardinality of the set S. We are interested in the discrepancy
function

D[22 B()] = Z.[Z; B(y)] — Nur(B(y)),

where p; denotes the usual volume in U, The case L = 1 is trivial. For L > 2, the
following results are well known.
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THEOREM 1A. (Roth [6)) Suppose that 2 is a distribution of N points in U*.
Then

f D[P BWIP dy>. (log NY-.
UL

THEOREM 1B. (Roth [7]) For every natural number N > 2, there exists a distri-
bution & of N points in U such that

/ ID.[2; B dy<,(log N)" .
UL

We also have the following more general results.

THEOREM 1C. (Schmidt [8]) Let W > 1. Suppose that & is a distribution of N
points in UX. Then

/ |D.[2; B)™ dy>, w(log NYEDW/2,
UL

THEOREM 1D. (Chen [4]) Let W > 0. For every natural number N > 2, there
exists a distribution & of N points in U* such that

/ |D.[2; BN dy<, w(log NYEDW2,
Ut

Note that the above theorems remain true in the trivial case L = 1.

Suppose now that & is a distribution of N points in the unit torus UX = [0, 1],
where K > 2. Let A be a compact and convex body in UX. For any real number
A € (0, 1], any proper orthogonal transformation t in RX and any vector u € U¥, let

A, t,u) ={t(AX) +u:x € A}
(note that A(A, 7, u) and A are similar to each other), and let
ZxlZ; AQL, T, W] =#(P2 N AR, T, 0).
We are interested in the discrepancy function
Dg[Z; A(k, T, w)] = Zk[P; A(A, T,u)] — Nug (AR, 7, u)),

where px denotes the usual volume in UX. Corresponding to Theorem 1A, we have
the following result. Let .7 be the group of all proper orthogonal transformations in
RX, and let dt be the volume element of the invariant measure on .7, normalized
such that [, dt = 1.
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THEOREM 2A. (Beck [1]) Suppose that & is a distribution of N points in UX,
and that A is a compact and convex body in UX. Suppose further that r (A) > N~VK,
where r(A) denotes the radius of the largest inscribed ball of A. Then

1
/ff |D[P; AL, T, W1*dudt di>>,N'7VK,
0 JT JUK

We comment here that Theorem 2A is sharp. The following analogue of Theorem
1B can be deduced using ideas in Beck and Chen [2].

THEOREM 2B. Suppose that A is a compact and convex body in UX. Then for
every natural number N, there exists a distribution 2 of N points in UX such that

1
f / f |DK[9; AA, T, u)]|2 dudt dk<<ANl—l/K‘
0o Jg Jux
On the other hand, the following is a trivial deduction from Theorem 2A.

THEOREM 2C. Let W > 2. Suppose that 2 is a distribution of N points in UX,
and that A is a compact and convex body in UX. Suppose further that r (A) > N~VK,
where r(A) denotes the radius of the largest inscribed ball of A. Then

1
/f/ IDg[P; A, T, WY dudt di>, w NOTVEOW2,
0 T JUK

In Beck and Chen [2], a version of the following problem was investigated. Suppose
that &2 is a distribution of N points in the unit torus UX*!, where K > 2. Let A
be a compact and convex body in UX. For any real number A € (0, 1], any proper
orthogonal transformation t in R¥, any vector u € UX and any y € U, we consider
the cartesian product

A, T, u) x [0, y),
where A(X, T, u) € UX is defined as before, and let
Z[P; Ak, T,u) x [0, y)] = #(P N (AKX, T,u) x [0, y))).
We are interested in the discrepancy function

D[y; A(A” T, u) X [0’ }’)] = Z[g; A(A's T, u) X [07 )’)] - N,LLK(A()\., T, u))}’-

A simple corollary of Theorem 2A is the following lower bound result.
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THEOREM 3A. Suppose that 2 is a distribution of N points in UX*!, and that A is
a compact and convex body in UX . Suppose further that r(A) > N~VX, where r(A)
denotes the radius of the largest inscribed ball of A. Then

1
/ / / /IDL@;A(A’T»“)X[0,y)]lzdydudrdk>>AN1—1/K_
0 T JUx Ju

The argument in Beck and Chen [2] can be adapted to show that Theorem 3A is
sharp. We therefore have the following complementary result.

THEOREM 3B. Suppose that A is a compact and convex body in UX. Then for
every natural number N, there exists a distribution & of N points in UX*! such that

1
/// /JD[‘%A(’\’I’“)X[0’y)llzdydudrdx<<AN1“/".
0 FJUuk Ju

As before, the following is a trivial deduction from Theorem 3A.

THEOREM 3C. Let W > 2. Suppose that & is a distribution of N points in UX+!,
and that A is a compact and convex body in UX . Suppose further that r (A) > N~VK,
where r(A) denotes the radius of the largest inscribed ball of A. Then

1
/ff /|D[9;A(x,z,u)x[0,y)]|Wdydudrdx>>,,,wN“—‘/’°W/2.
0 T JUK JU

The purpose of this paper is to prove the following generalizations of Theorems 2B
and 3B. Theorems 2D and 3D below complement Theorems 2C and 3C respectively.

THEOREM 2D. Let W > 0. Suppose that A is a compact and convex body in UX.

Then for every natural number N, there exists a distribution 2 of N points in UX
such that

1
/f/ IDk[2; Ak, T, WY dudt dry yw NOTVOW2,
0 T JUK

THEOREM 3D. Let W > 0. Suppose that A is a compact and convex body in UX .
Then for every natural number N, there exists a distribution & of N points in U**!
such that

1
/// /|D[9;A(A,r,u)x[0,y)]|Wdydudrdx<<A,wN“—‘/K>W/2.
0 g JUuk Ju

The author would like to thank the referee for his valuable comments and sugges-
tions.
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2. The basic idea

Let A be given and fixed. Given any natural number N, we shall show that there
exists a sequence (o, . .. , qy_; of N points in U¥ such that

1 < (!
0 _Z/j/ |DK[QM§A()»,‘E,U)]|Wdlldtd)\<<A‘WN(1—1/K)W/2’
NM:] 0 g Juk

where 2y = {qo,... . qu_1} for 1 < M < N. Theorem 3D follows easily. The
proof of Theorem 2D is simpler.

The construction of the sequence qq, . . . , qy-; may be done in the same way as in
Beck and Chen [2]. However, in view of further work, we follow the slightly different
approach in Beck and Chen [3].

Let & be a natural number, to be fixed later. Fors = 0,1, ..., h and for every
celZlet

2 I(s,c) =127, (c+ 1)277).

In other words, / (s, ¢) is an interval of length 2~° and whose endpoints are consecutive
integer multiples of 27°.

We shall construct a finite sequence q, (0 < n < 2K*) of 2X* > N points in UX
such that the following is satisfied. Forevery s =0, 1, ... , h, every set of the form

I(s,ay) x ---x I(s,axg)
in UX, where ay, ... , ax € Z, contains exactly one point of
{Q.: 2% <n < (c+1)25),

where ¢ is any non-negative integer satisfying ¢ < 2X%=),

The construction of such a sequence involves ideas in combinatorics and poses
no real difficulty. However, such a sequence alone is insufficient to give a proof of
either Theorem 2B or Theorem 3B, let alone Theorems 2D and 3D. As in Beck and
Chen [2, 3], we appeal to tools in probability theory. A natural consequence of this
is that our proof will not give any explicit description of the well-distributed sets in
question. This is a common phenomenon in most upper bound proofs in irregularities
of distribution.

We shall describe the combinatorial part of the argument in §3 and the probabilistic
part of the argument in §4.
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3. A combinatorial approach
Forevery integer s satisfying 1 < s < h, integers 7y, ... , %, € {0, 1,..., 25 —1}
and vectors ay, ... , a,_, € {0, 1}%, let
Glt,....t_i;a5,...,a,4]:{0,1,...,25 — 1} = {0, }*

be a bijective mapping, with the convention that the mapping in the case s = 1 is
denoted by G[#]. Given these mappings, we can define a bijective mapping

F:{0,1,...,25 1} > {0,1,...,2" - 1}"
as follows. Suppose that 7 is an integer satisfying 0 < n < 2%*, Write
(3) n =25k L g 2KO=D L4

where 7,,...,17, € {0,1,...,2X —1}). We now let a,,...,a, € {0, 1}¥ be the
solution of the following system of equations

G[9](r1) = a,,

Glry; a,](12) = a,

Glt1, 125 a1, a](73) = as,
4)

G[th yts-l;ah--- ,a_;_l](rs) :a.ﬂ

Glr, ...t ay, ..., &2](Ther) = apy,

Glr, ..., 58y, ..., & 1(Th) = ay.

Suppose now that for each integert = 1, ... , A,

(5) a, = (a.,,...,a.x) € {0, 1}%.

We write

(6) F(n)=a, ;2" ' +a,; 2%+ +apn,
and let

7 F(n) = (Fi(n), ..., Fx(n)).

We next partition UX into a sequence of 2X* smaller cubes
S(n) = I(h, Fi(n)) x - -+ x I (h, Fx(n)),

where, for every j = 1,...,K and every n = 0,1,...,2%" — 1, the interval
I (h, F;(n)) is defined by (2)—(6).
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LEMMA 1. Suppose that s is an integer satisfying 0 < s < h. Then for every integer
ny, the set

®) U sw
0<n<2Kh
n=ny (mod 2%)

is a cube of the form
9) C(s,e)=1(s,¢;) x -+ x I(s,cg) C UX,

where ¢ = (cy, ..., cx) € {0, 1,...,25 — 1}*. On the other hand, every cube of the
form (9), wherec = (cy,...,cx) €{0,1,...,2° — 1}%, is a union of the form (8) for
some integer ny.

PROOF. Note that the conditionn = ny (mod )2X* determines precisely the values

of 11, ..., 7, in (3). We can therefore solve the system of equations
G[9](t)) =a,
Glri:al(n) =a
(10)
G[rlv--~ 9I'S-l;al7-'- ,a:—l](rx) :aS
for a,, ..., a,. On the other hand, t,,,, ..., T, in (3) can take all possible values. It

follows from

Glr, ... .t an, ..., a)(T4) = a4,
(11) :

Glr, ..., a, ..., &4 () = a,
that a,,y, ..., a, can take all possible values. The first assertion follows. To prove
the second assertion, simply note that 7, ... , 7, are determined uniquely with given
a;,...,a,; by (10), and thatifa,,, ... , a, take all possible values, then 7,,, ..., T,
take all possible values in view of (11).

Foreveryc= (cy,...,cx) €{0,1,...,2" — l}K, let q(c) be a point in the cube
Ch;e) = 1(h,cy) x -+ x I(h,cg) C UX.

Using F, we can define a permutation q, (0 < n < 2X%*) of the q(c) as follows. For
n=0,1,...,25 — 1, let

q. = q(F(n)) = q(F(n), ..., Fx(n)).

Clearly q, € S(n) foreveryn =0, 1, ... ,2%" — 1. Then it follows from Lemma 1
that
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LEMMA 2. Suppose that s and H are integers satisfying 0 <s < hand0 < H <
2K+=s) " Then every cube of the form (9), where ¢ = (cy,...,cx) € {0,1,...,
25 — 1}, contains exactly one element of the set

{q.: H2% <n < (H + 1)2%°}.

PROOF. The restriction H2%* < n < (H +1)2X* determines precisely the values of
To1, - .. , T in (3) with no restriction on 1y, . . . , ;. On the other hand, the restriction
q. € C(s; c) for a given ¢ determines precisely the values of a,, ..., a, with no
restriction on a,,, ... , a;. The system of equations (10) now determines precisely
the values of 1y, ... , 7,. Hence 7 is uniquely determined.

We denote this element obtained by Lemma 2 by q(s; ¢; H). In other words, for
integers s, ¢y, ... , cx, H satisfying the hypotheses of Lemma 2,

q(s;c; H) = {q, : H2* <n < (H 4+ )25} N C(s; ©).

4. Some probabilistic lemmas

As in Beck and Chen [2, 3], we now use some elementary concepts and facts from
probability theory (see, for example, Chung [51), and define a ‘randomization’ of the
deterministic points q(¢) = q(cy, ... , ck), mappings G[ty, ..., T,_y; a1, ..., 2]
and F, and the sequence q, as follows.

(A) Fore = (c,...,cx) € {0,1,...,2" — 1}, let §(c) be a random point
uniformly distributed in the cube C(#; ¢). More precisely,

px(C(h;0) NSF)

Prob(q(c) € ) = mx(C(h; ©))

for all Borel sets .# C RX.

(B) For every integer s satisfying 1 < s < h, integers 7, ..., 7, € {0, 1,...,
25 _— 1} and vectors a,, ... ,a,., € {0, 1}%, let G[z1, ..., T,_1;a;,... ,a,_,] be a
uniformly distributed random bijective mapping from {0, 1, ..., 2X — 1} to {0, 1}*.
More precisely, if 7 : {0, 1, ...,2¥ — 1} = {0, 1}¥ is one of the (2X)! different
(deterministic) bijective mappings, then

1

Prob(G[t), ..., T 1; 81, ... , 8] =7) = a5

(C) Let F be the random bijective mapping from {0, 1,...,2** — 1} to {0, 1,
..., 2" — 1}¥ defined by (3), (4) and (5)—(7), where (4) denotes that in the system
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(4) of equations, we replace each deterministic mapping by its corresponding random
mapping. N

(D) Letq, (0 < n < 2%*) denote the random sequence defined by F, i.e. for
n=0,1,..., 2K 1,

Q. = q(F(n)).

(E) Letq(s; ¢; H) denote the randomization of q(s; ¢; H), i.e. for integers s, ¢;,
., Ck, H satistying the hypotheses of Lemma 2,

(12) qGs; ¢ H) ={q, : H2® <n < (H + 125} N C(s50).
(F) Finally, we may assume that the random variables
G (e=(,...,cx)e{0,1,..., 2"~ 1}
and

Glti, . T3y, ..., 25] (I<s<handt,...,7,_,€{0,1,...,2 -1}
anda, ..., a, €{0, 1}X)

are independent of each other. In fact, the existence of such a set of random variables
follows immediately from the Kolmogorov extension theorem in probability theory.
Let (2, #, Prob) denote the underlying probability measure space. We have

LEMMA 3. Suppose that s and H are integers satisfying 0 <s <hand0 < H <
2K#=9) " Then for every ¢ = (cy, ... ,cx) € {0,1,...,2° = 1}¥, the random point
q(s; ¢; H) is uniformly distributed in the cube C(s; c).

PROOF. Suppose thatfor j =1,..., K,
¢ = al,j2‘_1 +a2,j2“2 +---+a;.
Fort=1,...,s,let
a=(a.1,...,a8xk)

Since the random mapping G@]is uniformly distributed, it follows that the (random)
solution T, of the equation

GIOIE) = a,
has the property that forany § € {0, 1,...,2% — 1},

Prob(7, = §) = 27X,
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Now let T, = 1, (i.e. fix the value of this random variable), and consider the (random)

equation

Glr; a)(®) = 2.
Since 5[t1; a, ] is also uniformly distributed, we have, forany § = {0, 1,... ,2¥ -1},
that

Prob(%; = 8|1, = 1) = 27X,

In other words, the random variables 7, and 7, are independent of each other. Repeating

this argument, we conclude that 7, ... , T,, obtained from
G[2)(T) = ay,
Gl a1(72) = a,
G[Tlv"' 1ts—l;alv--' ’as—-l](?;) =as7

are independent random variables with common distribution function
Prob(z, = &) =27
foreveryt =1,...,sand 8 € {0, 1,...,2% — 1}. Let
Ho=T2K6 D 4 g 286D 4 7.

Then 7, is uniformly distributed in the set {0, 1, ..., 2%* — 1}. Write

=250 o425 1 7,
where

H25 =g, 2K0D oo g 255,
Then

q(s; ¢; H) = g
Suppose now that H2%* < n < (H + 1)2%*. Then
Prob(q(s; ¢; H) = q,) = Prob(n = n) =275,

Since q, is uniformly distributed in S(n) for every n satisfying H2%X* < n < (H +
1)2+, the result follows from the independence of 7 and q,.
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Let .# be a fixed compact and convex set in UX. For integers s and H satisfying
0<s<hand0 < H < 25%-9_consider the random set

(13) :é(s, H)={qG;¢;H):c=(ci,...,cx) €{0,1,...,2° — l}K},

and write

Zx[P(s, H); S = #(P(s, H) N )
and
(14) Dk (s, H) = Zk[P (s, H); F] - 25 g ().

Note that 51( (s, H) depends on .#. Let

T, H)={ce{0,1,...,2 —1}*:C(s;0) NS # Pand C(s;¢) \ ¥ # B}.
It is easy to see that
(15) #T (s, H) < 2K2%71»,

Since every cube C(s; ¢) contains exactly one element (namely q(s; ¢; H)) of the
(random) set Z (s, H), we have

Dy(s, H) = D 1-2% 3" u(Clsie) ).

ceT(s,H) ceT(s,H)
4G Hes
Foreveryc € T (s, H), let
1 q(s;¢ H) e S,
(16) £(s;¢, H) = s ) :
0 otherwise.

By Lemma 3, we have, writing E for ‘expected value’,

pe(CG00SF) 2K 4 (Cls: €) N )

E&(s;¢c; H) =

ug(C(s; €)
so that writing
amn n(s; ¢, H) = &(s; ¢; H) — E&(s; ¢; H),
we have
(18) Di(s, Hy= )" n(s;c; H).
ceT (s, H)

Note that En = O and |n| < 1.
We need the following analogue of Lemma 3 of Beck and Chen {2].
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LEMMA 4. Suppose that 0 < s < h. Suppose further that H is an integer satisfying
0<H <29 gnd that ¢V, ... ,e™ €{0,1,...,2 — 1}X are distinct. Then the
random variables n(s; ¢V; H), ... , n(s; ¢™; H) are independent.

Note that Lemma 4 here covers only one very special case of Lemma 3 of [2]. In
fact, the analogue of the remaining cases of Lemma 3 of [2] is replaced by applications
of Holder’s inequality later in the argument here.

PROOF OF LEMMA 4. It follows from (16) and (17) that it is sufficient to prove
that q(s; ¢V; H), ..., q(s; ¢™); H) are independent. Forevery w = 1,..., W, let
¢ = (™,...,c), where forevery j = 1, ..., K,

winh—s __ (w)yh-1 wyhn-2 , | W)yh—s
¢, 2" =02 4y 274 27

() c¢™ €{0,1). Foreveryt =1,...,s,let

wherec; /..., ¢ ;

(w) (w)
c,(“’) =(C1 e Crg)

Furthermore, let
H255 = 3, 25¢=D o4 a, 25,

where A1, ..., Ay € {0,1,...,25 — 1}. Then the random variable q(s; ¢®; H)
depends only on the following random variables: the random mappings

GlA, ... A e, ... , €],
~ . pw)
G[Al,--~ 1A59As+1a clw 9 e .. ac§W)’ d.v+1]s

(19w)

’Gv[/-\.l, ey A.S, A:+I’ ey )\.;,__1; Ciw), ey Ciw), d5+1, ey d;,_l],
where Ai,... , A, €{0,1,...,2X —1}and d,,,, ... ,d,_; € {0, 1}¥; and the random
points
(20w) {d(c) : C(h;¢) C C(s; ™)}

Note that A, ..., A, are random variables, and the random functions in (19w) for
w =1, ..., W all have the same common distribution function for different values of
AL, ..., A, (see proof of Lemma 3). On the other hand, ¢, ... , ¢™ are distinct, and
so (¢, ..., eMy,..., ", ... ,¢™)) are also distinct. It follows that the random
mappings and random points in (19w) and (20w) forw =1, ... , W are independent,

and the lemma follows.
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5. Proof of Theorems 2D and 3D

For every natural number M satisfying 1 < M < 2%% et
@1 Py =@ Qs - Aur)
and, for every compact and convex set . C U¥X, let
Zk[2u; S =#2u N.F),
and write
Dx[2u; &) = Zk[2u; 1 — Mux (F).

LEMMA 5. Let W be an even natural number. For every natural number M satis-
fring 1 < M < 2%* we have

G v (1-1/K)W/2

Lemma 5 follows easily from the lemma below, which is stated in a form suitable
for proof by induction.

LEMMA 6. Let W be an even natural number. Suppose that M is a natural number
satisfying 1 < M < 2¥% and that

(22) M —1=12K0D g 250D 4 g,
where T;, ..., 1, € {0, 1,...,25 — 1}, Suppose further that exactly s of the coeffi-
cients T, ... , T, are hon-zero, and that t, ., = --- = 17, = 0 and 7, # 0. Then

s—1 w
23) rE(DK[f@M;y])W«K,W[H%+---+(%2) } 2",

We shall prove Lemma 6 by induction on the number of non-zero coefficients when
M — 1 is written in the form (22). The following lemma is a summary of the case
s = 1. However, it is stated in a form more general than is necessary to prove Lemma
6 in the case s = 1. This generality is necessary in order that we may handle the
inductive step in the proof of Lemma 6. For ease of notation, we write 2, = @.

LEMMA 7. Let W be an even natural number. Suppose either that M = 0, or that
in the expression (22) for M — 1, the coefficients Ty = - - - = 1; = 0. Suppose further
that M = M + ;2899 where 0 < p; < 2%. Then

WK -1)(j-1)

~ ~ w
@4) E(Del(2r \ 200 1) <aw(¥2) ,
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where
(25)  Del(@\ 2u): #) = #( B\ 2u) NF) = (M — M)px ().

Note that Lemma 6 in the case s = 1 is the special case M = 0 and j = & of
Lemma 7.

PROOF OF LEMMA 7. Note first of all that M is a multiple of 2XU=D_ By (12), (13)

and (21),
éﬁ\ ;@M = {ﬁn M<n<M +Mj2K("‘)}
uy—1
= U (@, : M +m250™0 <n < M+ (m; +1)28071}
mj=0

=1 —
= 26 -1, HG,m)),

m;=0
where

H(j,m)) =2"%0"DM + m;.
It follows from (14), (18), (21) and (25) that

ii—1
(260 Dxl(@w\ 2w F1=)_ Y. n(-LeHGm)).

m;=0ceT (j—1,H(j.m;))

Applying Hélder’s inequality on the sum on the right-hand side of (26), we have

~ ~ w
@) E(Dkl(@x\ 20 )

pi—1 !
e Z ( Z En(j — L;i¢ H(j,mj)))

CeT(j—LH(j.m;))

#j—1 !
< 2KW-D Z ( Z En(j —1;¢; H(J, mj))) .

m=0 \eeT(j—1,H(j.m))

(28) Xmy=(G—Le H(j,m)):ceT(j—1, H(j,m))}.
Combining (27) and (28), we have

~ ) ”’J.—'l
(29) E(DK[(QV\QM);y])W <KD RN Z E(ni...0w)

m;=0 \ n€Xnm; nwEXm;
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Consider any particular summand on the right-hand side of (29). Clearly

[E(p...ow)| =1

always. Suppose further that one of the terms among 7, ... , nw is distinct from
all the others, i.e. suppose that n; is distinct from any of 11, ..., 5i_y, Digts ... - Dw.
Then by Lemma 4, we have

E(...nw) = E@D)EM ... 0i2iNigr ... nw) = 0.

It follows that the only non-zero contribution to the sum in (29) arises from terms of

the form

(30) E(ni'---nir)

where n;,, -+, n,;, are distinct, min{n,,... ,n,} > 2andn; +---+n, = W. In
this case, we clearly have r < W/2. Furthermore, if r = W/2, then we must have
n; = --- = n, = 2. Hence the number of terms in the sum

(31) o) Ene.nw)

MEXm; nwEXpm;

of the form (30) with r = W /2 is

| Xm, | w
y X V2.
<<W(W/2 Lwl ,|

On the other hand, if r < W/2,thenr < W/2 — 1. It is easy to see that the number
of terms in the sum in (31) of the form (30) with r < W/2is <w |X,,|*/*"". Hence

~ o~ w wl
(32) E(Dcl(@Zx\ 2 #1) <iw Y 1 X IV

m;=0
Finally, note from (15) and (28) that
(33) | X, | < 2K2K-DU-D,
(24) now follows on combining (32) and (33).
PROOF OF LEMMA 6. We shall use induction on the number s of non-zero coeffi-

cients 1;, ... , 1, in (22). The case s = 1 is proved in Lemma 7. Suppose now that
(23) holds for fixed s and k, and that 7y = - - - = 7; = 0. Now let M = M + p;2K0~1,

https://doi.org/10.1017/51446788700037629 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037629

[16} On irregularities of distribution III 243

where 1 < u; < 2K, Then in the expression of M—-1 analogous to (22), the number
of non-zero coefficients is now exactly s + 1. Also

D[ 24 #1 = Dk12u; S+ Dkl(25\ 2u); F),

so that if W is an even natural number, then
~ w W o/W ~ W—w ~ ~ w
(out2yi71)" =3 <w)(DK[QM; Z1)(Dxl(@y\ 2uxi 1)
Applying Holder’s inequality, we have
~ w
E(Dx[2x: 1)
w

< Z(f){E(DK[éM;ﬂ)W}

W-w)/W {
w=0

E(Del(Zi\ 20 m)w}ww.

We now apply the induction hypothesis to the term [E(DK[QM; 4 ])W and apply
Lemma 7 to the term E(Dx[(Zs7 \ 2u): %] , and so

£(Dx(2x: 1)

—w

Y W 1 1\ (K=1)k-1) Y
14+ —— 4+ ... _ D
<<K,ww2:;<w)({ v +<¢§) }(f) ) x
y <(ﬁ)(K—1><j—1>)w

1 1 \! (K-1)(k—1) (K-D(-1)
=1+ —=+ = 2 V2
([ +ﬁ + ﬁ) }(f) +2) )
1

s=1 k-nk-p\ ¥
= (1 + _2 4+ -4 (__15) + (\/Lz) ) (ﬁ)W(K—l)(k—l)

s 1Y\¢ Y WK -1)(k—1)
— 2
+ ( ﬁ)) +?2)

w

N

since clearly (K — 1)(k — j) = s.

Let A be a given compact and convex body in UX. It now follows from Lemma
5 that for any real number A € (0, 1], any proper orthogonal transformation 7 in R¥
and any vector u € UX, we have

~ W
E(Dx[2u; AG. 7, u)]) LgwMO—VoW?
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for every M satisfying 1 < M < 2K*_If we now choose 4 to satisfy
2K(h—l) < N < 2Kh

then
1 <& ! ~ w
E _Zf // |Dk[2u; A, T, 0)]|" dudtdh ) LgwNOTOW2,
N i=iJo Ja Jux :

(1) follows immediately. This proves Theorem 3D. Note also the simpler inequality

1
§ (/ f ,[ \Dk[2n; AR, T, “)]lw dudr dA) Kgw NIV,
0 JTJUK .

Theorem 2D follows.
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