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CONVERGENCE TENSOR PRODUCTS
AND A STRICT TOPOLOGY

Bernp MULLER

We are interested in the strict topology T on LA(E’ F) , the

set L(E, F) of all continuous linear mappings from E into a
Banach space F endowed with the topology of pointwise

convergence. The T3-completion E @% LcF of the convergence

tensor product E 8& LCF is the set of all T-continuous linear

‘functionals on L(E, F) and T is the topology of uniform

convergence on the compact subsets of F @E LcF . In the case

that E is a nuclear Fréchet space, a nuclear (DF)-space or a
Banach space with the bounded approximation property the topology
T agrees with the topology of Lco(E’ F) .

Let Z be a locally convex topological vector space and F a Banach
space. We are interested in the finest locally convex vector space
topology T on the set L(E, F) of all continuous linear mappings from E
to F such that every filter & on L(E, F) converges to O with

respect to T , if it has the following properties:
(i) ® converges pointwise to 0 ;
(ii) ©® contains a pointwise bounded subset of L(E, F)
This topology T is called the strict topology on LA(E’ F) . 1If E is

barrelled the Banach-Steinhaus theorem says that T is finer than the
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topology of Lco(E’ F) , the set L(E, F) endowed with the topology of

precompact convergence. The continuous convergence structure is the finest
convergence structure Y on L(E, F) such that every filter with the
properties (i) and (ii) <y-converges to O . Therefore T is the finest
locally convex vector space topology coarser than the continuous

convergence structure. Let us denote by LC(E, F) and (LC(E, F))T the

set L(E, F) carrying the continuous convergence structure and the finest
locally convex vector space topology coarser than the continuous
convergence structure. It is known that this topology is the topology of

uniform convergence on the compact subsets of Lc(Lc(E’ F)) , the Qual of
Lc(E’ F) also endowed with the continuous convergence structure. For this
reason we show in Section 2: the T3—completion E @E LcF of the
convergence tensor product F @E LcF is isomorphic to LC[LC(E, F)) . In
some cases we will prove (LC(E, F))T = LCO(E, F) , for example, if E is

a nuclear Fréchet space, a nuclear (DF)-space or a Banach space with the

bounded approximation property. But we will also prove
D D
[ m)), # ol 1)

D
where R is an uncountable product of R and Zl is the Banach space of

all real sequences which are absolutely summable. This example shows that

Lco(E’ F) does not always carry the finest locally convex vector space

topology such that every filter with the properties (i) and (ii) converges
to O

Since, in this paper, the concept of convergence spaces will be used,
let us say something about this concept. Every convergence space will be a
convergence space in the sense of Fischer (see [7]). For a subset S of a

convergence space X , the adherence a(S) is defined to be the set
{y : y € X, there exists a filter ¢ converging to y with § € ¢} .

S is called dense in X if af(S) = X , compact if every ultra-filter ¢
with S € ¢ converges in S , and relatively compact if a{(S) 1is compact.
A mapping f from a convergence space X into a convergence space Y is

continuous if for all x € X and all filters ¢ converging to = in X
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the filter f(®) generated by {f(L) : L € ¢} converges to flx) in Y .
Let us denote by Cc(X’ Y) the set C(X, Y) of all continuous mappings

from X into Y endowed with the continuous convergence structure. This
convergence structure is the coarsest on C(X, ¥) for which the mapping
w: C(x, ¥) x X > Y defined by w(f, ) = f(z) for all x € X and

f € C(X, Y) , is continuous. This means that a filter F converges to f

in CC(X, Y) if and only if for all x € X and all filters & converging

to 2 in X the filter w(F, ®) converges to f(x) in Y . Instead of
w(F, ) we will also write F(9)

A1l vector spaces considered in this paper will be R-vector spaces.
A vector space space endowed with a convergence structure is called a
convergence vector space if the algebraic operations are continuous. For a

convergence vector space E we will denote by E'T the set F endowed

with the finest locally convex vector space topology coarser than the
convergence structure of E . A subspace F of a convergence vector space
E will be always a vector subspace carrying the convergence structure

induced by £ . A T3—convergence vector space E will be a separated

convergence vector space such that for every filter ¢ converging to O
in E the filter a(®) generated by {a(V) : V € &} converges also to

0. Let E, F and G be convergence vector spaces. A bijective linear

mapping T : E > F is called an isomorphism if T and T_l are
continuous. Let us denote by LC(E, F) and BQ(E’ F; G) the subspaces

of CC(E, F) and CQ(EXF, G) respectively consisting of the set L(E, F)

of all continuous linear mappings from E into F and of the set

B(E, F; G) of all continuous bilinear mappings from E X F into G
respectively. We abbreviate BC(E’ F; R), B(E, F; R), LC(E, R) and

L(g, R) to B,(2, F), B(E, F), Lc(E) or LcE and LE respectively. For
every convergence vector space FE there exists a natural mapping

Jj:E~ LCLCE' defined by [j(z)](z) = t(z) for all z= € E and [ € LE ,

which is always continuous. E is called Lc—embedded if j 1is an

isomorphism from E onto j(E) , and C-reflexive if j 1is an isomorphism

from E onto LCLQE . For every Lc-embedded convergence vector space FE

https://doi.org/10.1017/50004972700006092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006092

284 Bernd Muller

we will identify F and J(E) . Let us mention that every subspace of an

Lc—embedded convergence vector space is also Lc—embedded.

Let X and Y be vector spaces and (X, Y} a duality (see [15]).
For a subset A4 of X we denote by Zo the closure of A with respect
to the topology o(Xx, Y) , by AO the polar of A which is defined as

4° = {y :y €7, |lyla)] =1 for all a € 4} and by T4 the convex, circled
hull of 4 . Let us mention that (L(E, F), E ® LF) is a duality, if E
and F are separated locally convex topological vector spaces. This
duality is defined by T(x ® ¢) = C[T(x)) for all x €E , [ € LF and
T € L(E, F)

I. Convergence tensor products
Since [LC(E, F)]T carries the topology of uniform convergence on the
compact subsets of LC(LQ(E’ F)) , we will develop a duality theory for
LC(E, F) . For this reason we are interested in convergence tensor

products. For convergence vector spaces £ and F let us denote by

E @i F the tensor product of £ and F in the category of all

convergence vector spaces. The existence of tensor products in this
category was proved by several authors, for example, by Antoine [1] or

Jarchow [10]. The convergence structure on E 8& F is the finest

convergence vector space structure for which the canonical mapping

X : EXF>E®F defined by X(z, y) =z ®y , is continuous. As usual
we write U® V instead of X(U, V) for subsets U and V of E and F
respectively. Throughout this paper we assume that £ and F are
convergence vector spaces with point-separating duals. Therefore the

mapping j : E®Q F + LCLQ(E ® F) is injective. Let us denote by £ ® F
the tensor product of £ and F endowed with the convergence structure
induced by the mapping J . .

We shall need the following lemma.

LEMMA I.1. Let E be a convergence vector space, F an

Lc—embedded convergence vector space. Denote by E'c the vector space E

endowed with the convergence structure induced by LchE . Then

https://doi.org/10.1017/50004972700006092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006092

Convergence tensor products 285

L(E, F) = L (E,, F)

C’
Proof, LQ(E, F) is a subspace of Lc(E’ LchF) which is isomorphic
to BQ(E, LQF) (see [3]). But Bc(E, LcF] is a subspace of Cc[E X LCF)
which is c-reflexive (see [51). Therefore Lc(E, F) is L,-embedded.
Denote by EL the vector space E considered as a subspace of
L, (Ly(E, F), F) . Then E; is L -embedded, L(E, F) =L(E/, F) eand the
evaluation mapping w : Lc(E’ F) x E, ~ F defined by (T, ) = P(z) for
all x €E and T € L(E, F) , is continuous. Since Lc(EL’ F) carries

the coarsest convergence structure for which w is continuous, the

identity mapping I : LQ(E’ F) » LC(EL’ F) is continuous. This implies
LQ(E, F) = LC(EC, F) = LQ(EL’ F) since the convergence structure of Ec

is finer than that of EL and coarser than that of F .

THEOREM 1.2, The convergence space E ®c F has the following
properties:
(i) E®, F carries the finest Lc—embedded convergence

structure for which the canonical mapping

X : EXF>EQF 18 continuous;
(iz) B(E, F; G) and Lc(E ® F, G) are isomorphic for every
Lc-embedded convergence vector space G ;

(ii1) i1f E and F are locally convex topological vector

spaces we have E @E F=F 8% F , where E 8% F 1s the
projective tensor product of E and F .

Proof. F @h F  carries the finest Lc-embedded convergence structure
which is coarser than the convergence structure of E 8& F . This implies
(i).

(i2). Let us define a : LC(E ®, F, G) > BC(E’ F;, G) vy

a(f) =T o X . o is continuous since ¥ is. In [10] it is shown that «

is a bijective mapping. The filters which are finite sums of filters of
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the form X(z+i, V) and x(U, y+/) where 2z € E, y € F and U and V
are filters converging to 0 in F and F respectively, generate the

ideal of all filters converging to O in F ® F (see [10]). Therefore

a is a continuous mapping from Bc(E’ F; G) onto LQ(E' ®L F, G)
Lemma I.1 now implies that BQ(E’ F; G) and LC(E @c F, G) = LC(E @L F, G]
are isomorphic.

(i27). Let U and V %be the O-neighborhood filters in E and F
respectively. x(U, V) converges to 0 in E®(‘,F and, since E’@cF is

L, -embedded, the filter generated by {T(U® V) : U €U, Vv € U} also

converges to 0 . This implies ¥ @c F=F ®1r F .

Since LC(E', Lc(F’ G)) and Bc(E’ F; G) are always isomorphic (see
[1] and [3]) we conclude:

COROLLARY 1. L (E®, F, 6) and L (&, L (F, G)) are isomorphic
for all convergence vector spaces E and F and for all L C-embedded

convergence vector spaces G . If F 1is a c-reflexive convergence vector.

space, Lc(E ®, LcF) and Lc(E’ F) are isomorphic. For convenience, let
us write LC(E' ®, LcF] = L,(E, F) if F is c-reflexive.

COROLLARY 2. If F ie c-reflexive and if E ® LF is dense in
LC(LC(E', F)) , then the convergence vector space Lc(E’ F) 1s
c-reflexive.

Proof.

L(g, F)

LE®, LF) = L(LL,(E®, LF)
L[LC(LC(E, m))

REMARK. Another way to introduce FE ®a F 1is suggested by Binz:
consider E ® F as a subspace of LQ(BC(E, F)) . Then by Theorem I.2 this

convergence vector space agrees with £ ®c F .
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I1. Locally convex topological vector spaces

From now on, E and F are always asswned to be separated locally

convex topological vector spaces. We denote by LA(E, F) and Lco(E’ F)

the set L(E, F) endowed with the topology of pointwise and of precompact
convergence respectively which is always coarser than the continuous

convergence structure. Instead of Lco(E’ R) we write Lco(E) . In order

to apply Corollary 1 of Theorem I.2, we also assume that £ and F are
complete, since F is e-reflexive if and only if it is complete (see

[51).
In [73] a complete T3—convergence vector space H 1is called the

T_-completion of H , if ﬁ has the following properties:

3
(i) there is an isomorphism < from & onto a subspace of
i
(ii) for every complete T3-convergence vector space M and for
every T € L(H, M) there exists a 7 e L(ﬁ, M) with
T=To1

In this section we will show that Lc(Lc(E’ F)] is the T_-completion of

3
E @E LcF if F 1is a Banach space. PFurther on we will show
(LC(E, F’))_r = LCO(E, F) if and only if, for every compact subset ( of

Lc(Lc(E’ F)) there exist compact subsets X, and K, of E and LCF

1
respectively such that C € a(T (Kl ® Kz))

Let F Dbe a Banach space, U the O-neighborhood filter in & and
® a filter in L(E, F) . Since &(U) converges to 0 in F if and only

if ® contains an equicontinuous set we get (see also [2]):

LEMMA I1.1. If F s a Banach space, a filter & converges to 0
in LC(E, F) if and only if

(i) & converges to 0 in LA(E, F),

(i2) @ contains an equicontinuous subset.

LEMMA 11.2. E® LF is dense in L (L,(E, F)) for every Banach
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space F .

Proof. Let H be the family of all equicontinuous convex, circled
and pointwise closed subsets of L(E, F) . By Lemma II.l the continuous
convergence structure and the topology of pointwise convergence agree on

every H € H . Therefore every [ € L(LC(E, F)) is continuous on H with

respect to the topology of pointwise convergence. This implies that for
all O0< ¢ €R one can find an f € L(LA(E, F)) =E ® LF with

(z=f)(H) < [-e, €] (see [15], Chapter IV, Theorem 6.2). Define

Dy ¢ = {f:fe€E®LF, (¢-f)(H) € [-e, €]} . We will show that the

filter F generated by {DH e’ He€H, 0<e ¢ R} converges to Z in
>
Lc(Lc(E’ F})) . Choose an € > 0 and let ¢ be a filter converging to T

in LC(E, F) . Since ¢ is continuous, one can find an equicontinuous

subset G € & with z(G) - ¢(?) < [-e, €] . Choose an H € H with

G < H . Then we have

Dy elg) - &D) < [DH’E(Q)-C(Q)J + [g(g)-(?)] < [-2¢, 2€]
for all g € G . Therefore E ® LF is dense in LC(LC(E, F))

LEMMA 1I1.3. Let F be a Banach space. For every filter F
converging to 0 1in LC(LQ(E, F)) there ewists a filter G in E ® LF

with the following properties:

(i) the filter G generated by {a(G) : G € G} is coarser
than F , where a(G) denotes the adherence of G 1in
L (L (&, P) ;

(i) G converges to 0 in L (L (B, 7))

Proof. For every 0 < ¢ € R and for every filter & converging to

T in L (E, F) there exists an By € @ with e(Hd))o € F , where the

polar is taken with respect to the duality (L(E, F), LLC(E, F)) . By

Lemma II.l, we can assume that H, belongs to the family H of all

¢
equicontinuous, convex, circled and pointwise closed subsets of L(E, F)
The filter N generated by the filter subbase
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0
1 ) .
{[E Hq)) : 0< e €R, & converges in Lc(E’ F)}

is coarser than F and converges to 0 in LQ(LC(E’, F)) . We now show:

n 1 0 n 1 0
n [———Hq)) cal2 N [—H ) n(EQ®LF)
i

i & =1 (& %

for all n € N , where the adherence is taken in LC(LC(E, F)) . The set

7 1 O0
XK = n [——Hq)_)
7

. €.
=1 1

belongs to H . As proved in Lemma II.2, for every

n 0

ek’ = n [L i, )

i=1 \& %
and for every H € H one can find an Ty €EEQ®LF with ¢ - xy € HO such
that the net (xH)HEH converges to I in LC(LC(E’ F)) . Por all H €H
with X € H we have
0]

x, = _c+2;€HO+K052K

7 = %y

Therefore the filter G generated in E ® LF by

0
{2[% Hq)) N(EQLF) : 0<e €R, & converges in Lc(E’ F)}

has the desired property.
THEOREM I11.4. Let F be a Banach space. Then we have:
(i) L,(L(E, F)) is the Ty-completion E éc LF of
E ®c LCF 3
(it) (LC(E, F))T carries the topology of uniform convergence on
the compact subsets of E @C LcF .

Proof. By definition, F ®c LQF is a subspace of

Lch(E & LcF] - Lc(Lc(E’ F))
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Let M be a complete T3-convergence vector space and
T €L(r ], LCF’ M) . For every [ € L(LC(E, F)) choose a filter F on
EQ® LF converging to T in Lc(Lc(E’ F)) . Define 7(z) +to be the limit

of the filter T(F) in M . Lema II.3 implies the continuity of T ,
since for every filter G converging to 0 in F ®c LcF the filter

a(?(G)) is coarses than 7(a(G))
To prove the second part use the results of [6].

LEMMA 11.5. Let U be a subset of E and V a elosed, convex,
eircled subset of F . Define

Tyy =T : T € LE, F), (V) C V} .

Then we have

TS,V =rwe ) ad rveP))°-1,,

2

where the polars of T and V are taken with respect to the dualities

u,v
(LLC(E, F), L(E, F)) and (F, LF} respectively, and o denotes the weak
topology o(L{L(E, F)}, L(E, F)) .

PROPOSITION 1II.6. [LC(E, F))T =L, ,(E, F) if and only if, for every
compact subset C of LC(LC(E, F)) , there exist compact subsets Kl and

K, of E and LcF respectively such that

ccalr(x ® k)
Proof. Assume (LC(E’, F))T = LCO(E’ F) and let ¢ be a compact
subset of LQ(LC(E', F)) . The polar CO of C , taken with respect to the
duality (L(L(E, F)), L(E, F)) is a O-neighborhood in (L (E, F))_ (to

prove this use [6]). Therefore there exist a compact subset X C F and a

closed, circled, convex O-neighborhood V in F such that

T, =0T elE, F), M0 cvhec® .

¢] 0 . .
V- and (TK V) are equicontinuous and therefore compact, topological
>
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subsets of LcF and Lc(Lc(E’ F)) respectively (see [6]). Now Lemma II.5
implies
cec®c(m, ) =Tke ) =alrke ) .
>
To prove the converse let W be a closed, convex, circled
0-neighborhood in (LC(E, F))T . since W° is compact in Lc(Lc(E’ F)) .
one can find compact subsets Kl and K, of F and LcF respectively

2
such that

Wealr(k, @) € a[r[Kl ® Kgo)) )
Thus
[l o))

{T : 7€ LB, P, T(k) <_:_Kg} cW .

a
—
-
r———
o]

-
®
=
n o
(@]
——
S
(=
L[}

Since Kg is a O-neighborhood in F , Proposition II.6 is proved.

The following was partially proved in [4].

THEOREM II.7. Let E and F be Fréchet spaces. Then
Lco(E’ Lco(F)) carries the finest topology which is coarser than the

convergence structures of Lc(E’ Lch and Lc(E’ Lco(F)) .

Proof. Let us first show L(E', LQF) = L(z, Lco(F)) . For every
T € L(E, LQO(F)) define a bilinear mapping vp i ExF>R by
vT(x, y) = [T(x)}(y) . Since E and F are Fréchet spaces, Vp is
continuous. Therefore one can find O-neighborhoods U and V¥V in E and

F respectively such that

vp(U, V) = [T (V) ¢ [-1, 1],

which implies that T(U) 1is an equicontinuous subset of LF . Therefore

T 1is also a contimuous mapping from E into LcF .

We have
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Lt (B, LF) =L, (L (@ ) =EQ F,

where FE ®1r F is the completion of E ®1r F . By the Banach-Dieudonné
theorem, the finest topology ¢ on L(E’ ®Tr F) coarser than the continuous

convergence structure is the topology of uniform convergence on the compact

subsets of ¥ @n F . Grothendieck has shown that to every compact subset
C of FE ®" F  there exist compact, circled, convex subsets Kl and K2
of E and F respectively with CgFlKl ®K2l . Lemma II.5 implies
(r(x, ®1))° =7
1 2 X KO
172
which is a O-neighborhood in LCO(E’ LQO(F)] . Since the convergence

structure of LC(E', LCO(F)) is coarser than that of LC(E', Lc‘_(F)) and
finer than the topology of Lco(E’ LCO(F)) , Theorem II.T is proved.

COROLLARY. Let E be a Fréchet space and F a nuclear (DF)-sgpace.
Then Lco(E’ F) carries the finest topology which is coarser than the
convergence structure of LC(E, F)

Proof. BEvery nuclear (DF)-space is a k-space, therefore a subset of

Lca(F) is relatively compact if and only if it is equicontinuous. This
implies F = Lco(Lco(F)) . Now Lco(F) is a Fréchet space and we can
apply Theorem II.T.

LEMMA 11.8. We have (E ®c LCF)T =F ®1T Lco(F) if and only if for
every equicontinuous subset H c L(E, F) which is relatively compact in

LA(E', F) , there exists a O-wneighborhood U 1in E such that H(U) <is
relatively compact in F .

Proof. A subset H < L(E, F) is relatively compact in LQ(E, F) if
and only if H is equicontinuous and relatively compact in Lé(E, F) (see
[6]). The topology of (E' ®c LQF]T is the topology of uniform convergence

on the equicontinuous subsets of L((E ®c LCF) T) which are the relatively
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compact subsets of LC(E’ ®, LQF] = LQ(E, F) {see [6]). Therefore we have
(E’ ®c LCF)T =E ®TT Lco(F) if and only if for every compact subset H of

Lc(E’ F) +there exist a O-neighborhood U in E and a compact subset

K € F such that I‘(U ®K0) EHO which, by Lemma II.5, is equivalent to

Bc{r: T eLE, P, T(0) < k%)

III. Banach spaces
Throughout this section we assume that E and F are Banach spaces.
For a subset D < L{(E, F) 1let us denote by D° the closure of D in
LA(E’ F) . We will always consider E ® LF as a subset of LLc(E', F)

For every subset B C E we define

Ty = {0 : T € (&, F), |7(B)|| <1 for all b € B} .

With the same methods used in the proof of Lemma 2.% in [77] one can show:

LEMMA I11.1. Let E be a Banach space, G a subspace of E with
finite dimension k and let T € L(E, E) be a compact operator. Assume
that there exists an € € R with 0< e <1 and ke(l—e)'l < 1 such that

|7(x)~xl} = €llzl] for all x € G .
Then there exiéts a compact operator S € L(E, E) such that
S(x) =a forall x€G and |S| = 27| .
By Lemma II.1, it is easy to prove:

PROPOSITION III.2. The set K(E, E) of all compact operators from
E into E is dense in L (E, E) <if and only if there exists a net

(7 )y, in KB, B) with the follawing properties:

(i) (Ta(x))aGJ converges to x for all x € E ;
(ii) there exists an n €R, 0<n with IITall <n for all

a € J .

Let us remember that, for Banach spaces E and F , a filter ¢

converges to 0 in LC(E, F) if and only if it converges to 0 in

https://doi.org/10.1017/50004972700006092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006092

294 ‘ Bernd Miller

LA(E, F) and there is an n € N with nT, € & , where U is the closed

U
unit ball in E . Therefore the continuous convergence structure is the

finest convergence structure on L(E, F) which agrees on nTU for every
n € N with the topology induced by LA(E, F) . This means that the
topology of (LC(E, F))T is the finest locally convex vector space

topology agreeing on every member of {nT HI 7] €|N} with the topology

U

induced by LA(E’ F) . since {nT, : n € N} is a countable set we can

U
apply the following result of Roelcke (see [14]): the sets of the form

_ )
W = TB n N lnTU+TBn’

0 neEN
where Bn is a finite subset of F for all »n € Nu {0} , are a

O-neighborhood base for (Lc(E’ F))T

THEOREM II1.3. If the set K(E, E) of all compact operators from
into E 1is dense in Lc(E’ E) then we have for every Banach space F ,
(LB, B)), =L, (E, P) .
Proof. Let
W= Zbo n ngrq n2b+TBn
be a O-neighborhood in (LC(E, F))T where B~ is a finite subset of E
for all »n € N u {0} . Proposition III.2 implies the existence of a net
(Ih)aGJ in K(E, E) and of a real number n > 0 , such that ”1&” < im
for all o € J and (Iﬁ)aEJ converges to the identity mapping I in
LCO(E, E) . Since Un [?n] is compact, where [ﬁn] is the vector space

generated by Bn in E , we conclude from Lemma III.1: for every n € N
there exists a compact operator s, € L(E, E) such that ”Sn” £n and

S (b) =b for all b €B . From
n n

R=RoS +R(I-S) forall R nTSn(U)
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we conclude

(l/n)S w) S = nT + TBn
Defining
K= U (1/n)Sn(U)
néN
we get
T =T n N T —~ =T n ﬂ T
KBy ~ "By en (l/n)Sn(U) 0 (l/n)S w =

Since Sn(U) is a compact subset of nU , the set X v BO is also
compact, and Theorem III.3 is proved.
From Lemma II.1 it follows immediately:

PROPOSITION 1I1I.4. A Banach space E has the bounded approximation
property if and only if the set LE @ E of all operators of finite rank is
dense in L, (E, E)

Together with Theorem III.3 this proposition implies:

THEQREM III.5. Adssume E s a Banach space with the bounded
approximation property. Then we have LQO(E, F) = (Lc(E’ F)]T for every

Banach space F .

IV. Nuclear spaces

Let us remember that the bi-equicontinuous tensor product Lco(E) @E F
can be considered as a subspace of LQO(E, F) . UNow in some cases it is
possible to show that the topology of Lco(E) @ F is finer than the
topology induced by [LC(E', F))T . If, in addition, LE® F 1is dense in
LQ(E’ F) and Lco(E) @E F = Lco(E) @% F , then we have
(LC(E, F)]T = Lco(E’ F) . For this reason we examine nuclear spaces in
this section. We will prove (LC(E, F’))_r = Lco(E’ F) if E 1is a nuclear
(DF)-space and F is a Fréchet space or if E 1is a nuclear Fréchet space

and F is a Banach space. Finally we will show
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[ 1)), # ol 1)

where RD is an uncountable product of R and Zl is the Banach space of
all absolutely convergent series.

PROPOSITION IV.1. Asswme that on LE @ F the topologies induced by
(LQ(E, F))T and L, (E, F) agree and assume that LE @ F is dense in

LC(E, F) . Then we have
(L(B, P} = L, (&, F)

Proof. For every closed O-neighborhood W in (LC(E’ l«"))T there

exist a precompact subset K € E and a convex, circled O-neighborhood V
in F such that

{g: g€lE®F, glK) cV}cW.

Let 7 € L{E, F) be an operator with T(X) c %V . Choose a filter &
converging to T in LC(E', F) which contains LE® F . Since &

converges to T in Lco(E’ F) one can find an G € ¢ with

(¢-T)(X) EH}EV - This implies G n (LE®F) c W . Since W is closed,

T belongs to ¥ and therefore we have proved (LC(E‘, F))T = Lco(E’ F)
LEMMA IV.2. The adherence a(lLE ® F) , taken in LC(E’, F) , contains

every nuclear mapping T from E into F .

Proof. For every nuclear mapping 7T there exist an element

A= [An)nEN € 1, , an equicontinuous subset {t;n :n €N} of LE and a
bounded subset {y :7n €N} of F , such that
T(x) = ’EN Anz;n(x)yn for all x € E .

Let V be a convex, circled O-neighborhood in F and let x be an

element of E . There exists an r € N such that

m
(z) - ngl A, (xly, <%V for all m > 1 .

https://doi.org/10.1017/50004972700006092 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006092

Convergence tensor products 297

Moreover there exist a O-neighborhood U in F and a real number u > 0O

such that Cn(U) c {-1, 11 and Wy, € %5V for all n € N . For each
m > r we have

2 -1 2 -1
z) - ¥ A (@ldll™v)y, < - ¥ Lz (i ™)y

n=1 n=l n

m
c %V + ul-1, 11 Y )\nll)\ll_lyn CAE + E V.
n=1

m .
Therefore the sequence Y )\nl;n ®y, converges to T in LC(E’, F)
n=1
mEMN

To prove the next lemma let us first mention a result of Brauner [4]:
let E be a dF-space and F a PFréchet space. Then a subset P is
relatively compact in Lco(F’ E) if and only if there exists a
O-neighborhood U in F such that P{(U) is relatively compact in & .
Recall that E 1is called a dF-space if and only if there exists a Fréchet
space H such that E is isomorphic to LCO(H) . Together with Lemma
II.8 this result implies:

LEMMA IV.3. If E <s a dF-space and F a Fréchet space then we
have (F®, L,E) =F@Q L, (E)

THEOREM IV.4. Let E be a dF-space, F a Fréchet space and assume

that E or F 1is nuclear. Then

(L(B, P))_ = Loo(E, F) .

Proof. The mapping © : LE x F LC(E', F) defined by

(e(z, y)l(x) =z(x)y for all x €E, y € F and ¢ € LE , is continuous.
Therefore © induces a continuous mapping from (LQE' ®c F)T = Lco(E) ®_" F

into (L (E, F))_ . Since E is nuclear if and only if L (E) is
nuclear (see [4]) we get Lco(E) ®11 F = Lco(E) ®e F . But Lco(E) ®e F is
a subspace of LCO(E', F) which implies that on LE ® F the topologies

induced by (LC(E, F))T and Lco(E’ F) agree.

If F is nuclear, Grothendieck has shown in [9], Chapter II, §2,
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no. 4, that every T € L(E, F) is nuciear. It E is nuclear we argue as
follows: by the preceding remark every T € L(E, F) 1is compact. Let U
be a convex, circled O-neighborhood in F# such that 7{U) is compact in

F . Let B be the Banach space U nT(U) with unit ball T(U) . Now T
n€N

is a continuous mapping from F into B . Since FE is nuclear, T is a
nuclear mapping from F into B and therefore also a nuclear mapping from

E into F . Proposition IV.l now implies [LC(E, F))T = L,,(E, F)

We have shown in the proof of the corollary of Theorem II.7 that a
nuclear (DF)-space is a dF-space. Therefore we get:

COROLLARY. Let E be a nuclear (DF)-space and F a Fréchet space.
Then [LC(E, F))T = Lo (E, F) .

PROPOSITION 1IV.5. For every complete locally convex topological
vector space E and for every Banach space F the topology of
Lco(E) ® F 1is finer than the topology induced on LE®F by

(L(E, P}, .
Proof, Let U be the O-neighborhood filter in & , B the family

of all finite subsets of E and V=1{y:y €F, |yl <1} . For every
subset M CE define T, ={T : T € L(E, F), T(M) cV} . Let W bea

O-neighborhood in (LQ(E, F))T . For every U € U the filter generated by

{r B € B} converges to 0 in Lc(E’ F) , vhich implies that, for

vuB ¢
every U € U , there exists a B, € B with T C W . Therefore the
U UuBU =
convex hull ¢ of U T is contained in W . Moreover, the convex
veu YBy .

0
D u ; -nei ; -
hull of e [U v BU) is a 0O-neighborhood in (LQ(E))T Lco(E)

where the polars are taken with respect to the duality (LlE, E) . We will
now show D®V<C Cc W . Choose § €D and y € V . By definition of

D we have
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with ciG(UiuBU.)O, 0<X; €R for 1=isr and
1

A, + ... + X =1 . Since
r

(Ci ® y) (U»,; v Bui) = Ci(Ui v Bui)y cl-1,1lycv,

we have (Ci 8)y) € TUiUBU for 1 <7 =<r and

1
r
L®y = .gl )\i(gi®y) €C.

THEOREM IV.6. If E <is a nuclear Fréchet space and F a Banach
space then (LC(E, F)]T =L, (&, F) .

Proof. By Proposition IV.5 the topology of LQO(E) ®1r F is finer

than the topology induced by (LC(E’ F))T . Since LQO(E) is nuclear we

have LQO(E) Q F= Lco(E) 8% F . Therefore the topologies induced on
LEQF vy Lco(E’ F) and (LC(E, F))T agree. Since E 1is nuclear,

every T € L(E, F) is muclear. Now Proposition IV.1l and Lemma IV.2 imply
Lo E, F) = (L (E, F))T .

In the following example we will show that there exist a complete,
nuclear, barrelled space E and a Banach space F with

[LC(E, F)]T # Lco(E’ F) . Therefore (E, F) carries not always the

Lco
strict topology generated by the topology of pointwise convergence on
L, F) .

EXAMPLE. Let D be an uncountable set and let H be the family of
all finite subsets of D . Define Ri =R for all 7 € D . Let us denote

by indL and indT the inductive limit taken in the category of all

convergence spaces and in the category of all locally convex topological

vector spaces respectively. Then we have

Lc[TT Ri) = ind, LC[E Ri]

1€D HeEH

and therefore
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T 9 - Ldge), =g elig

1€D 1€D HeH
Since every T € L[I | Ri’ Zl) has finite rank and since for every H € H
1€D
we have
[T ) - TR 1) = tfTT ) 6, ¢
[teH co el [ 1 co teg ¢ T 1

it is easy to see that

[]_rR 1) = ind| Lc[ﬁﬁi, zl) = ind; [LCO[ERJ ®, zl)

1€D HeH 1€l HEH

This implies

Llig e ), = s Lol ) o)
- famr T w)) - T 5 @

H eft 7 €H 1 €D

Since LcoﬂRD) is not nuclear, we have

D - D D _ D
[Lcﬁ? ? Zl])T - Lco(R ) 8% Z1 ? Lc:o(IR ] GE Z1 - Lco[‘R ? Zl)
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