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CONVERGENCE TENSOR PRODUCTS
AND A STRICT TOPOLOGY

BERND MULLER

We are interested in the strict topology T on L (E, F) , the

•6

set L(E, F) of a l l continuous l inear mappings from E into a

Banach space F endowed with the topology of pointwise

convergence. The T -completion E ® L F of the convergence
tensor product E ® L F i s the set of a l l T-continuous l inear

functionals on L(E, F) and x i s the topology of uniform

convergence on the compact subsets of E ® L i . In the case

that E is a nuclear Frechet space, a nuclear (OF)-space or a

Banach space with the bounded approximation property the topology

T agrees with the topology of I. (S, F) .

Let E be a local ly convex topological vector space and F a Banach

space. We are interested in the f inest local ly convex vector space

topology T on the set L(E, F) of a l l continuous l inear mappings from E

to F such that every f i l t e r $ on L{E, F) converges to 0 with

respect to T , i f i t has the following propert ies:

( i ) $ converges pointwise to 0 ;

( i i ) $ contains a pointwise bounded subset of L(E, F) .

This topology T i s called the s t r i c t topology on L (E, F) . If E i s

barrel led the Banach-Steinhaus theorem says that x i s finer than the
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topology of LIE, F) , the set L(E, F) endowed with the topology of

precompact convergence. The continuous convergence structure is the finest

convergence structure y on L(E, F) such that every filter with the

properties (i) and (ii) y-converges to 0 . Therefore T is the finest

locally convex vector space topology coarser than the continuous

convergence structure. Let us denote by L {E, F) and [L (E, F)) the

set L(E, F) carrying the continuous convergence structure and the finest

locally convex vector space topology coarser than the continuous

convergence structure. It is known that this topology is the topology of

uniform convergence on the compact subsets of L [L (E, F)] , the dual of

L (E, F) also endowed with the continuous convergence structure. For this

reason we show in Section 2: the 21 -completion E ® L F of the
3 c c

convergence tensor product E ® L F is isomorphic to I [i (E, F)) . In

some cases we will prove (L^E, F)) = L (E, F) , for example, if E is

a nuclear Frechet space, a nuclear (OF)-space or a Banach space with the

bounded approximation property. But we will also prove

where R is an uncountable product of R and I. is the Banach space of

all real sequences which are absolutely summable. This example shows that

L (Ey F) does not always carry the finest locally convex vector space

topology such that every filter with the properties (i) and (ii) converges

to 0 .

Since, in this paper, the concept of convergence spaces will be used,

let us say something about this concept. Every convergence space will be a

convergence space in the sense of Fischer (see [7]). For a subset S of a

convergence space X , the adherence a(S) is defined to be the set

{y : y € X, there exists a filter $ converging to y with S € $} .

S is called dense in X if a(.S) = X , compact if every ultra-filter $

with S € $ converges in 5 , and relatively compact if a(S) is compact.

A mapping / from a convergence space X into a convergence space v is

continuous if for all x £ X and all filters $ converging to a; in X
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Convergence tensor products 283

the f i l t e r / ($) generated by {/(£) : L € $} converges to f(x) in Y .

Let us denote by C^(X, Y) the set C(X, Y) of a l l continuous mappings

from X into Y endowed with the continuous convergence s t ructure . This

convergence structure i s the coarsest on C{X, Y) for which the mapping

u : C(X, Y) x x -* Y defined by w(/ , x) = f(x) for a l l x € X and

/ € C(X, Y) , i s continuous. This means that a f i l t e r F converges to /

in C (X, Y) if and only i f for a l l x € X and a l l f i l t e r s $ converging

to x in X the f i l t e r U)(F, $) converges to f(x) in 7 . Instead of

to(F, $) we wi l l also write F($) .

All vector spaces considered in th i s paper wi l l be R-vector spaces.

A vector space space endowed with a convergence structure i s called a

convergence vector space i f the algebraic operations are continuous. For a

convergence vector space E we wi l l denote by E the set E endowed

with the finest local ly convex vector space topology coarser than the

convergence structure of E . A subspace F of a convergence vector space

E wi l l be always a vector subspace carrying the convergence structure

induced by E . A T -convergence vector space E wi l l be a separated

convergence vector space such that for every f i l t e r $ converging to 0

in E the f i l t e r a(0) generated by ia(V) : V € $} converges also to

0 . Let E, F and G be convergence vector spaces. A bi ject ive l inear

mapping T : E -*• F i s called an isomorphism if T and T are

continuous. Let us denote by '-^(ff, F) and 8^(2?, F; G) the subspaces

of CC(E, F) and CAE*F, G) respectively consisting of the set HE, F)

of a l l continuous l inear mappings from E into F and of the set

B(ff, F; G) of a l l continuous b i l inear mappings from E x F into G

respectively. We abbreviate B^ff, F; R), B(E, F; R), Lc(E, R) and

L(E, R) to Bc(2, f ) , 8(£, F), L^E) or Î ff and LE respectively. For

every convergence vector space E there exis ts a natural mapping

0 : E •* L^^E defined by [j(a:)]U) = CU) for a l l x € E and t, i. IE ,

which i s always continuous. E i s called L -embedded i f j i s an

isomorphism from E onto j(E) , and C-reflexive i f j i s an isomorphism

from E onto ^-^L^ . For every /.^-embedded convergence vector space 2?
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we will identify E and j{E) . Let us mention that every subspace of an

L -embedded convergence vector space is also L -embedded.

Let X and Y be vector spaces and <X, Y) a duality (see [/5]).

For a subset A of AT we denote by A the closure of A with respect

to the topology o(X, Y) , by A the polar of A which is defined as

A = {y : y € Y, \y(a) | £ 1 for all a € A) and by VA the convex, circled

hull of A . Let us mention that < L(E, F), E ® LF) is a duality, if E

and F are separated locally convex topological vector spaces. This

duality is defined by T(x ® C) = Z,{T(X)) for all a; € £ , £ € LF and

, F) .

I . Convergence tensor products

Since [L (E, F))T carries the topology of uniform convergence on the

compact subsets of L^jj. (E, F)) , we will develop a duality theory for

L (E, F) . For this reason we are interested in convergence tensor

products. For convergence vector spaces E and F let us denote by

E ®, F the tensor product of E and F in the category of all

convergence vector spaces. The existence of tensor products in this

category was proved by several authors, for example, by Antoine C?] or

Jarchow [70]. The convergence structure on E ®^ F is the finest

convergence vector space structure for which bhe canonical mapping

X : E x F ->• E ® F defined by x(^> y) = x ® y , is continuous. As usual

we write U ® V instead of x(U, V) for subsets U and V of E and F

respectively. Throughout this paper we assume that E and F are

convergence vector spaces with point-separating duals. Therefore the

mapping j : E ® F •* L L [E ®^ F) is injective. Let us denote by E ® F

the tensor product of E and F endowed with the convergence structure

induced by the mapping j .

We shall need the following lemma.

LEMMA I.I. Let E be a convergence vector space, F an

L^-embedded convergence vector space. Denote by E the vector space E

endowed with the convergence structure induced by L L E . Then
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L I JP 7?\ — 1 [ P E* 1

^C , t ) — L \a 9 £) .

Proof. L (E> F) i s a subspace of L [E, ^cf'cF^ w h * c h i s isomorphic

to 8 (£, L F) (see [3] ) . But 8 fa, 1 / ) i s a subspace of C fa x L?)

which i s c-reflexive (see [5 ] ) . Therefore L (E, F) i s L -embedded.

Denote by E. the vector space E considered as a subspace of

Lc(L (S, F), F) . Then E^ i s /^-embedded, L(E, F) = L(ffL, F) and the

evaluation mapping to : L (E, F) x E^ •* F defined by w(T, x) = T(x) for

a l l x € E and T € L(£, F) , i s continuous. Since L (ff., F) car r ies

the coarsest convergence structure for which u i s continuous, the

ident i ty mapping I : L (E, F) ->• L (ff. , FJ i s continuous. This implies

L (£, F) = L fa , F) = L (ff., F) since the convergence structure of E

i s finer than that of E, and coarser than that of E .

THEOREM 1.2. The convergence space E ® F has the following

properties:

(i) E ® F carries the finest L -embedded convergencec c

structure for which the canonical mapping

X : 2 ' x F - » - £ ' ® F is continuous;

(ii) 8 (E, F; G) and L fa ® F, (?) are isomorphic for every

L -embedded convergence vector space G ;

(Hi) if E and F are locally convex topological vector

spaces we have S ® F = ff® F , where E ® F is the

protective tensor product of E and F .

Proof. E ® F carries the finest L -embedded convergence structure

which is coarser than the convergence structure of E ®. F . This implies

(i).

(ii) . Let us define a : L^E ®c F, G) •+ B f̂f, F; G) by

a(T) = T o x . a is continuous since x i s - I n t ' " ] i t is shown that a

is a bijective mapping. The filters which are finite sums of filters of
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the form X^+U. ") and x(u> J/+l/) where x ( E , y £ F and U and 1/

axe f i l t e r s converging to 0 in E and F respectively, generate the

ideal of a l l f i l t e r s converging to 0 in E ®. F (see [.101). Therefore

a~ i s a continuous mapping from B (£, F; G) onto L [E ®. F, G) .

Lemma I . I now implies that B^ff, F; G) and /-c(£ ®c F, G] = L^[E ®̂  F, G)

are isomorphic.

i i i j . Let U and U be the O-neighborhood f i l t e r s in E and F

respect ively. x(^> V) converges to 0 in E ®i F and, since ff ® F i s

i-^-embedded, the f i l t e r generated by {T(U ® K) : i/ € U, 7 € 1/} also

converges to 0 . This implies E ®' F = ff ® F .

Since '-.(£', '-c(-
f'» ^)) a n d B (£, F; G) are always isomorphic (see

C/3 and C3]) we conclude:

COROLLARY 1. LC(E ®C F, G) and L^E, L^F, G)) are isomorphic

for all convergence vector spaces E and F and for all L -embedded

convergence vector spaces G . If F is a c-reflexive convergence vector.,

space, L [E ® L F) and L (E, F) are isomorphic. For convenience, let

us write L [E ® L F) = L (E, F) if F is c-reflexive.

COROLLARY 2. If F is c-reflexive and if E ® LF is dense in

L (L (E, F)) , then the convergence vector space LJ.E, F) is

c-reflexive.

Proof.

L(E, F) = L(B ®c LtF) = L^Ljff ®c Lj))

= LiL^iE, F))) .

REMARK. Another way to introduce E ® F i s suggested by Binz:

consider E ® F as a subspace of ^-rj3(SE> F^) • Then by Theorem 1.2 th i s

convergence vector space agrees with E ® F .
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I I . Locally convex topological vector spaces

From now on, E and F are always assumed to be separated locally
convex topological vector spaces. We denote by L (E, F) and ^ {E, ^

the set L(E, F) endowed with the topology of pointwise and of precompact
convergence respectively which is always coarser than the continuous
convergence structure. Instead of L (E, R) we write ^co(£) • I n order

to apply Corollary 1 of Theorem 1.2, we also assume that E and F are
complete, since F is C-reflexive if and only if i t is complete (see
[5]).

In [73] a complete T -convergence vector space H is called the

T -completion of H , if H has the following properties:

(i) there is an isomorphism i from H onto a subspace of

(ii) for every complete T -convergence vector space M and for

every T € L(H, M) there exists a T d L(H, M) with
T = T o i .

In this section we will show that LALC(E, F)) is the T -completion of

E ® L F if F is a Banach space. Further on we will show

[L (E, F)) = L (E, F) if and only if, for every compact subset C of

Lc(Lc(£', F)) there exist compact subsets K and K of E and i f

respectively such that C <E.aiTiK
1 ® x

2)) •

Let F be a Banach space, U the O-neighborhood f i l t e r in E and

* a f i l t e r in L(E, F) . Since 0(U) converges to 0 in F i f and only

if * contains an equicontinuous set we get (see also [2 ] ) :

LEMMA I I . I . If F is a Banach space, a filter $ converges to 0

in L {E, F) if and only if

(i) $ converges to 0 in L{E, F) ,

(ii) $ contains an equicontinuous subset.

LEMMA I I . 2 . E® LF is dense in L
C[L

C(E, F)) for every Banach
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space F .

Proof. Let H be the family of all equicontinuous convex, circled

and pointwise closed subsets of L(E, F) . By Lemma II.1 the continuous

convergence structure and the topology of pointwise convergence agree on

every H Z H . Therefore every t, € L[L (E, F)) is continuous on H with

respect to the topology of pointwise convergence. This implies that for

all 0 < e € R one can find an / € L(L (E, F)) = E ® LF with

(?-/)(#) c [-e, e] (see [7 5], Chapter IV, Theorem 6.2). Define

Dr, := if : f t E ® LF, U-/)(#) c [-e, e]} . We will show that the
ti ,£ —
filter F generated by {D : H € H, 0 < e € R} converges to t, in

n ,E

L (L (E, F)) . Choose an e > 0 and let $ be a filter converging to T

in '-£,(£'s F) • Since t, is continuous, one can find an equicontinuous
subset G (. * with ?(G) - $(T) c [-e, e] . Choose an H € H with

G <=_H . Then we have

DH,ei9) ~ Z{T) - lDH,c{9)-Z{9)^ + W9)-ZW] c [_2e, 2e]

for all g i G . Therefore E ® LF is dense in L (L (ff, F)) .

LEMMA II.3. Let F fee a Banaah space. For every filter F

converging to 0 in '-c(*-c(
£'> *")] there exists a filter G in E ® LF

with the following properties:

(i) the filter G generated by {a(G) : G € G} is coarser

than F , where a(G) denotes the adherence of G in

i/> G converges to 0 in L (L (fi1, F)J .

Proof. For every 0 < e € R and for every filter $ converging to

T in i-c(£
r, F) there exists an #$ € $ with e(ffj° € F , where the

polar is taken with respect to the duality < L(E, F), LL (E, F) > . By

Lemma II.1, we can assume that H* belongs to the family H of all

equicontinuous, convex, circled and pointwise closed subsets of L(E, F) .

The filter M generated by the filter subbase
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: 0 < £ € R, $ converges in L (E, F) >

is coarser than F and converges to 0 in L [L (E, F)) • W e n o w s h o w :

n

n
n

[L (

0

2 0 |-?-fft I n

for all w £ N , where the adherence is taken in

A: =

belongs to H . As proved in Lemma I I . 2 , for every

• T n e set

and for every H $. H one can find an a; € £ ® LF with Z, - x (. H such
n n

that the net [XH)H(U converges to ? in (.(!.(£, F)) . For all ff ( H

with K c_E we have

i = L - 5 + ; f 8° + H° c 2K° .
[ i t i —

Therefore the f i l t e r G generated in E ® LF by

{2j-ffj n (E ® LF) : 0 < e € IR, $ converges in L (ff
c

, F)l
J

has the desired property.

THEOREM I I .4 . Let F be a Banach space. Then we have:

(i) '-c('-c(£', F)) ^ the T -completion E® L F of

E ®c LcF ;

(ii) [i (E, F)) carries the topology of uniform convergence on

the compact subsets of E ® L F .

Proof. By definition, E ® L F is a subspace of
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Let M be a complete T-.-convergence vector space and

T € L[E ®' L F, M] . For every £ € L[LAE, F)) choose a f i l t e r F on

E ® LF converging to t, in 1- (L (ff, F)) . Define ?(?) to be the l imit

of the f i l t e r T(F) in M . Lemma I I . 3 implies the continuity of T ,

since for every f i l t e r G converging to 0 in E ® L F the f i l t e r

a(>(G)) is coarses than T[a(G)} .

To prove the second part use the resu l t s of [ 6 ] .

LEMMA 11.5. Let U be a subset of E and V a closed, convex,

circled subset of F . Define

TJJ v = {T : T i L(E, F), T{U) c V} .

Then we have

where the polars of 21.. v and V are taken with respect to the dualities

<.LL(E, F), L(E, F)> and ^<F, LF) respectively, and o denotes the weak

topology o{L[La(E, F)), L(E, F)) .

PROPOSITION I I . 6 . [LC(E, f ) ) T = LC0{E, F) if and only if, for every

compact subset C of L (L(E, F)) , there exist compact subsets K and

K of E and L F respectively such that

Proof. Assume [L {E, F)) = L AE, F) and l e t C be a compact

subset of L [L (E, F)) . The polar C of C , taken with respect to the

dual i ty <L{Lc(E, F)) , L(E, F)> is a 0-neighborhood in [L^E, F)) (to

prove t h i s use [6 J ) . Therefore there exist a compact subset K c E and a

closed, c i rc led , convex 0-neighborhood V in F such that

TR = {T : T € L(E, F), T{K) <= V] c C° .

V and [T^ ^) are equicontinuous and therefore compact, topological
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subsets of L F and L [L (E, F)) respectively (see [6] ) . Now Lemma I I .5
C L C.

L
C.

implies

c (T^)° = T{K ® V°)a = a[T{K

To prove the converse le t W be a closed, convex, circled

O-neighborhood in [L (E, F)) . Since W is compact in L [L (E, F)) ,

one can find compact subsets K and K^ of S and L F respectively

such that

Thus

= IT : r € L(ff, F ) , r^) c x°| c w .

Since K is a O-neighborhood in F , Proposition II.6 is proved.

The following was partially proved in [4].

THEOREM II.7. Let E and F be Frechet spaces. Then

^co^' Sio^) carries the finest topology which is coarser than the

convergence structures of L [E, L F) and L [E, L (F)) .

Proof. Let us first show L[E, L F) = L[E, L (F)) . For every

T € L[E, L (F)) define a bilinear mapping uy : E x F -»• R by

u (x, y) = [T(x)](y) . Since E and F are Frechet spaces, v is

continuous. Therefore one can find O-neighborhoods U and V in E and

F respectively such that

VT(U, V) = [T(U)](V) c [-1, 1] ,

which implies that T(U) is an equicontinuous subset of LF . Therefore

2* is also a continuous mapping from F, into L F .

We have
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where E ® F is the completion of E ® F . By the Banach-Dieudonne

theorem, the finest topology t on L[E ® f) coarser than the continuous

convergence structure is the topology of uniform convergence on the compact

subsets of E ®< F . Grothendieck has shown that to every compact subset

C of E ® F there exist compact, circled, convex subsets K and K

of E and F respectively with C c r[K ® K )° . Lemma II.5 implies

which is a O-neighborhood in L (ff, L (F)) . Since the convergence

structure of /̂ (tf, Lc0(
?)) is coarser than that of L^E, L^(F)) and

finer than the topology of L [E, L (F)) , Theorem II.7 is proved.

COROLLARY. Let E be a Fveehet space and F a nuclear (DF)-spaoe.

Then '-f,0(£'> F) carries the finest topology which is coarser than the

convergence structure of L (E, F) .

Proof. Every nuclear (£>.F)-space is a fe-space, therefore a subset of

L-AF) is relatively compact if and only if it is equicontinuous. This

implies F = '-co('-co(̂ ')) • W o w '-..(f) is a Frechet space and we can

apply Theorem II.7.

LEMMA 11.8. We have {E ® C L^F)^ = E ®^ <-co(^) if and only if for

every equicontinuous subset H c L(E, F) which is relatively compact in

L {E, F) y there exists a O-neighborhood U in E such that H(U) is

relatively compact in F .

Proof. A subset H c L(E, F) is relatively compact in L (£, F) if

and only if H is equicontinuous and relatively compact in L (E, F) (see

[6]). The topology of [E ®£ ' - C ^ ) T is the topology of uniform convergence

on the equicontinuous subsets of L[{E ®< L F) ) which are the relatively
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compact subsets of Ln (# ®_ L F) = L {E, F) (see [6 ] ) . Therefore we have

(E ® L F) = E ® *- (F) if a n d o n l y i f f o r every compact subset H of

L (ff, F) there exist a O-neighborhood U in E and a compact subset

K c F such that r(f/ ® #°) c #° which, by Lemma I I . 5 , i s equivalent to

H c [T : T € L(ff, *•), T(U) c X00} .

III. Banach spaces

Throughout this section we assume that E and F are Banach spaces.

For a subset D c L(£', F) let us denote by D the closure of 0 in

L.(E, F) . We will always consider E ® LF as a subset of LL (E, F) .

For every subset B c E we define

T D = {T : T € L ( E , F ) , \\T{b)\\ < 1 f o r a l l Z> € B } .
D

With the same methods used in the proof of Lemma 2.h in [ H ] one can show:

LEMMA 11I.I. Let E be a Banach space, G a subspace of E with

finite dimension k and let T € L(E, E) be a compact operator. Assume

that there exists an e € R with 0 < e < 1 and ke(l-e)~ < 1 such that

\\T(x)-x\\ £ e||a;|| for all x € G .

Then there exists a compact operator S € L(E, E) such that

Six) = x for all x € G and \\S\\ < 2||T|| .

By Lemma I I . 1 , i t i s easy to prove:

PROPOSITION III.2. The set K(E, E) of all compact operators from

E into E is dense in L (E, E) if and only if there exists a net

[T' ) ,j in K(E, E) with the following properties:

(i) [f (x)) ,j converges to x for all x € E ;

( i i ) t h e r e e x i s t s a n n ^ R , 0 < n w i t h \\T \\ < r\ f o r a l l

a € J .

Let us remember tha t , for Banach spaces E and F , a f i l t e r $

converges to 0 in i-c(£, P) i f and only i f i t converges to 0 in
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L(E, F) and there is an n € N with nT,, € $ , where £/ is the closed

unit ball in E . Therefore the continuous convergence structure is the
finest convergence structure on L(E, F) which agrees on nT.. for every

n € IN with the topology induced by L (E, F) . This means that the

topology of [L (E, F)) is the finest locally convex vector space

topology agreeing on every member of {n^y • n Z \H] with the topology

induced by J- (£, F) • Since {nT.. : n € IN} is a countable set we can

apply the following result of Roelcke (see 1141): the sets of the form

W = T• n n [nT*T ) *
0 n€N n

where S is a finite subset of E for a l l n € W u {0} , are a

O-neighborhood base for [L (E, F))

THEOREM I I I . 3 . If the set K(E, E) of all compact operators from E

into E is dense in L (E, E) then we have for every Banach space F ,

(LC(E, F))x = Lco(E, F) .

Proof. Let

n

be a O-neighborhood in ('-.(£', P)) where B is a finite subset of E

for a l l n € IN u {0} . Proposition III .2 implies the existence of a net

() in ^E' E^ and of a real numl:)er n > ° ' such that T II -
for all a € J and feJnfj- converges to the identity mapping J in

l-co(£
l, £") . Since f/ n \p ] is compact, where [5 ] is the vector space

generated by B in E , we conclude from Lemma I I I . l : for every n € N

there exists a compact operator 5 € /.(i?, E) such that ||S || 5 n and

5 (b) = b for a l l b € S . From

H = R o S + i?(j-S ) for al l i? € nTo ,„>
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T(l/n)Sn(U) -
 nTU + TBn •

K = U (l/n)S (U)
n

we conclude

Defining

we get

0 0 n€N n 0 n€N n

Since S (U) is a compact subset of r\U , the set K u B is also
n u

compact, and Theorem III.3 is proved.

From Lemma II.1 it follows immediately:

PROPOSITION III.4. A Banach space E has the bounded approximation

property if and only if the set LE ® E of all operators of finite rank is

dense in L (E, E) .

Together with Theorem III.3 this proposition implies:

THEOREM III.5. Assume E is a Banach space with the bounded

approximation property. Then we have '-CO(
£'J F) = (*- (E, F)) for every

Banach space F .

IV. Nuclear spaces

Let us remember that the bi-equicontinuous tensor product L {E) ® F

can be considered as a subspace of ^ (E, F) - N o w i n some cases it is

possible to show that the topology of ^C0(B) ® F is finer than the

topology induced by [L (E, F)) . If, in addition, LE ® F is dense in

L (£, F) and Ln(E) ® F = L (E) ® F , then we have
C CO E C.0 7T

(L (E, F)) = L {E, F) . For this reason we examine nuclear spaces in

this section. We will prove [L {E, F)) = '-£,0(B, F) if E is a nuclear

(DF)-space and F is a Frechet space or if E is a nuclear Frechet space

and F is a Banach space. Finally we will show
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K K - '0)T *
 Lc.fR°- h

where R is an uncountable product of R and I is the Banach space of

a l l absolutely convergent series.

PROPOSITION IV.1. Assume that on LE ® F the topologies induced by

(L (E, F)) and L (E, F) agree and assume that LE ® F is dense in

L (E, F) . Then we have

, F) .

Proof. For every closed O-neighborhood W in [L (E, F)) there

exis t a precompact subset K <z_E and a convex, circled O-neighborhood V

in F such that

{g : g d LE ® F, g{K) c V] c W .

Let T € L(E, F) be an operator with T{K) C %V . Choose a f i l t e r $

converging to T in L (E, F) which contains LE ® F . Since $

converges to T in 1. (£, F) one can find an G Z $ with

(G-T)(K) cH<eV . This implies G n (LE ® F) c W . Since W i s closed,

T belongs to W and therefore we have proved [L (E, F)) = L (E, F) .

LEMMA IV.2. The adherence a{LE ® F) , taken in L (E, F) , contains

every nuclear mapping T from E into F .

Proof. For every nuclear mapping T there exist an element

X = (X ) , | . 6 L , an equicontinuous subset {c, : n (. N} of LE and a

bounded subset {y : n € N} of F , such that

^ I {) for a11 x € E '

Let V be a convex, c i rc led O-neighborhood in F and l e t x be an

element of E . There ex is t s an r € IN such that

T(x) - £ X C(x)y c %K for a l l m > r .
n=l n n
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Moreover there exist a O-neighborhood U in E and a rea l number u > 0

such that C, ((/) c [ -1 , l ] and ]iy € %V for a l l n € N . For each

m > r we have

m m
r(x) - 1 xn5n(x4V||x|r1y)j/nc%7- £ x^di l lxirV)^

c %7 + , j [ _ i , 1] £ A ||X|| x y n c %7 + %V c 7 .
M = l

\m \
Therefore the sequence £ X C ® y converges to T in L (E, F) .

To prove the next lemma let us first mention a result of Brauner [4]:

le t E be a dF-space and P a Frechet space. Then a subset P is

relatively compact in ^co(f> ^) i f a n d o nly i f there exists a

O-neighborhood U in F such that P(£/) is relatively compact in E .

Recall that E is called a df-space if and only if there exists a Frechet

space H such that E is isomorphic to '-CC((#) • Together with Lemma

II.8 this result implies:

LEMMA IV.3. if E is a dF-space and F a Frechet space then we

have (F®c LCE)T = F 0^ L^E) .

THEOREM IV.4. Let E be a dF-space, F a Frechet space and assume

that E or F is nuclear. Then

(LcU, F))T = Lco(E, F) .

Proof. The mapping 0 : L E x p -*• L (E, F) defined by

[©(?, y)](x) = C(x)j/ for a l l x i E , y € F and Z € LE , i s continuous.

Therefore G induces a continuous mapping from [L E ® F) = L (E) ® F

into (L (E, F)) . Since E i s nuclear i f and only if L (E) i s

nuclear (see [4]) we get I-CO(E) ®^ F = l-aQ(E) ®£ F . But LC(J(E) ® F is

a subspace of '-co(^> "̂) which implies that on LE ® F the topologies

induced by [L^E, F))T and ^ ( f f , F) agree.

If F i s nuclear, Grothendieck has shown in [ 9 ] , Chapter I I , §2,
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no. 1*, that every T (. L(E, F) is nuclear. If E is nuclear we argue as

follows: by the preceding remark every T € L(E, F) i s compact. Let U

be a convex, circled O-neighborhood in E such that T(U) is compact in

F . Let B be the Banach space U nT(U) with unit ball T(U) . Now T
n€M

is a continuous mapping from E into B . Since E is nuclear, T is a

nuclear mapping from E into B and therefore also a nuclear mapping from

E into F . Proposition IV.1 now implies {LC(E, F)) =
 L
C0(E, F) .

We have shown in the proof of the corollary of Theorem II.7 that a

nuclear (ZJF)-space is a dF-spa.ce. Therefore we get:

COROLLARY. Let E be a nuclear (DF)-space and F a Frechet space.

Then (Lc(£, F))T = L^E, F) .

PROPOSITION IV.5. For every complete locally convex topological

vector space E and for every Banach space F the topology of

/.(ff) ® F is finer than the topology induced on LE ® F by

Proof. Let U be the O-neighborhood f i l te r in E , B the family

of a l l f in i te subsets of E and V = {y : y € F, \\y\\ 2 l} . For every

s u b s e t MCE d e f i n e TM = {T : 1 € L(E, F), T(M) c V] . L e t W b e a

O-neighborhood in (L (E, F)) . For every !/ (U the f i l te r generated by

{TJJUB : S € 8} converges to 0 in L (E, F) , which implies that, for

every U € U , there exists a B.. i B with T.. S w • Therefore the

convex hull C of U T is contained in W . Moreover, the convex
Uut!U

h u l l D of U [U u S ) ° i s a O-neighborhood in [l (E)) = L (E)
UiU C x CO

where the polars are taken with respect to the duality < LE, E> . We will

now show D ® V c_C c_ W . Choose C € D and y i V . By definition of

D we have
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. e [U. u B ) ° , 0 < X. € R for 1 £ £ 5 r andwith ?.

X + . . . + X = 1 . Since

( ^ ® y) [Ui u Sy ) = ^ ( ^ u By Jy c [-1, l fo c V ,
If if

we have (c • ® J/) f Tj, fl for 1 5 £ < r and

^

r

THEOREM IV.6. If E is a nuclear Frechet space and F a Banaah

space then {Lc(E, P))T = L^E, F) .

Proof. By Proposition IV.5 the topology of L (E) ® F is finer

than the topology induced "by (L (E, F)) . Since '-(10(£') i s nuclear we

have '-C1O(£') ®_ F = *- (E) ® F . Therefore the topologies induced on

IE ® F by '-co(£', F) and {L^(E, F)) agree. Since E is nuclear,

every T € L(ff, F) is nuclear. Now Proposition IV.1 and Lemma IV.2 imply

In the following example we wi l l show that there exist a complete,

nuclear, barrelled space E and a Banach space F with

(L (E, F)) t L (E, F) . Therefore L Q{E, F) carr ies not always the

s t r i c t topology generated by the topology of pointwise convergence on

HE, F) .

EXAMPLE. Let D be an uncountable set and l e t H be the family of

a l l f in i t e subsets of D . Define R. = R for a l l £ € D . Let us denote

by ind. and ind-j- the inductive l imit taken in the category of a l l

convergence spaces and in the category of a l l local ly convex topological

vector spaces respectively. Then we have

and therefore
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T
k(:D

Since every T € L\~\ f R., lA has f i n i t e rank and s ince for every H € H
L-en v L>

we have

it is easy to see that

LJTT V 0 = indL L \jjR., l^ = indL

This implies

Since L (R ) i s not nuclear, we have

h -
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