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Let k be an algebraic number field of finite degree, and / a rational prime

(including 2) k and / being fixed throughout this paper. For any power Γ

of /, denote by Cn an arbitrarily fixed primitive ln-th root of unity, and put

kn = k(ζn). Let r be the maximal rational integer such that ζr&k i.e. kr = k

and kr+i^k.

S. Kuroda [7] shows that the decomposition law of rational primes in

some absolute non-abelian normal extension is determined by the rational 22-th

power residue symbol of Dirichlet, to which A. Frohlich [1] gives a more

general apprehension. L. Redei defined in [8] a new symbol, which he called

"bedingtes Artinsches Symbol" (restricted Artin symbol), and he established

in [9] a theory concerning Pell's equations by means of this symbol.

In the present paper, we define in § 1 the " restricted /n-th power residue

symbol", which is related to the restricted Artin symbol in the same manner

as the ordinary power residue symbol to the ordinary Artin symbol. The

restricted Γ-th power residue symbol is a generalization of Dirichlet's symbol

mentioned above. So we investigate some meta-abelian extensions over k, for

which the decomposition law of prime ideals of k is given by means of the

restricted Z"-th power residue symbol. More precisely, let A/k be an abelian

extension over k and S M a kummerian extension of A obtained by adjoining

to A the Γι-ύi roots ω, of numbers β, in k (i = 1, . . . , t). We call a normal

subfied M of $ a k-meta-abelian l-field over k, or simply k-meta-aeblian, if M

contains all the Zw*-th roots of unity. Then the decomposition law of prime

ideals of k in a ^-meta-abelian /-field is determined. This result is a generalization

of that of Kuroda [7] concerning P-meta-abelian 2-field over P, P being the

rational number field.
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§ 1. Preliminaries

For a prime ideal p of k prime to /,υ a number a of k prime to p, and a

rational integer n, the restricted Γ th power residue symbol -~ I is defined

recursively as follows:

For n^O we set Γ—1 = 1.2) For n^l and r > 0 the symbol Γ-̂ -l is de-

fined only when -~ = 1, and, if this condition is fulfilled, we put ~-
L p Λn-r L P Λn

= C? where a

ί2η??~1)/ίn == ζf (mod. p), μ being the smallest natural number with

Γ\Np? -1 (we denote here by N, as well hereafter, the absolute norm). For
n^l and r = 0 the symbol Γ—1 is defined only when a

iNpP~1)/In = 1 (mod. p),
i p j n

and in this case we put ί-f-1 = 1 . Since all the Γ-th roots of unity are incon-
l p Jn

gruent each other mod. p owing to Cr£&, the symbol —- is uniquely defined.

For an ideal in of k prime both to a and / with the prime ideal decomposition

m = p{*. . . pi we set Γ-f-1 = Γ J t... Iff, when each Γ f ] (ί = 1 , ί)
L ITl J n L pi Λn I p( Jn L p, J «

is defined.
Now, from the definition follows immediately

LEMMA 1. We have (—) = — for 1 ^t ^ r, where the left-hand-side
\ p //< L p M

is the ordinary f-th power residue symbol mod. p in k.

LEMMA 2. Let Ω be a normal extension over k', pa prime ideal in k> not

ramified in Ω and ty a prime divisor of p in Ω. Let further f and / " be the

degrees^ of p with respect to Ωjk> and to kn/k, respectively. If a number

a in k satisfies \-~\ = 1 in Ω, then putting K -flf\ we have

[fHτI
1) Throughout this paper we always assume that p is prime to /.
2 ) T h e s y m b o l j ~ l is defined for n^Q on ly for t h e s a k e of s i m p l i f y i n g t h e

definion.
3 ) By the degree of a pr ime ideal p of k wi th respect to a normal extension Q/k we

mean, as usual, the number/ such that Λ̂ Ω//i ̂  = p/, ? being a prime divisor of p in Q,
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ON META-ABELIAN FIELDS OF A CERTAIN TYPE 1()Γ>

tvhere the left- and right-hand-sides are the restricted ln th power residue symbol

in Ω, and in k, respectively.

Proof. For n == 0, (1) is clear. For n ^ 1 we have [g r I = £ϊ» where x

is determined by a(Nvfl~1)I>ι = ζr (mod. $) , /i being the degree of β̂ with respect

to Ωn/Ω. Since both sides of the congruence are numbers of k, a

{SV/l~l)lln = C?

(mod. p). Putting iVΩ/*Φ = p\ we have f =fif2. Putting further Npf" = 1 + s/n,

( i V φ Λ - l ) / / n = (Npf' - DIΓ = ( ( i V / " ) * - 1 ) / Γ = ( ( l + s / n r - 1 ) / Γ - s/c

= κ(Npf" - D / Γ (mod. sΓ). Since a9'" = Λ ^ " " 1 = 1 (mod. p), by definition,

Now, if / is a character of the Galois group of an abelian extension

we call simply X a character of A/k, and set Z(m) = z ( ( -• '- j), where

/ A/k \ . + u Λ .. u f

(̂  -- τ ) is the Artm symbol.

Let ?(, 23 and S be subgroups of an abelian group ® and ?l a subgroup

of S®. We call 91 an Γ-subgroup of SS, if for any aE:s}{ there exist ^ G s ί and

c 6 δ such that α = ̂ c and ftlΓe9ί.

Now let Λ and B be two abelian extensions over k 9ί and 33 their Galois

groups and Φ and Ψ their character groups, respectively. Then the Galois

group % of AB/k is isomorphic to a subgroup of the direct product of % and

33, and the isomorphism is given by a-* (aA, σu), where i £ 6 , σA = restAB-*A<J

and i7̂  = rest^^-^^c;. By setting

(2) <fφ(σ)-=(f(σA)φ(σβ) for ψ

we can imbed Φ and ?Γ in the character group X of @. If we define the

homomorphism c of ΦxF* (direct4 )) onto X by

(3) c(<pxψ)=<fψ for ψxψEiΦxΨ

the character group X of © is induced from Φ x Ψ by the homomorphism c.

Furthermore the character group of 9IS/33 is induced from Φ by the isomorphism

λ = λk+B of Φ/ΦΓ\Ψ^ΦΨ/Ψ, i.e.

(4) iλk^sψ) («) = fUA)

where aA = rest ^Λ^Jα for α e®(Λβ/JB).

4} Throughout this paper the notation x means the direct product.
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LEMMA 3. Notations being as above, if Xι is an lr-subgroup of Φx Ψ, then

Xι - >ΛXi) is an ΐ'-subgroup of ΦΨ. If X'ί is an lr-subgroup of ΦΨ, then there

exists an lr-subgroup Xι of Φxψ such that c(Xi) = X'ΐ\

Proof, (i) Let Xi be an Γ-subgroup of ΦxΨ. Let further Z* = cψeX*9

<fGΦ, ψ&Ψ:'/r =:('/), '/^<fiXψι<aXi, <fi<ΞΦ, φiEiΨ', and c(ψi) = ψψo. Then

dψi) ^Ψϊό1 and by the assumption ψΓ e Xι. Hence Z* = <fψ = (ff0) (ψ<fόλ),

<f<fo e Φ, ^fo"1 e ?Γ and (γr^o)/Γe AΊ*. Therefore X* = KXi) is an Γ-subgroup

of ΦΨ.

(ii) Conversely, let .Y* be an Γ-subgroup of ΦΨ. If we denote by Xx the

group consisting of all <f x ψ & Φ x Ψ such that <fψ e X* and c^/r e A"*, then

obiousely r(JYi) = X*, and JYi is an Γ-subgroup of ΦxΨ.

§ 2. Fundamental lemma

Let if = kn (ωj, . . . , ω/), where ω, is an /W/-th root of ai&k (i=l, . . . ,t)

and w = max(wi, . , . , nt) \ A an abelian extension over k containing kn I Φ

and Ψ the character groups of A/kn and of Klkn respectively and X ^ ΦΨ

the character group of AK/kn in the sense of (3). If we define ψi by

(5) ψi(a) = ω*/ωi for every ore(§>(K/kn),

the character group Ψ of ϋf/Λw is generated by all such ψi (i = 1, . . . , £).

Let ί/σ be a representative of tfG©(*Λ/*) in <3(A/T/Λ). Put U;ιaUa = aσ

for α ε @ ( M / U and Γ ( α ) = Z(ασ) for Z e l If Z = ψψ, <f G Φ, ί 6 f , then

we have

(6) Γ ( α : ) = ^ σ ( α : )

since Zσ(αr) = f0(α:σ) = (fia^ψiai) = f (α^)^σ(ακ). On the other hand we may

write ωϋiσ-ωibiyO for some bi.o&kn, because (ωfVω/)7^ = αfσ/«/ = 1. By com-

paring ωjσa0 andωfσ, we see ψi(a°) = ^ ( α ) C σ , hence c^σ(α:) = ψ(a)ι'° for any

c/'G "̂. Let /μ be the order of ψ, and c an integer determined by Cμ = C£. Then

we have

(7) 0σ(α:)=0c(α:).

Put m = μ- r, and assume w>0. Then (Cμ"*)σ = CjΓ for any a&®(kjk). Hence

we have
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(8) C - 1 Ξ O (mod. Γ) for any ί e©(*«/*) .

It is clear that (8) holds for m ^ 0. Now, again assume m>0. Then since

ζι*φk for any positive integer x < m, there exists <;£ <$(kn/k) such that (Cμ)σ

=V C/f for any positive integer x < m. Hence if μ > r,

(9) c - l ψ O (mod. Γ"fl) for some *£©(&,/*).

Now we prove the following fundamental

LEMMA 4. Notations A, K, Φ, Ψ and X being as above, let M be a subfield

of AK over kn, and Xo the subgroup of the character group X - ΦΨ of AKIkn

corresponding to M. If M is a k-meta-abelian I field over k, then Xo is an Γ-

subgroup of ΦΨ, and conversely.

Proof. By the assumption, AKD MD k,u therefore in order that M is a

&-meta-abelian /-field over k, it is necessary and sufficient that M is normal

over k. Put ξ> = ®(AK/M).

(i) Suppose that M is normal over k, i.e. £>σ = 0 for any a&&(kn/k).

Then, by (6), <fψGX0 implies <fψaGXo, hence ψnψ~]€:X0. Let V be the order

of ψ. If μ > r, then by (7), (8) and (9), ψnψ~ι = ψc~ι = {ψι''Ϋ for some a e ©

(ftrt/fe), where (> , Π - 1. Hence Ψ1'ΈLX*. If μ ^ r , trivially </'eX 0 . Therefore

JYo is an Zr-subgroup of Φ?/.

(ii) Conversely, suppose that XQ is an Γ-subgroup of ΦΨ, Let Z G X 0 ) then

there exist f e ^ and ΦE:Ψ such that '/ = <fψ and / e l o . On the other hand

by (6) 'Γ = ψψ0 for any *e©(&»/*), and, by (7) and (8), φ* = ψc, where c - 1 Ξ 0

(mod. V). Hence X* = <fφ"GXQ. Therefore ξ)α - £> for any σ<a®(kn/k). Thus

the lemma is proved.

§3. Theorems

Denote by {#} the cyclic group generated by a e A, and set {#}„ = {a)!kln

Γ\{a). Let ^ be a generating character of kΛω)/kn, ω being an /"-th root of a.

If we denote by {ψ} the character group of kn(o))/kn, we see {a)n^{ψ}. Thus,

denoting by [Λ],, a generating class of {a}n, we can identify M « with ^.

Let K-kn (cou . . . . ω/), where ωι is an /'l£-th root of ai&k (z = l, . . . , f)

and w = maxί ίi, . . . , « ; ) ; ?/;' = {«ι}rtlx . . . x {at}?ιt', A an abelian extension

over ^ with the character group 0, Put X=ΦxΨ, Then the character group
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X* of AK/kn and the group X correspond each other by means of (2) and (3),

restricting Φ to Akn/kn. Therefore by lemma 3 and lemma 4 we have

THEOREM 1. Every k-meta abelian I-field M over k corresponds to an

lr-subgroup Xo of Φ* x Ψ, where Φ* is the restriction to Akn/kn of the character

group Φ of an abelian extension A/k and Ψ = {ai}ni x . . . {at)»t for ai €Ξ& and

for natural numbers m (i = 1, . . . , i) and conversely.

Notations being as in theorem 1, let p be a prime ideal of k not ramified

in Mlk ty a prime divisor of p in kn. If /o is the degree of p with respect

to kjky then by the translation theorem of the class field theory we have for

any integer x

(10) φ*(φ) - (λk-ktf) ( r ) = ψ(Nkn,kψ) = <f(Pf°x),

λk->kn being as (4). For ψ = φXi x . . . xψ? e Ψ, ψi = ίaβni (i = 1, . . . , t), put

n = max(wi, . . . , m) and a = Παf*/n"M<. Put further K = &«(ωi, . . . , ωt), ωι

being an /M*-th root of ai (i = 1, . . . , ί), and ψ* = f(0), ί being the homomorphism

of Ψ onto the character group of K/kn by means of (3). Then ψ*(ψ)

= ( w ) Moreover by lemma 1 0*($*) = Γ-̂ -T in ft*. If ^ ( φ * ) = 1, then

by lemma 1 ψ*ίr(φ) = Γ-̂ - f = 1, hence by lemma 2

(ii) * W >

where the last is the symbol in k. Now we define ψ(ρx) by

(12) ψ(px) = ["41*.

and, for Z = ̂  x ^ e 0 x ^, Z(^) by

(13) 7ΛPX) = <PUX(P)ΦX(P).

THEOREM 2. L f̂ M be a k-meta-abelian l field over k corresponding by

theorem 1 to an V-subgroup Xo of Φ x ST. Then the degree of a prime ideal p

of k, not ramified in Mlk, is equal to f = /0/i where / 0 and /Ί αr£ f fee smallest

integers such that Γ\Npfo-l and 7Λpfl) = 1 for all Z e l o , respectively.

Proof. s$ being a prime divisor of p in,£ r t , the degree of p with respect

to Mlk is equal to the product of the degrees of p with respect to kjk and of

φ to Mlkn. Since the former is equal to /Ό, we have only to show that the
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degree of $ with respect to M/kn> i.e. the smallest number x such that Z; (̂ βv)

= 1 for all Y^^Xt = ((Xo) is equal to flm By theorem 1 and lemma 3, '/!:e Xt

implies Z* = <f*ψ* and φ^f GΞ Zo* for some ψ e $ and for some 0 e 3Γ. On the

other hand, by (10), (11), (12), and (13) we see that 7Mψ) - 1 under the

condition ψ^iψ) - 1 if and only if Z(p*) = 1. Furthermore, by (11) and (12)

ψ-'*r(ψ) = l if and only if ψf(px) = 1. Whence the theorem follows immediately.
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