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Abstract

Conventional preytaxis systems assume that prey-tactic velocity is proportional to the prey density gradient.
However, many experiments exploring the predator—prey interactions show that it is the predator’s acceleration
instead of velocity that is proportional to the prey density gradient in the prey-tactic movement, which we call
preytaxis with prey-induced acceleration. Mathematical models of preytaxis with prey-induced acceleration were
proposed by Arditi et al. ((2001) Theor. Popul. Biol. 59(3), 207-221) and Sapoukhina et al. ((2003) Am. Nat. 162(1),
61-76) to interpret the spatial heterogeneity of predators and prey observed in experiments. This paper is devoted
to exploring the qualitative behaviour of such preytaxis systems with prey-induced acceleration and establishing the
global existence of classical solutions with uniform-in-time bounds in all spatial dimensions. Moreover, we prove
the global stability of spatially homogeneous prey-only and coexistence steady states with decay rates under cer-
tain conditions on system parameters. For the parameters outside the stability regime, we perform linear stability
analysis to find the possible patterning regimes and use numerical simulations to demonstrate that spatially inho-
mogeneous time-periodic patterns will typically arise from the preytaxis system with prey-induced acceleration.
Noticing that conventional preytaxis systems are unable to produce spatial patterns, our results imply that the prey-
taxis with prey-induced acceleration is indeed more appropriate than conventional preytaxis to interpret the spatial
heterogeneity resulting from predator—prey interactions.

1. Introduction

To precisely characterise the population dynamics for actively dispersing species, both random and
directed movement (i.e., advection) should be considered. In the conventional framework of reaction—
diffusion—advection models, the advective velocity of migrants is usually assumed to be proportional
to the gradients of various biotic or abiotic stimuli, which is termed ‘taxis’, such as chemotaxis if the
stimuli are chemical substances or preytaxis if the stimuli are food sources. However, there are many
observations of the dependence of individual acceleration on the stimulus gradient. For instance, accel-
eration vectors of individuals in fish schools (cf. [36]) and in swarms of flying insects (cf. [37]) are
directed towards the centroid of such dynamically stable formations, the moving flea-beetles modify
their acceleration in response to food patch quality (cf. [19]), individual fish in schools adjust their vari-
ation of velocity according to the difference between ambient and preferred temperatures (cf. [11]), and
the average velocity is directed by the increasing individual reproduction rate in species clustering (cf.
[12]). In these observations, the directed movement of individuals is not determined by the velocity
itself but by the velocity variation (i.e., acceleration) which is proportional to the gradients of stimuli.
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We shall call such directed movement preytaxis with prey-induced acceleration in the sequel. To under-
stand the phenomenon of accelerated predator movement along the prey density gradient observed in
Kareiva [19] and Winder et al. [51], the following reaction—diffusion—preytaxis model was proposed in

[6, 40]:
u, =d,Au—V - (uw) + oqug(u,v) — puh(u), xec,t>0,
vi=d,Av+f(v) — aug(u,v), xeQ,t>0, (L.1)
w,=d,Aw+ yVv, xe,t>0,

where 2 CR” (n>1) is a bounded domain with smooth boundary, u = u(x, t) and v = v(x, ) repre-
sent predator and prey densities at location x and at time ¢, respectively, the vector-valued function
w = (w,wy, -+ ,w,) denotes the velocity of predators, and Aw = (Aw,, Aw,,--- , Aw,). d,, d,, d,,
o, n and y are positive constants. g(u, v) is called the trophic function (or functional response) rep-
resenting the consumption of prey assuming a given number of predators, i(u) is the mortality rate of
predators and f(v) denotes the growth function of the prey. There are many possible forms for the trophic
functions g(u, v) in different ecological applications, and the most commonly used include Holling type
I (also called Lotka—Volterra) and Holling type II functional responses, and a summary of possible
trophic functions can be found in a monograph [33]. The mortality rate function of predators is typi-
cally given by h(u) = 1 4 6u with 6 > 0 representing death due to intraspecific competitions. The prey
growth function f(v) is usually described by a logistic or bistable function. The first equation of (1.1)
asserts that alongside the random diffusion the predator has an advection with the advective velocity w,
where the temporal variation w, (i.e., acceleration) is proportional to the prey density gradient (with a
proportional constant y) perturbed by a diffusion term d,, Aw (see the third equation of (1.1)) accounting
for some social behaviours of species such as intraspecific competition for space or schooling effects
equalising the speed and direction of neighbouring predators [11] (see more modelling details in [6,
40]). The preytaxis system (1.1) with prey-induced acceleration can generate spatiotemporal patterns
(cf. [6, 40]) qualitatively consistent with the observed spatiotemporal heterogeneity in experiments in
[20, 36, 37]). However, the conventional preytaxis systems featuring Lotka—Volterra interactions, where
the advective velocity of the predator is directly proportional to the prey density gradient (i.e., w ~ Vv,
cf. [9, 13, 20, 43] for instance), fail to achieve this explanatory power (cf. [18] or see discussions in
Section 4.3.1).

There are plenty of interesting mathematical works carried out for the conventional preytaxis systems,
for example, travelling wave solutions [25], pattern formation [8, 15, 26, 28, 48, 49], global solvability
and stability [1, 3,7, 30,41, 44, 45, 53, 54], where different g(u, v), h(u) and f (v) may be used in different
works. In contrast, the preytaxis system (1.1) with prey-induced acceleration determined by the prey
density gradient was rarely studied in the literature except in a few preliminary studies as recalled below.
First, by assuming that predators’ reproduction and mortality are negligible in comparison with the
timescale of migration (i.e., « = u = 0), Arditi et al. [6] conduct the linear stability analysis of (1.1)
with g(u, v) =v (Holling type I trophic function) around the homogeneous equilibrium (i, 0, 0) with
u= ﬁudx in a two-dimensional parallelepipedic box €2 with the zero-flux boundary condition and find
that the model can produce spatial heterogeneity, in contrast to the conventional preytaxis system from
which no spatial heterogeneity can arise. Later on, the work [40] performs the linear stability analysis
for the model (1.1) with Holling type II trophic function g(u, v) = 75, where § > 0 is a constant, and
numerically finds the limit cycle (periodic patterns) in an interval = [0, L] with the zero-flux boundary
condition u, = v, = w = 0. When h(x) = 1, Chakraborty et al. [8] conduct the linear stability analysis for
(1.1) in an interval with a variety of trophic functions g(u, v) alongside numerical simulations showing
the chaotic or cyclic patterns. For the Beddington—-DeAngelis-type functional response, Thakur et al.
[42] perform extensive simulations for €2 = [0, L] show that increasing the value of preytaxis coefficient
y (from the bifurcation value) drives the system to exhibit chaotic behaviour, while increasing the value
of random diffusion of the predator brings the system to recover from a disordered state to an ordered
state. Similar observations in one dimension are observed in [39] for Holling type IV functional response
(Michaelis—Menten inhibitory kinetics).
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From the aforementioned results for the reaction—diffusion—advection system (1.1), we see that the
existing analytical works are confined to the linear analysis and no results on the global or nonlinear
dynamics seem to be available as far as we know. The goal of this paper will be to explore the global
dynamics of (1.1) with prey-dependent trophic functions. Specifically, we shall consider system (1.1) in
the following form:

u,=d,Au—V - (uw) + auF(v) — pu, xe€Q,t>0,

v, =d,Av+f(v) — auF(v), xe,t>0,

w,=d, AW+ yVv, xeQ,t>0, (1.2)
Vu-n=Vy-n=0, w=0, x€08,t>0,

(u, v, w)(x, 0) = (ug, vo, Wo)(x), xeQ,

where 2 C R" (n>1) is a bounded domain with smooth boundary and n is the unit outward normal
vector of dQ2. Writing d,Au — V - (uw) =V - (d,Vu — uw), we find that the above boundary conditions
give rise to the zero-flux boundary conditions meaning that both predator and prey live in a closed habitat
and cannot cross the boundary.

In the present paper, the initial data (u, vy, Wo) are supposed to satisfy

o (x), vo(x) 2 0, ug, v € W2 (Q), wolx) € [WH()]™ (1.3)

Moreover, we suppose that the trophic function F(v) and the growth function f(v) satisfy the following
hypotheses:

(H1) F(v) e C¥([0, 00)), F(0) = 0 and F(v) > 0 in (0, 00).

(H2) f € C*([0, 00)), f(0) =0, and there exist two positive constants n, K such that f(v) < nv for v >0,
f(K)=0and f(v) <0 forv>K.

We remark that the above assumptions for F(v) and f(v) have covered a large class of typical examples

such as:
F(v) =v (Lotka-Volterra type or Holling type I),
Fv)= )LL-i—v (Holling type II),
F(v)= Holling t 110),
) i (Holling type III)
and
f) = nv(l - %) (Logistic type),
OET V)(V 1) (Allee effect type)
= =)l ee effec e
v 77V K L YP )

where A, « and L are positive constants withk > 1,0 <L < K.

In this paper, we shall establish the global existence and stability of classical solutions of (1.2) with a
generic prey-dependent trophic function, refine the linear analysis to identify the parameter regimes for
pattern formations and use numerical simulations to demonstrate the spatiotemporal patterns generated
by (1.2) implying that the preytaxis with prey-induced acceleration is more appropriate than the con-
ventional one to interpret the field observation of spatially heterogeneous coexistence in predator—prey
systems. The first main theorem stated below asserts that the problem (1.2) has a global-in-time classical
solution which is uniformly bounded with respect to time in any spatial dimensions.

Theorem 1.1. Let n > 1 and the hypotheses (H1)-(H2) and (1.3) hold. Then the problem (1.2) has a
unique global classical solution (u, v, w) satisfying

ux,t)>0and 0 <v(x,t) <m forall (x,t) € Q x (0, +00),
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and

limsupv(x,f) <K forallxe Q,

t—>—+00

where the positive constant m is defined by:
m=max{|[vol ;=) K} . (1.4)
Moreover, we have
el ooy + 1VC-s Ollwreoi@y + IWC, Dl wreey < C - forall £ > 0.
where C > 0 is a constant independent of time t.

In the following, we shall present the global stability of non-negative constant prey-only and
coexistence steady states. The system (1.2) has three possible constant steady states (uy, vy, W,):

0,0,0),(0,1,0), if « F(K) < pu,
(1, vy, W) = (1.5)
0,0,0),(0,1,0), (u,,v,,0), ifaF(K)> pu,

where (0, 0, 0) is the trivial steady state (i.e., extinction steady state), (0, 1, 0) is the semi-trivial steady
state (called the prey-only steady state) and (u,, v,, 0) is the coexistence steady state with u,, v, >0
determined by the following algebraic equations:

aF(v)=p and pu, =fv,). (1.6)

Note that the non-negative constant steady states of w is 0 due to w =0 on 9€2.
For the global stability of steady states given in (1.5), except the hypotheses (H1) and (H2), we need
additional assumptions for F'(v) and the compound function:

as follows:

(H3) F'(v) > 0in [0, 00).

(H4) ®(v) € C'((0, 00)), ®(0) =Ilim,_ o+ ®(v) >0 and ®'(v) <0 in (0, o).

It follows from Theorem 1.1 that there exists some T, > O such that

0<vix,)<K+1 forall (x,1) e Q x (T, +00). (L.7)

Then, F'(v) reaches its positive minimum in the interval [0, K + 1] and F*(v) has an upper bound in the

interval [0, K + 1] for > Ty, Let

F ()

F2(v)’

then ¢, > 0 is a constant independent of the initial data. We shall also use the following Poincaré constant
for the domain Q:

Cr(Q2) =inf{C > 0|l|@l20) < C Vol 12 for all @ € (W, ()"} . (1.9)

co= inf ]\Il(v), where W(v) = (1.8)

vel0,K+1

In the case of «F(K) > 1, we have global stability of the coexistence steady state.

Theorem 1.2. Assume that «F(K) > . Let n > 1 and the hypotheses (H1)—(H4) and (1.3) hold, and let
(u, v, w) be the solution of (1.2) obtained in Theorem 1.1. If

2 2
M* Ot)/ CP(Q)
d, —_—t — ) —, 1.10

- (4dl, + dvcou> 2 ( )

then the coexistence steady state (u., v, 0) is globally asymptotically stable.
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Remark 1.1. The positive number <4“7 + %) @ on the right side of (1.10) is determined and

can be estimated once the domain 2, parameter values and the tropic function F(v) are specified.
For instance, if F(v)=v (Holling type I) or F(v) = ﬁ (Holling type Il), then the constant ¢, > 0 is
determined by:

F 1 1
W _

Co = inf \I’(V) = 2 = m

mn — = 1m
vel0,K+1] velo.K+11 F2(v)  vel0k+1]

1
For an open bounded set Q CR", Cp(2) < %( irg sup |x —y|> ’ (cf. [27, Exercise 13.22]). Moreover,
xelR" yeQ

Cp can be specified in some special cases, such as Cp =L if Q is a unit isosceles right triangle (cf.

[22]). )

Remark 1.2. Consider a special case: w is a conservative vector field with w = V¢ for some scalar
potential function ¢ € C' (). Then the system (1.2) can be written as an indirect preytaxis system as

follows:
u,=d,Au—V -uVeo)+auFv) — uu, xeQ,t>0,
vi=d,Av+f(v) — auF(v), xe,t>0,
¢ =d,Ap+ yv+ A, xeQ,t>0, (1.11)
Vu-n=Vyv-n=V¢ -n=0, x€d2,t>0,
(u, v, §)(x, 0) = (uy, vo, Po)(x), xe2

for some constant L, € R. Recently, there are some works for the above indirect preytaxis model with
Lo = 0 for different functional response functions (cf. [1, 2, 31, 46, 55, 56] and references therein). In
this sense, the indirect preytaxis system can be regarded as a special case of (1.2) when w is a gradient
field.

In the case of ¢ F(K) < u, we have the global stability of the prey-only steady state.

Theorem 1.3. Assume that o F(K) < 1. Let n> 1 and the hypotheses (H1)-(H4) and (1.3) hold, and
let (u, v, w) be the solution of (1.2) obtained in Theorem 1.1. Then for any positive parameters d,, d,,
d, and vy, the prey-only steady state (0, K, 0) is globally asymptotically stable. Moreover, if a F(K) < [,
then (0, K, 0) is exponentially stable, that is, there exist positive constants C, A and T, such that

At

lull ooy + 11V = Kllzo@) + Wil < Ce™  forall £ > T.

The rest of this paper is organised as follows. In Section 2, we establish the existence of globally
bounded classical solutions of (1.2) by extending local solutions with the a priori estimates of solu-
tions derived. In Section 3, we show the global stability of coexistence and prey-only steady states by
constructing Lyapunov functionals along with some compactness arguments. In Section 4, we conduct
linear stability analysis to identify the parameter regime for the pattern formation and perform numerical
simulations to show that the preytaxis system (1.2) with prey-induced acceleration will typically gen-
erate spatially inhomogeneous time-periodic patterns which are well consistent with the experimental
observations.

2. Global existence and uniform boundedness

In this section, we shall establish the global existence and boundedness of solutions to (1.2), which
consists of local existence and some a priori estimates of solutions. Before proceeding, we introduce
some notations frequently used in the paper.
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Notations.

« Without confusion, we shall abbreviate [, fdx as [, f for simplicity.

o Wedenote by C, C; (i=1,2,3,---)and Cq generic positive constants that may vary in the context,
where C and C; are independent of €2, and C,, depends only on 2.

2.1. Preliminary results

We first use Amann’s theorem of parabolic systems in [4, 5] (cf. also [50, Lemma 2.6]) to establish the
existence of local-in-time classical solutions of the system (1.2).

Lemma 2.1. Let n> 1 and the hypotheses (H1), (H2) and (1.3) hold. Then there exists T, € (0, 00]
such that (1.2) admits a unique classical solution (u, v, w) on [0, T,..) satisfying

u,v € C(Q x [0, T0)) NC*(Q x (0, Ta))
{ we [C(Qx[0,T,.))NC* (2 x (0, T,u))]
and
ux, 1) >0, 0<vix,t) <min Q2 x (0, T,,.), 2.1
where m is given by (1.4). Moreover, there is a dichotomous criterion:
either 7,,,, = 00, or ,_ljg,lﬂ SUP(HM(', D@ + IIVC, Dl + 1WES f)||L°O(Q)) = 00. (2.2)
Proof. Let ¥ = (Y1, ¥, - - - 5 Yupo)” =, v, W) = (ut, v, Wi, Wa, - - - ,w,)" be a (n+ 2)-dimensional

vector-valued function, where K" denotes the transpose of a matrix K. Denote 0,,, by a p-by-g zero
matrix with two positive integers p and g. Let

si = (_wiﬂ,olxi, _WI’OIX(VL—D) , i=1,2,---,n,

be a (n + 2)-dimensional vector-valued function, and

be a square matrix of order (n + 2), where all elements of the (n + 1)-by-(n + 2) matrix P; are 0 except
the (i + 1)-by-2 element is y. Then the system (1.2) can be rewritten as:

¥, =A-AYy+>. D-oy+F, xeQ,t>0,

By =0, x€edR,t>0, (2.3)
¥ (-, 0) = (1o, vo, Wo) , x €,
where
d, 0 0
A=]| 0 d 0
0 0 d,E,

is a constant square matrix of order (n + 2) with E, being the identity matrix of order n, and F is a
(n 4 2)-dimensional vector-valued function given by:

ay F(yr,) — uin
F=| f(Yn) —ay F(yn)
0n><1
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Moreover, the boundary operator 3 is given by:

On

where 0, is the partial derivative with respect to n. Obviously, all eigenvalues of A are positive, and
hence system (2.3) is uniformly parabolic. The local existence and uniqueness of classical solutions
follow from Amann’s theorem [4, Theorem 7.3 and Corollary 9.3] and the blow-up criteria (2.2) follows
from [5, Theorem 15.5].
The positivity of u and v for t € (0, T,,.x) follows from the strong maximum principle. To be precise,

we rewrite the first equation of the system (1.2) as follows:

u,—d,Au+w-Vu+qgx,)u=0, xeQ,t€ (0, Thw),

Vu-n=0, xe€d,te (0, Tha) »

u(x, 0) =uy > 0(£0), xe,
where g(x,t) =V -w — aF(v) + @. By the maximum principle, we know that # >0 in  x (0, Tpa),
we shall show that actually u > 0 in Q X (0, Ty.x). For any (x,, t,) € 2 X (0, T, We can find an open
subset 2, C Q and T, € (0, T,,) such that

(x*’ t*) € Q* X (0, T*) = Q(x*,t*) C Q X (07 Tmax) ’

2.4)
3 xy € 2, such that u(xy, 0) > 0,

where the second condition can be satisfied according to (1.3). By the regularity of g(x, f), we can find
some constant R such that R =inf, _,  g(x, 1), and hence U(x, 1) := efu(x, r) > 0for (x, 1) € 2 x [0, Thax)
satisfies

U —-dAU+w-VU+(qx,t) —RU=0, (x,1)€Qu, 1.

If u(x,, t.) =0, then by g(x, 1) — R >0, U(x,, t,) =0 and U(x, t) > 0 for (x, 1) € O, ,), one can apply the
strong maximum principle [29, Lemma 2.7] to obtain U(x, f) =0 for (x, 7) € 2, x (0, t,). This together
with the continuity of U yields U(x, 0) =0 for x € 2,, which contradicts the second condition of (2.4).
Hence, we have u(x,,t,) #0, that is, u(x,,,) >0 due to u(x,t) >0 for (x,7) € Q x (0, Tp.). Since
(x4, 1,) € Q2 % (0, Tyy) is arbitrary, we have u > 0 in Q x (0, T.). Similarly, using the strong maxi-
mum principle one can show that 0 < v <m in Q x (0, T,,.x). Therefore, (2.1) is proved, and the proof
is completed. O

Lemma 2.2. For all t € (0, Tn,y), there exists a constant C > 0 such that

l[uC. Dl = C.

Proof. It follows from the first two equations in (1.2) that

i/(u+v)+u/u§/f(v) for all ¢ € (0, Tnax)-
dt Q Q Q

By the assumption (H2) and (2.1), we have

d
— / u+v)y+pn / (u+v)< <maxf(v) + ,um> Q] < C forallte (0, Thy),
dt Q Q vel[0,m]
where m is given by (1.4). Therefore, an application of Gronwall’s inequality completes the proof. [
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Since the boundary condition of w in (1.2) is Dirichlet type, we need the following L”-L?-estimates
for the Dirichlet heat semigroup established in [38, Proposition 48.4*, 48.5 and 48.7*].

Lemma 2.3. ([38, Proposition 48.4*,48.5 and 48.7]) Let n > 1 and (¢'*),_ be the Dirichlet heat semi-
group in Q and let ), > 0 denote the first non-zero eigenvalue of —A in Q under Dirichlet boundary
conditions. We have the following properties.

(i) If 1 =q <p <00, then

lez],, 0 < @mny @) ||zl forall £> 0, 2.5)
holds for all z € L1(2).
(ii) Forall 1 <p <oo and all z € L7 (R2), it holds that
||e[AZ||U(9) =< CSZe_M’”Z”U(Q) forall > 0. (2.6)
(iii) For all z € L>(R), it holds that
”VetAZ”Loo(Q) < CQ(] + t_%) ||Z||LOO(Q) fOl‘ al] 1> 0. (2.7)

Next we give some further 17-L-estimates for the Dirichlet heat semigroup, which can be deduced
based on Lemma 2.3 and a similar argument as the proof of [52, Lemma 1.3]. Although some of the
following results seem to be well known, we cannot find precise references in the literature that provide
all estimates that we need for our purpose, and therefore we provide some proof as a complement.

Lemma 2.4. Let ¢'® be the Dirichlet heat semigroup in @ C R" (n > 1), A, > 0 denote the first non-zero
eigenvalue of — A in Q under the Dirichlet boundary condition. Then the following properties hold.

(i) If 1 <q <p <oo, then for any z € LY(R2), it holds that
ezl = Ca(1+6 46D ) el forall >0, 2.8)
and
Ve 2l < CQ(l yrih H)) ezl forall £> 0. 2.9)
(ii) If2 <p < o0, then for any z € W'(Q), it holds
Ve 2l ey < Cae " | Vzllng forall £ > 0. (2.10)
(iii) If 1 < g <p < oo, then forz € (L1(2))", one has

1_n(l_1

||eIAV'z||U)(Q)ECQ<] +t7§77 5717’)) e_)hll”z”Lq(Q) for al]t>0. (2.]1)

Proof. (i) We first prove (2.8). For 1 < g=p < 00, (2.8) is a direct consequence of (2.6). For 1 < g <
p <ooandt<2,(2.8)is a direct consequence of (2.5) since e’ > e fort<2.For 1 <g<p <00
and r > 2, using (2.5) and (2.6), we have

(Fl)AeAZ”U’(Q)

ezl = lle
=< Cﬂeih(kl)”eAZ”mQ)
< Coe™|zllpay forall > 2.

This completes the proof of (2.8).
It remains to prove (2.9). Using the pointwise estimates for the spatial gradient of Green’s function
of e in [23] (see also [32, Theorem 2.2]), we can find constants C,, C,, C; > 0 such that

_ngl _cy bt _1
||V€tAZ||Ll(Q) < Clt er f e @5 dx”Z”LI(Q) < C3t 2 ”Z”Ll(Q) for all t > O, (212)
Q

holds for all z € L'(2). For any ¢ € (0, +-00), define the map 7, on L*(2) for p € [1, 00] by: T,(z) = Ve'*z
for z € I(K2). It follows from (2.7) and (2.12) that for all r > 0, 7, is of weak type (1, 1) and weak type
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(00, 00) (see [10, Section 9 of Chapter 9] for the definitions of weak type and | - |,,, for p € [1, co])
since

1 1
{ 17zl < IVezllip@ < Cst 2|12l @) < C3(1 +1t 2) Izl )
1
[Tzl = Ve 2]l o) < CQ(l +t 2)||Z||L°°(Q)-

Using the Marcinkiewicz interpolation theorem (cf. [10, Theorem 9.1]), we find that 7; is of strong type
(r,r)for 1 <r <oo: [Tzl < C(r, Dz||r), Wwhere

1

Clr, 1= C(%y (a1 +f%))l7 (Cat +f%))‘ @+

Thatis, ||Ve'*z||rq < C(L, r)(l + t’%) 1zl 1+ for 1 < r < oo, where the constant C(£2, r) depends only
on 2 and r. Therefore, this along with (2.7) and (2.12) yields for 1 < p < oo that

IVe 2y < CQp)(1 41 ) zllpe forall£>0, (2.13)

where the constant C(£2, p) depends only on €2 and p.
For 0 <t < 2, we can use (2.8) and (2.13) to obtain

L L
IV 2l = Ve e 2l

< C(l + (f/2)7%) ||e%AZ||U’<9)

1_1

1 n
< Co(t/2) 2D e ™M1 |12 i

1 n(l 1
< Cot 2 3G D) e 2] gy (2.14)

_1 _n(l_1
where we have used 1 < min{(é) s, (é) 2 } This implies (2.9) for < 2. For t > 2, we can use
(2.8) and (2.13) to obtain

Ve zllwe = IVe*e" "zl o) < Calle’ "zl e

1_1

< CQ(l +@—12Gs )e**'“*”llzllmm
< Coe " Vliz]| Laey-

This together with (2.14) proves (2.9).
(ii) Recall that the following two inequalities hold also for the Dirichlet heat semigroup (cf. [7,
formula (1.12)] and [32, formula (2.39)]),

Ve zll 2@ < IVzllp@ forallz>0,
and

Then (2.10) can be readily derived by a process similar to the proof of [52, Lemma 1.3 (iii)].

(iii) With (2.9) at hand, (2.11) can be proved by an argument similar to the proof of [52, Lemma 1.3
(iv)]. Although [52, Lemma 1.3 (iv)] is stated only for the case of 1 < g <p < oo, but the proof actually
already covers the case p = g = oo (cf. [24, Lemma 3.1]). O
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2.2. A priori estimates (Proof of Theorem 1.1)

We first derive the L>-estimate for w, which is a direct consequence of the above L-L-estimates for
the Dirichlet heat semigroup.

Lemma 2.5. For all t € (0, Tp.y), there exists a constant C > 0 such that
IW(, Dl o < C. (2.15)

Proof. By Duhamel’s principle, one has

t
w(t) = e™wy+y / M TIAYY(., 5)ds,
0

= eMAwy +y / Ve =92y(. 5)ds  for all t € (0, Tpax)-
0

By Lemma 2.4 and (2.1), we have

t
(IW(, Do) < CllWoll Loy + C/ (1 +(t— s)‘i) e—dm(t—s-)nv(., )|l 0y ds
0

t
sammm@+cf(vurwr%aWWﬂw
0

< C forallte (0, Thy)-
This completes the proof. O
With (2.1) and (2.15) at hand, we can proceed to derive a priori L*-estimate of u.
Lemma 2.6. Forall t € (0, T.y), there exists a constant M > 0 such that
-, )| i < M. (2.16)
Proof. Multiplying the first equation of (1.2) by pu?~' (p > 1), integrating the result with respect to x

over €2 and using (2.1), one has
d
dt

u”—l—p,u/u”+d(p—1) /’VLV

=plp— l)/ upflw-Vu+ocp</‘F(v)u"
Q Q

<2p-— 1)/ uSw - Vus +aps, / W’ forall t € (0, Toay), (2.17)
Q Q
where 6, := max F(v) is a positive constant due to the assumption (H1) (recall m > 0 is a constant
ve[0,m]
given by (1.4)). By Lemma 2.5 and Young’s inequality, one can see that there exists a constant C; > 0

satisfying

2 ~1
2(p—1)/u%w-w% fdu(p—l)—/ |Vu§|2+2C1p(p )
Q P Ja d

for all # € (0, T,.)- Inserting this inequality into (2.17), we obtain
d 2d 1 »
dt MP + Pl / u[) (p ) / 7

-1
< <2C1p (pd )+otp81) f W forall € (0, Tog). (2.18)
Q

u
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By Lemma 2.2 and the Gagliardo—Nirenberg inequality, we know that

/up:|
Q
p

P ):
= C(IVut g Juf

2
LX(Q)

P
2

u?

o |
L7 (Q)

o)
2
LP(Q)

< C)IVu? |25, + Cp) forall t € (0, Ty,

where = 221 € (0, 1).
22
Since 6 € (0, 1), it follows from Young’s inequality that

-1 d,p-1 )
<2C1p(p )+otp51)/up < L/ |Vu[7
du Q p Q

for all # € (0, T},.x). Substituting this inequality into (2.18), we obtain

d dp—1 »
= u”—i—p,u,/u”—l-L/Wu?
dt Jo Q p Q

Solving the above ordinary differential inequality, we get

”M(, t)”yi(g) S C(p) fOr all te (0, Tmax) .

e

P<C(p) forallte (0, T

Particularly, there exists a constant C > 0 independent of p satisfying
lu(-, )| 2y < C forall t € (0, Tru) -

By Duhamel’s principle, one has

t 1
u(-, ) = e yy — / "IN L (uw)ds + / e 92, vds  for all t € (0, Tay)
0 0

11

where ¢(u, v) =f(v) — auF(v). By the L”-Li-estimates for the Neumann heat semigroup (cf. [52, Lemma

1.3]), we have

t
luC, Dlle@ < Clluollime + € f (1 (=974 755) 0 o Wl
0
! 1
+C/ (1 +(— s)’%’ﬁ> e N o (u, V)| 2neyds
0
! 3
< C”u()”Loc(Q) + C/ (1 + (l — S)_;T> e_duﬂl(l—s)ds
0

+C/ (1 + (t — S)ié)efduﬂl(l‘*x)ds
0

< C forall € (0, Tpw),

where p; > 0 denotes the first non-zero eigenvalue of —A in €2 under the Neumann boundary condition.

This completes the proof.

O

In view of Lemmas 2.1, 2.5 and 2.6, we find T,,,, = 00. We now derive a priori L™ -estimate involving

the gradient of v and w.
Lemma 2.7. There exists a constant C > 0 such that

V(- Dllwise@) + IWC, Dllwie <€ forall 2> 0.
Proof. In view of Lemmas 2.5 and 2.6, we only need to prove

”VV(', t)”Loo(Q) + ||VW(, t)”Loo(Q) S C fOr all > O
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Using the variation of constants representation of v, we have
t
v(-, 1) = ey, + / e o u(-, 5), v(-, s))ds forall > 0,

0

where ¢(u, v) =f(v) — auF (v). It follows from (H1), (H2), Lemmas 2.1 and 2.6 that
o, 1), v(-, D)l < C forall7>0,

which together with the L”-L7-estimates for the Neumann heat semigroup (cf. [52, Lemma 1.3]) shows
that

t
||VV(~, [)”Loo(Q) S C”Vo”wl,oc(g) + C/ (1 + (l — S)_7> e_dvpl(f—s)”(p”LOO(Q)ds
0

t
< Clulwm +C [ (1+0-97) ey
0
< C forallf>0, 2.21)

where p; > 0 denotes the first non-zero eigenvalue of —A in €2 under the Neumann boundary condition.
Similarly, via the variation of constants formula of w; (i=1,2, - - - , n), we have

Vwi(t) = Ve w,(-,0) + y / Ve 923, v(-, s)ds forall t > 0.

0

By Lemma 2.4, fori=1,2,--- ,n, we have

VW, Dl @) < Cliwi(, 0)llwrooey + C/ (1 + (- S)_%) e_dwmr_s)”vv('s ) @)ds

0

t
< Clwi(, Ol +C / (14 =5 t) etneds

0
< C forallt>0.

This along with (2.21) proves (2.20). ]

Proof of Theorem 1.1. In veiw of Lemmas 2.1, 2.6 and 2.7, it remains to prove lim sup v(x, f) < K

t—+00
for all x € Q. Based on the assumptions (H1)—(H4), this can be proved by using the strong maximum
principle and the comparison principle, we omit the standard argument for brevity and refer readers to
[17, Lemma 2.2].

3. Global stability

In this section, we are devoted to proving the global stability results stated in Theorems 1.2 and 1.3 by
constructing Lyapunov functionals. To this end, we first need some regularity results as follows.

Lemma 3.1. Let (u, v, W) be the unique global classical solution of (1.2), which is given by Theorem 1.1.
Then for any 0 < 6 < 1, there exists C(0) > 0 such that

llu, v, W”CH(”H%(QX

,=CO). 3.1)

[1,00
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Proof. This proof is based on a standard parabolic regularity for parabolic equations (see [46, Theorem
2.1] for instance). For the reader’s convenience, we shall sketch the proof below. We rewrite (1.2) as:

u, —d,Au+w-Vu=H,(u,v,w), xe,t>0,

v, =d,Av+ H,(u,v), xe,t>0,

w,=d,Aw+ y Vv, xeR,t>0, (3.2)
Vu-n=Vyv-n=0, w=0, x€d,t>0,

u(x, 0) = up(x), v(x,0) =vo(x) wlx, 0) =wy(x), xe,

where
H(u,v,w)=—uV -w+auFWv) —puu and H,(u,v)=fv)— auF®).
By (2.16) and (2.19), one has
Vv, Hy(u, v, W), Hy(ut, V)| 1¢ @x 0,000 = C.
For any p > 1, applying the interior L” estimate [29, Theorems 7.30 and 7.35] to (3.2), we have
lu, v, W||sz.1mx“,oo)) <C.

Taking p appropriately large and using the Sobolev embedding theorem, we can find a positive constant
6 € (0, 1) such that

<
it Vo Wl 142 1y = €

Then, it follows that

|| VV, Hl (u’ v, w)a HZ(M, V)HCH% (Qx[l,oo)) S C'

This along with an application of the interior Schauder estimate [23] to (3.2) shows that

<
llze, v, W”CHH'H%(S'M[I,OQ)) =

This completes the proof. O
To proceed, we recall two basic results.

Lemma 3.2. ([47, Lemma 1.1]) Let t >0, ¢ > 0 be constants, ¥(t) >0, f:o p(H)dt < co. Assume that
@ € CY([t, 00)), ¢ is bounded from below and satisfies
@'(t) < —cy(t)+ p(t) in [z, 00).
If ¢ € C'([t, 00)) and ¥'(t) <k in [t, 00) for some k > 0, or Y € C*([t, 00)) and |V || co(re.c0n < k for
some constants 0 <« < 1 and k > 0, then
lim ¥ (t) =0.

Lemma 3.3. Let F satisfy the conditions in (H1) and (H3) and (u, v, w) be a solution of (1.2). Define a

Sfunction for some § > 0:
[V F() —F)
o= | S

Then ¢ (v) is a convex function such that ¢ (v) > 0. If we further assume that v — & as t — 0o, then there
is a constant T, > 0 such that for all t > T, it holds that

FE _/VF(S)—F(é) F(&)
4—F(E)(V £y =t = : 70 ds < 6]

Proof. The result immediately follows from the Taylor expansion of ¢ (v). O

(v—8)°

https://doi.org/10.1017/50956792523000347 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000347

14 C. Muetal.

3.1. Global stability of the coexistence steady state: Proof of Theorem 1.2
Lemma 3.4. Let F(K) > ju and the conditions in Theorem 1.2 hold, if

d- (e g o) G 3.3)
;> —_— .
" 4d, d .Colb 2

then the two functions &,(t) and F,(t) defined by:

El(t)—/(u—u*—u*ln—> // F(S)F(I;(V* ds +/|w| >0,

}'l(t):/(IVu|2+|Vv|2+|W|2)+/(v—v*)z, t>0,
Q Q

satisfy
E(t) < —e Fi(t) forallt> T, (3.4)
for some constant &, > 0, where T,, ¢, and Cp(2) are given by (1.7), (1.8) and (1.9), respectively.

Proof. By (1.6), (2.16) and Theorem 1.1, with some 8 € (0, d,u,) to be specified below, for all # > 0 we
have

d u
— <u —u, —u,ln —> = /(1 — —) (d,Au—V - (uw) + auF(v) — nu)
Q Q

dt «
|Vul? Vu
= —d,u, —tu [ we—+ [ (@F(©v) —p) (u—u)
Q@ U Q u Q

< —/3/ [Vl w2 f|w|2+af<F<v>—F(v ) (u—u.)
- o W 4du, — B) Jo Q : :
< P |Vul* + __w /IWI2 + o /(F(V) — F(v,)) (u—u),
- M2, 4du, — B) Jo Q
3.5)
where M is given by (2.16). Moreover, for all t > 0 we have
F(s) = F(v.) F(v* _ [ FO»—F.) B
% /Q /‘ * F(s) /Q —F(v) (d,Av +f(v) — auF(v))
= —d‘:F(V*)/ W(v) IVVI2+/ (F(v) = F(v,)) (©(v) — au)
Q Q
= —d,F(.) / V) IV - a / (FO) = F)u— )
+/ (F(v) — F(v,)) (®(v) — D(v,)) , (3.6)
Q

where we have used (1.6) in the last inequality. For any § > 0, by Young’s inequality and (1.9) we have

d
—/|w|2=2dW/Aw~w+2y/w~Vv
dt Q Q Q

= —2dW,Z/S2|VWi|2+2yLW-Vv
i=1

2
—2dw/ |Vw|2+8/ |Vv|2+y—/ w2
Q Q 8 Q

2dw ’
< _< . _y_)/|w|2+8/ |Vv|* forallt> 0. 3.7
C(2) &) Jq Q
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By (H1), (H3), (H4), and the mean value theorem, we can find 7, n, € (0, m) such that
[ )= Fe @0 - 0w = [ Fap@me- v <o (38)
Q Q

Using (1.8) and (3.5)—(3.8), we obtain

/ ﬂ 2 Zdw _ u*z J/_2 :

— (d,coF(v,) — ) / |Vv|]* + / F(n)® (n)(v —v,)* forallt>T,.
Q Q

By continuity and (1.6), we know that if (3.3) holds, then we can pick g8 € (0, d,u,) small enough and
8 €(0,d,coF(v,)) closing to d,coF(v,) such that

dicsF(v)—6>0 and — w0
,coF(v,) —8>0 an — —]=0.
' G \4du.—p) "
Therefore, we can arrive at (3.4) by taking
[ B 2d, u,’ v :
= —, — — ).dicoF(v,) — 8, —F'(n,)d’ .
£ Imn{M2 o) X —B) + 5 col'(v,) 1)@ (172)
Thus, the proof is completed. O

Lemma 3.5. Let o F(K) > p and the conditions in Theorem 1.2 hold, for any 0 <0 < 1 we have
lu — uill 2oy + IV — Vill 2oy + W]l c2+o @) — 0 as t — oo. 3.9

Proof. With Lemma 3.1 at hand, the conclusion can be proved by a similar argument as in [46, Lemma
3.4]. For the reader’s convenience, we shall sketch the proof here. Let &,(¢), F,(f) be given by Lemma 3.4.
For 6 € (0, 1), by (3.1) we have F,(r) > 0, F,(¢) € C**([1, 00)) and || F;|l¢or2(1.00y < k for some k > 0.
Clearly, &,(¢) € C'([1, 00)). Using Taylor’s expansion, we can find ¥ between v and v, such that

/V F@&) —FQ) . _ FOIFE)

2
o) BT Tomg Vv 20

and u between u and u, such that

U
2u?
Therefore, £, (¢) is bounded from blow in [1, co) with £,(¢) > 0 for 7 € [1, 00). We now apply Lemma 3.2
to (3.4) and conclude that lim, ., F;(¢) = 0, which gives

u
u—u, —u,In — = —(u—u,)* >0.
u,

’llglo (||VM||L2(9> + v —=vllze + ||W||L2(sz>) =0. (3.10)
Taking 0 <6 <6’ < 1, by Lemma 3.1 we have

”Li, V: WHCHG, % S C(Q/)

0
T (@100

This alongside the compact arguments and uniqueness of limits (cf. [46, (3.12)], see also [16, Remark
6.1]) shows that

tim (v = v.llcaog + [Wlleao) =0, 3.11)
It remains to prove

llu — u, || c2v00) — 0 as t — oo. (3.12)
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By the second equation of (1.2) and (1.6), we obtain

d 1 -
a <@ / vdx) =0 = / (F) — auF()dx

= IQI/(f(V) —fv *))dx—@ u(F(v) — F(v,) )dx
aF®,)
— 2 /Q(u—u*)dx
=: Ji(t) + J,(t) + J5(t) forallt> 0, (3.13)

where 7 := o fg zdx for z € L'(Q). It follows from (H1), (H3) and (3.11) that J,(¢) — 0 and J,(t) — 0
as t — o0o. By (3.1) we know that ||V'|| co2 1,00y < C2(8), which together with (3.11) shows that v'(r) = 0
as t — 00. Therefore, we can infer from (3.13) that J;(f) — 0 as t — oo, that is,

u(t) - u, as t — oo.
This yields, thanks to the Poincaré inequality and (3.10), that
it — |20 < Il — @ll 20y + 1 — w20 < ClIVulls + 1 — hefl1200) — O as 1 — o0,
Similar to the proof of (3.11), again by the compact arguments and uniqueness of limits, we have (3.12).

This completes the proof. O

Proof of Theorem 1.2. In view of Lemma 3.5, we obtain Theorem 1.2 immediately. O

3.2. Global stability of the prey-only steady state: Proof of Theorem 1.3

In this subsection, we shall consider the stability of the prey-only steady state (0, 1, 0) which is given by
(1.5) in the case of weak predation ¢ F(K) < u. We shall show that (0, 1, 0) is globally asymptotically
stable. Moreover, we shall establish the exponential stability of (0, 1, 0) under the condition of ¢ F(K) <
. To this end, we construct an appropriate Lyapunov functional as below.

2y2CH(Q)

Lemma 3.6. Assume that aF(K) <  and the conditions in Theorem 1.3 hold. Let D = TS Then
Sfunctions E,(t) and F,(t) defined by:
F F(K
&) = / u+D/ / H B [ 10,
- F(s) Q
Fat) = /(|W|2 KR IWE). 150,
Q
satisfy
&) < —&,F () — D(n — aF(K))/ u forall > T,, (3.14)
Q

for some constant &, > 0, where T, is given by (1.7).
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Proof. By the same argument as in the proof of Lemma 3.4, with some calculations, we can find 7, 1,
between 1 and v such that

// Fs) - FK)
oli  FG)

—d‘,F(K)/ ) Vv + / (F(v) = F(K)) (P(v) — au)
Q Q

= —d,F(K) / U |V —« /
Q

Q

u(F(v) — F(K)) +/ (F() = F(K))(®(v) — ©(K))

Q

— _d,F(K) / W) [V — / W(F () — F(K)) + F'(1)®' (1) / (v — K (3.15)

for all r > 0. Moreover, the integration of the first equation of (1.2) along with boundary conditions
yields

/ U =« / u(F(v) — F(K)) +/ u(eF(K)— ) forallt> 0.
Q Q Q
Taking § =~ C"(Q) in (3.7) and using (3.15), we have

&M = - /(d\»DF(K)\I’(V) —8) IVv® +DF'(n1)<I>'(nz)/ (v —K)
Q Q

B |w|*> — D/ (u —aF(K))u forallz>0. (3.16)
CH(Q) ./g Q
It follows from (H1), (H3), (H4) and (1.8) that DF’(n,)®’'(n,) < 0 and

200 200 200
d.DF(K)U(v) — § = 2y"Cu(©) ) W(v) Y Cp(2) > Y Cp(§2)

for all t > T,.

dw Co dw N dw
Therefore, (3.14) is a direct consequence of (3.16) with
N B S(Y: ) , d,
& := min —DF P’
2 { d. )P (172), C,%(Q)
This completes the proof. U
Lemma 3.7. Assume that o F(K) < and the conditions in Theorem 1.3 hold. For any 0 <6 < 1, we
have
||M||C2+9(Q) + ||W||C2+9(Q) + ||V — K||C2+6(Q) — O as t — oQ.
Proof. The proof is similar to that of Lemma 3.5, hence we omit it here for brevity. O

Lemma 3.8. Assume that «F(K) < w and the conditions in Theorem 1.3 hold. Then there exist positive
constants C, A and T, > 1 such that

lull o) + IV = Kllzwgo) + IWllio@ < Ce™  forallt>T).

Proof. According to (3.9) and Lemma 3.3, we can find 7 > 1 such that
F'(K F F(K F' (K
( )/( —Ky < // ) — FK) o  FC )/(V—K)2 forall > T,. (3.17)
4F(K) e Jk F(s) F(K) Jq

Using the right inequality in (3.17), the definition of &,(¢) and F,(?), (3.14) and « F(K) < u, we can find
two positive constants C; and C, such that

Q
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Thus, there is a constant C; > 0 such that
) < Cie™™ forallt>T,.
This together with the definition of &,(¢) and the left inequality in (3.17) shows that
el 21y + IIWIIiZ(Q) + |lv— K||iz(m <Cie™ forallt>T,. (3.18)
We shall extend this result to the estimates of L*-norm. Indeed (3.9) implies that
e, v, Wl wiooqy < C forall > 1.

This together with (3.18) and the Gagliardo—Nirenberg inequality for any v € W">():

1

1l < IV e IV 15 1 e < CIY 12 g 1V 1552

yields the following decay estimate for any ¢ > T (recalling 7', > 1):

_n_ 1 _ Ot
lull ey < Cllull oo 1l iy, < Cem 7,
_n_ 2 ey
IV = Kl < Cllv = Ko IV = Kl o, < Ce™ 35,
e 2 e

”W”Lo"(Q) = C||w||wl.oo(g)||w||L2<Q) =< Ce 2,

. . o
This completes the proof by defining A = —-=%. O

Proof of Theorem 1.3. Using Lemmas 3.7 and 3.8, we get Theorem 1.3 immediately. O

4. Applications and spatiotemporal patterns

There are two main purposes in this section. The first is to apply Theorems 1.1, 1.2 and 1.3 to two
specific trophic functions: Holling type I (i.e., Lotka—Volterra): F(v) = v and Holling type II: F(v) = 1,
and restate the results more explicitly. The second is to investigate whether the model (1.2) can generate
spatial heterogeneous patterns comparable with experimental observations. To this end, we shall conduct
the linear instability analysis to identify the possible parameter regimes of pattern formation and then
use numerical simulations to illustrate the patterns. Throughout this section, for the sake of brevity, we
shall take the carrying capacity K = 1 and consider the growth function f(v) in the case of the logistic

type: f(v) =v(1 —v).

4.1. Examples

The first example is the system (1.2) with the Lotka—Volterra type predator—prey interaction:

u;=d,Au—V - (uw) + auv — pu, xeQ,t>0,

v, =d,Av+v(l —v) — auv, xeQ,t>0,

w,=d,Aw+ y Vv, xeQ,t>0, “.1)
Vv-n=Vu-n=0,w=0, x€0,t>0,

u(x, 0) = up(x), v(x, 0) =vy(x), wix, 0) =wy(x), xe.

Then, an application of Theorems 1.2 and 1.3 yields the following results on system (4.1).

Corollary 4.1. Let Q@ CR"(n > 1) be a bounded domain with smooth boundary and assume the initial
data (uy, vy, Wo) satisfy (1.3). Then the problem (4.1) has a unique global classical solution (u,v, w)

satisfying
u,v>0, u,ve C(Q x[0,00)NC>(Q x (0, 00)),
w e [C(Q x [0,00)) N C*(2 x (0, 00))]"
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with the following asymptotics:
(i) If o <, then
lullze) + 1V = Ty + [[Wllzoe@) — 0 as 1 — oo,

where the convergence is exponential if @ < [L.
(ii) Ifa > w and

Q> a— [ N am?y? Cf,(Q)’
dard,  dp 2
then

lu — w o) + 1V = Vill o) + W]l o) = 0 as £ — oo,

where m and Cp(R2) are given by (1.4) and (1.9), respectively, and (u,,v,) = (“’“ ﬁ) .

o’

The second example is Holling type II predator—prey interaction, which specifies (1.2) as:

u,:duAu—V'(uw)+otl”—+"v—uu, xe,t>0,
v,:dVAv+v(l—v)—al“—+“V, xeQ, >0,

w,=d, AW+ yVv, xeQ,t>0, 4.2)
Vv.-n=Vu-n=0,w=0, x€edf2,t>0,

u(x, 0) = uy(x), v(x, 0) =vo(x), wix,0)=wy(x), xe€.

Then the results of Theorems 1.2 and 1.3 imply the following results.

Corollary 4.2. Let Q2 C R"(n > 1) be a bounded domain with smooth boundary and assume the initial
data (uy, vy, W) satisfy (1.3). Then the problem (4.2) has a unique global classical solution (u,v, w)
satisfying

u,v=>0, u,ve C(Q x [0,00)) N C>(2 x (0, 00)),

w e [C(Q x [0,00)) N C* (2 x (0,00))]",
and the following asymptotic behaviours hold:

(i) Ifa <2u, then
lull o + 1V — Uliooiy + 1Wl ooy — 0 as £ — oo,

where the convergence is exponential if & < 2.
(i) Ifa >2u and

4 a—2u am*y?\ C3(2)
w > 9
4d,(a — u)? dyj 2

then

lu — tullioo) + IV = Villo@) + W]l o) — O as £ — oo,

where m and Cp(2) are given by (1.4) and (1.9), respectively, and (u,, v,) = ( o b ) .

(@—p)?’ a—p

4.2. Linear instability analysis

In this subsection, we shall study the pattern formation possibly generated by the system (1.2). For this
purpose, let us begin with the corresponding ODE system of (1.2). In this case, the third equation of
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(1.2) becomes w, = 0 which together with w|,, = 0 indicates that 0 is the only possible steady state for
w, and the first two equations of (1.2) in the absence of spatial effects become

{ u, = auF(v) — uu, 43)

vi=v(l —v) — auF(v).

Clearly, (4.3) has three possible equilibria (u;, v;): (0, 0), (0, 1), (., v,), where (u,, v.) is given by (1.6).
LetJ and J; (i =1, 2, 3, 4) be defined by:

Ji ) aF(v) — auF'(v,)
T=V0n 1 )7 —ere) 120 —auwFa) @4
The eigenvalue of J, denoted by p, satisfies the following equation:
> = +J)p +JiJy — JoJ; =0. 4.5)

By the Routh—-Hurwitz criterion (cf. [35, Appendix B]) for second-order polynomials, we know that
(u,, vy) is linearly stable if and only if

_(J] +J4)>O and J|J4_J2J3 > 0.

Therefore, one can check that (0, 0) is linearly unstable for both Lotka—Volterra type and Holling
type II predator—prey models, since J,J, — JoJ; = —p < 0. The steady state (0, 1) is linearly stable for
F(v)=v when o < pu since —(J; +J,) =1+ pu —a > 0and J,J, —J,J; = — a > 0 and also linearly
stable for F(v) = ﬁ when o <2u since —(J; +Jy)) =1+ u— 3% >0andJJ, — JhJs5=pu — § > 0. The
homogeneous coexistence steady state

(a _2”,&), if F) = v,
o o
(U Vi) = ) (4.6)
(u, L) CifFm =
@— 2 a—pu T+v

is linearly stable for F(v) = v when« > u since —(J; + J,) = f >0and J\J, — J,J; = @ > (0 and also
linearly stable for F(v) = % when « > 2y since —(J; +J,) = 2"2 >0and J,J; — JoJs = 420 > Q)

ala—
Next, we proceed to consider the stability of (0, 1, 0) and (u,, v, 0) in the presence of spatial struc-
tures. For this purpose, we restrict our analysis to the one-dimensional domain €2 = (0, /) with / > 0 for

simplicity and linearise the system (1.2) at the equilibrium (u,, v,, 0) to get

u, = du, —uw, +Jiu+Jv, x€(0,0), t>0,

Vi = dvvxx + J3u + J4V, X e (0, l), > 0, (4 7)
W, =dyWe + Yy, xe(0,0), t>0, '
MXZVX:O, WZO, x=0,l,t>0.

The linearised system (4.7) has solutions in the form of (cf. [40, Appendix]):

u(x, )=y, , Ure* cos kx,
v(x, 1) =) ., Vi€ cos kx, (4.8)
wix, ) = Zkzo W,e* sin kx,

where the constants U, V, and W, are determined by Fourier expansions of the initial conditions,
Nm

) (depending on k) is the temporal growth rate and k= =% is the wavenumber with the mode
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N=0,1,2,---. Substituting (4.8) into (4.7), we obtain
> o (AU + d KU A+ kuW, — U, — J,Vy) € cos kx =0,
Yoo (AVi+d K2V, — U — LV, € cos kx =0, (4.9)
> eo (AW + d, I2W, + ykVy) € sin kx =0.

Recall a basic fact

I, M=N=0,
/’ Nm Mm i
cos| —x|cos| —x)dx=7 - M=N>0
0 l l 25 )
0, M#N.

Multiplying the first two equations of (4.9) by cos #x, integrating the results with respect to x over (0, )
and using ¢ # 0, one has

)\,Uk‘i‘duszk‘i‘kMSWk_JlUk_szkZO, (4 10)
AV, + d K2V, — JU, — J,V, =0. '
Similarly, using the third equation of (4.9) and
" (Nm M L, M=N>0,
/ sin(—x) sin(—x) dx =
0 l l 0, M=N=0orM#N,
one has
) Nr
AW, +d kW, +ykV, =0, k:T#O,N:1,2,3,-~-. “4.11)

When k = 0, the third equation of (4.9) holds true for any A € C, and it follows from (4.10) that

. U, Ji b U,
vi) \s 4 J\v)

which implies that A is the eigenvalue of matrix J satisfying (4.5). Therefore, when k = 0, by the dis-
cussion of the roots of (4.5) we know that for the prey-only steady state (0, 1, 0) and the coexistence
steady state (u,, v,, 0), where (u,, v,) is given by (4.6), the two roots of (4.5) have negative real parts for
F(v)=vwith o < and F(v) = > with & < 2u, and hence it follows that

lim,_, ., Uie" cos kx|k=0 =1lim,_, o Uye* =0,

lim,_ o0 Vie! cos kx|, =1im,_... Voe* =0, (4.12)

Wie* sinkx|,_ =0 forallz> 0.

This means N = 0 is a stable mode.
When k= ’% #0,N=1,2,---,itfollows from (4.10) and (4.11) that

Uk Uk —dukz + J| Jz —kus
Al Ve l=o] Ve | with o= J3 —dk+J, 0 |
Wk Wk 0 _k)/ _dwkl

which implies that A is the eigenvalue of matrix .27, Calculating the eigenvalue of matrix <7 we obtain
the eigenvalue A(kz) depending on the wavenumber k as the root of

P(A):= 1+ ay (k)2 + a, (K)A + ao (k) =0, (4.13)
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where
ay=(d,+d,+d,) > =, + 1),
a; = (d,d, +d,d, +d,d,) k' = [(d, +d,)J], + (d, +d) K + ]\ Jy — JJs, (4.14)
ay=d,d,d,k* — d,(d,J, + d J)k* + [d,(J1Js — o) — yuds| K.

It follows from the Routh—-Hurwitz criterion (cf. [35, Appendix B]) for third-order polynomials that
(u,, vy, 0) is linearly stable (i.e., all roots of (4.13) have negative real parts) if and only if

ay>0,a,>0 and I := aa, —ay,>0. 4.15)
Using the explicit expressions of a,, a; and a, in (4.14), we have
= [(du + dv)k2 - (Jl +J4)] {[(du +dw)k2 - Jl] [(dt + dw)kz - ]4] - JZJ3} +J3usy' (416)

We know that (4.13) has either one real root and a pair of complex conjugate roots or three real roots.
Denote the zeros of P(A) by A, A, and XA;. Then for each k # 0O, there are three cases for the zeros of
P()):

Case 1: Re(A;) <0,i=1,2,3. This case is equivalent to (4.15).

Case 2: Re(A;) <0,i=1,2,3, and at least one zero of P(A) has zero real part.

Case 3: At least one zero of P(A) has a positive real part.

Remark 4.1. The equilibrium (u, v, 0) is linearly stable (or called locally asymptotically stable)
in Case 1, marginally stable (or called neutrally stable, which is neither linearly stable nor linearly
unstable, see [21] for instance) in Case 2, and linearly unstable in Case 3. When I" =0, the zeros of

P()) are Ay = —a, and dy3 = £i/a,. When I <0 and a; > 0 for i=0, 1,2, then at least one zero of
P(A) has a positive real part, and consequently the equilibrium (u,, v, 0) is linearly unstable.

Remark 4.2. One can see from (4.14) and (4.15) that

r
lim e (d.+d)d,+d,)d,+d,)>0.
Therefore, (4.15) always holds for sufficient large k when ay > 0 and a, > 0. In the case of a; > 0 for

i=0,1,2, one can see that if J; <0 and u, > 0, then the equilibrium (u,, v, 0) is linearly unstable for
large y > 0. Indeed, for any fixed k # 0, let

Vs (kz) =

- Tk [(dtt+dv)k2 - (Jl +J4)] X
3y

{[@.+d) i =T ][(d, 4+ d)K = Js] — Jod5} . 4.17)

If v.(k*) > 0, it follows from (4.16) that T > 0 for y < y.(k*), T =0 for y =y.(k*) and T <0 for
Y >y, (kz). If y. (kz) <0,thenT <O forall y > 0. In view of Remark 4.1, (u,, v, 0) is linearly unstable
fory > max{y* (kz), O}, which gives the possibility of patterns bifurcating from (u,, vy, 0).

We start by considering the equilibrium (0, 1, 0) under the condition aF (1) < p. In this situation, we

have
—d K +aF(1)—p 0 0
o= —aF(1) —d,k*—1 0
0 —yk —d, K

One can see that all eigenvalues of .'are negative for k = NT” (N=1,2,- ), which together with (4.12)
shows that the equilibrium (0, 1, 0) is linearly stable. Thus, the pattern can only arise possibly from the
homogeneous coexistence steady state (u,, v, 0).

https://doi.org/10.1017/50956792523000347 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000347

European Journal of Applied Mathematics 23

Under the condition «F(1) > w, we next consider the stability of the equilibrium (u,, v,, 0) where
(u,, v,) is given by (4.6). For both Lotka—Volterra (F(v) = v) and Holling type II (F(v) = ;%) trophic
functions, we have

Ji=—u<0, a; >0, a, >0and a, >0 (“=” holds if and only if k = 0). (4.18)
We shall give details of deriving (4.18) later in Remark 4.3. For the Lotka—Volterra trophic function
F(v) =v, we can deduce from (4.17) and Remark 4.3 that

b
7 (K) = bk + bk o+ by + 2 (4.19)

where b; (i=0, 1,2, 3) given by:

b — o’(d, +d,)d, +d,)d,+d,)
’ o — p) ’
b _ a(du + dw)(du + 2dV + dw)
2 — o — I,L )
b d(e® —ap+p) +od(e—p) +d,p
1— P l,(, s
bO =M,

are all positive constants since o > . Denoting

Y= kzi},;ﬂf#o Vs (kz) = k=i£f#0 (b3k4 +bk* + b, + %) , (4.20)
in view of (4.12), Remarks 4.1 and 4.2, we see that the equilibrium (“;2“, L, O) of the system (1.2) is
linearly stable, Y <V
marginally stable, Y =", (4.21)
linearly unstable, Y > Y.

Similarly, for the Holling type II functional response function F(v) = —, when k # 0, we see that ay,

I4v”?

a, and a, given by (4.14) are all positive thanks to & > 2 and it follows from (4.17) that

d
VoK) = dsk* + dok® + d, + 2

Ea
where d; (i =0, 1, 2, 3) given by:
die (@ — w)’(d, +d)d, +d,)d,+d,)
’ e —2u) ’
d _ 2I"L(a - /'L)(du + dw)(du + Zdv + dw)
T oo —2u) ’
g d (o — 4P+ S p® — 20 + 4°) + ady (o — w)* (e — 2) + 4d, 1
a a?(o —2u) ’
2u* (o —
dy = " (Ot2 u)’
o
are all positives constants since o > 2. Denoting
. . do
Yy = kzl]gl%f#) Ve (kz) = k:11517nf;£0 (d3k4 +dk* +d, + E) , 4.22)
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it follows from (4.12), Remarks 4.1 and 4.2 that the equilibrium ( a2 _p 0) of the system (1.2) is

(a—p)?” a—p’

linearly stable, Y <"
marginally stable, Y =y, (4.23)
linearly unstable, Yy > Y.

Remark 4.3. Below we present some details of obtaining (4.18). Recall f(v) =v(1 —v) and K = 1, and
note that the homogeneous coexistence steady state (u., v,) given by (4.6) exists if and only if aF(1) > u.
We next discuss into two cases: F(v) =v (Lotka—Volterra) and F(v) = == (Holling type II).

I+v

o F(v)=v. In this case, the condition «F(1) > u is equivalent to

o> . (4.24)
Then, we have from (4.4) and (4.6) that
Ji ) 0 1-£
W=t — | Ty J, il N

which along with (4.14) and (4.24) implies that
a=d,+d,+d)E+5 >0,
o

d,+d,
a, = (dudv + dudw + dwdv) k4 + Mkz + 1% <1 - E) > 0’
o o

22 du dw

— d,
ty=ddd o 4 s WEZ WG ) s
o o
where a, =0 if and only if k=0.
o F(v)= ﬁ In this case, the condition aF(1) > u is equivalent to
o >2/u. (4.25)
Then, we have from (4.4) and (4.6) that
J] Jz O 1 - %
J| = = e s
(tts,v)=(tt,) J. I — N
D) o= ) H e
which alongside (4.14) and (4.25) implies that
21
a2:(du+dv+dw)k2+— >07
oo — )
2u*(d, +d, 2
= (dud, + duddy + dyd,) K+ 2D DD 2 (2 )
oo — 1) o
2u’d,d, a—2p) (ay +d,(a — pn)?
d0 = dydd o+ D o e 20 oy H 1)
oo — p) or(or — )

where a, =0 if and only if k=0.

4.3. Spatiotemporal patterns

The model (1.1) describes that predators respond to the heterogeneously distributed prey density by
accelerating towards the localities where prey are abundant, which results in predator aggregation. When
reaching a local maximum prey concentration, predators decelerate because the prey gradient reverses.
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Predator aggregations lead to local prey extinctions, while patches with low predator densities may pro-
vide partial refuges where prey densities grow. Then predators move actively to the newly formed prey
clusters to aggregate to start a new cycle. As such one may expect time-periodic patterns with spatial het-
erogeneity promoting the persistence of predator—prey interactions (cf. [14]). In this subsection, we shall
use numerical simulations to illustrate that the model (1.1) can generate the phenomena described above.
In the previous subsection, by taking the preytaxis coefficient y as a bifurcation parameter, we show that
spatial patterns may arise from the vicinity of the homogeneous coexistence steady state (u,, v,, 0) as y
is greater than a critical value y; (for Holling type 1 trophic function) or y, (for Holling type II trophic
function). Below we shall numerically illustrate the typical patterns generated by systems (4.1) and
(4.2). Unless otherwise specified, in this section we take the value of parameters in all simulations as
follows:

a=03, u=0.14 and d,=d,=d,=0.1. (4.26)

We remark the specific values of the above parameters will not qualitatively affect the numerical pattern
formations to be shown. Solving (1.6), we get

16 7 ,
—,— ], ifF@)=v,
9°15
25 7 ) v
=2, ifFw)=—o.
32°8 1+v
When F(v) = v, it follows from (4.19) that
ok 3k 47 7T
(K)o = (5m + 50+ 500
v(R)cg (280+ 20 +2OO+50k2>

(Uyyv,) = 4.27)

_Nn
k=75

_ 9n'N? +3n2N2+ 47 N 14 N1 23
= 2.800.000 " 2000 ' 200 " meN2 YT e

In order to specify y; according to (4.20), we define a continuous function:

9mtst 3n2s* 47 14
H(s):= + +——+

—, 0.
2,800,000 © 2000 200 = w2s? =

One can check that H'(s) = 72)%4550 + % — % has only one zero s, in (0, 00), and H'(s) is negative in
(0, 50) and positive in (sy, 00). Hence, we know that H(s) achieves its minimum at s,. Direct calculations
show that s, € (2, 3) and
HO 47 7 372 Omt
@=500 " 222 7500 T 175,000
47 14 27x? 72974
HG) =~ +

200 972 T 2000 T 2,800,000

~ (0.653851,

~(0.5512.

Since y, (k2) is defined for discrete value k € (0, 00), . (kz) attains its minimum at mode N = 3, namely
at k = 3. Hence, by (4.20) we have

)| =TT AT 1 Gssin (4.28)
V=Y =% = 2,800,000 " 2000 ' 200 ' 972 0 ‘

Similarly, when F(v) = 7=, it follows from (4.19) that y,(k*) = St | 2Ky 6956 4 392 Ope can

m ’ 875 375 5625 5625k% *
check that y, (kz) attains its minimum at mode N = 2. Hence, by (4.22) we have

)] = 64rt | 24w 6956 392 ws9)
V2=V e = 546,875 T 9375 ' 5625 | 22572 oo+ '
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Spatio-temporal pattern of u(x,t)
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Figure 1. Numerical simulation of spatiotemporal patterns generated by (4.1) with y = 1 in the interval
[0, 10], where the initial value (uy, vy, wy) is given by (4.30) with (u,, v,) = (E l) and other parameter

9715
values are chosen as in (4.26).

The initial data (i, vy, w,) are taken as a small random perturbation of the coexistence steady state
(u,, v, 0) with 1% deviation :

(U9, vo, wo) = (u, +0.01 - R, v, +0.01 - R,0.01 - R), (4.30)

where R is a random variable taking values in ( — 1, 1) generated by the Matlab and (u,, v,) is given in
(4.27).

We show numerical simulations in the following by differentiating the Holling type I and Holling
type II trophic functions.

4.3.1. Spatiotemporal patterns for F(v) =v

With Holling type I (i.e., Lotka—Volterra) trophic function F(v) =v, the system (1.2) becomes (4.1).
Recall that y; ~0.5512 in view of (4.28). It follows from (4.21) that the equilibrium (4, L, 0) is linearly
stable if y < y,, marginally stable if y = y, and linearly unstable if y > y,. Therefore, we expect patterns
will arise in the supercritical case (i.e., ¥ > y,). In the critical case y = y,, in principle the equilibrium

(4., v,, 0) may become unstable, stable or remain marginally stable upon a random small perturbation,
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Figure 2. Numerical simulation of spatiotemporal patterns generated by (4. 1) with 'y = 4 in the interval
[0, 10], where the initial value (uy, vy, wy) is given by (4.30) with (u,, v,) = ( o 15) and other parameter
values are chosen as in (4.26).

and our analysis can not confirm which one will occur. Hence, it is also of interest to numerically explore
the critical case y = y; to see whether patterns can develop from the marginally stable steady states upon
a small perturbation.

The numerical spatial-temporal patterns generated by the model (4.1) for the supercritical case are
plotted in Figure 1(a) where we observe the spatially inhomogeneous temporal periodic patterns arising
from the vicinity of equilibrium (u,, v,, 0), and an inhomogeneous limit cycle is eventually attained as
shown in Figure 1(c). The spatial distributions of predators and prey at a fixed time plotted in Figure 1(b)
show that predators and prey are nearly segregated in space to achieve a heterogeneous coexistence,
where predators’ aggregation depresses local prey density while patches with low predators densities
provide refuges for prey to promote the persistence at a desirable low level of prey densities. If prey are
pests and predators are natural enemies of pests, the model (4.1) is relevant to a successful biological
control without local outbreaks as discussed in [40]. If the value of prey-tactic coefficient y is increased
to y =4, we still observe the spatially inhomogeneous temporal periodic patterns in the long run as
shown in Figure 2(a), although the amplitude and periodicity of periodic patterns are different from
the smaller prey-tactic coefficient. Moreover, predators with larger prey-tactic coefficients will be more
concentrated in space (compare Figure 2(b) with Figure 1(b)). However, if the prey-tactic coefficient
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Figure 3. Numerical simulation of spatiotemporal patterns generated by (4.1) with y =200 in the
interval [0, 10], where the initial value (uy, vy, wy) is given by (4.30) with (u,,v,) = (136, %) and other
parameter values are chosen as in (4.26).

y is sufficiently large, then periodic patterns will be destroyed and chaotic dynamics will present (see
Figure 3). However, the prey is not locally eradicated in space (see Figure 3(b)), which is because if
predators are too active, they may easily move away from the locations with low prey density and hence
save the prey from local eradication (cf. [34]). Next, we numerically explore the critical case y =y,
and corresponding numerical patterns are shown in Figure 4 where spatially inhomogeneous temporal
periodic patterns are observed as illustrated in Figure 4(a), a stable limit cycle is achieved as plotted in
Figure 4(c) and predator and prey coexist with heterogeneous distributions nearly segregated in space
as shown in Figure 4(b).

From the above numerical simulations, we find that spatially inhomogeneous but temporal periodic
patterns will typically arise from the preytaxis system (1.2) with Lotka—Volterra trophic function, where
predators and prey are nearly segregated in space and persist in time at a low level of prey densities when
the preytaxis strength is moderate. If preytaxis is strong, then chaotic dynamics will develop with more
pronounced local aggregation of predators but prey can be persistent. This implies preytaxis is a factor
driving aggregation of predators but is unable to eradicate the prey. It was well known that if prey-
taxis in the predator-prey model is conventional (i.e., w ~ Vv), no spatial patterns will arise (cf. [18]).
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Figure 4. Numerical simulation of spatiotemporal patterns generated by (4.1) with y =y, =0.5512 in
the interval [0, 10], where the initial value (uy, vy, Wy) is given by (4.30) with (u,, v,) = (19—6, 17—5) and other
parameter values are chosen as in (4.26).

However, our linear analysis in the previous subsection shows that if preytaxis is modelled with prey-
induced acceleration by assuming that predator acceleration instead of velocity is proportional to prey
density gradient, spatial patterns may arise as numerically shown in Figures 1, 2 and 3. This is a signif-
icant difference between conventional and preytaxis with prey-induced acceleration. Hence, our results
indicate that preytaxis with prey-induced acceleration is capable of promoting the spatiotemporal het-
erogeneity in the predator—prey systems and therefore is more appropriate to interpret the experimental
observations as in [19, 20, 51].

4.3.2. Spatiotemporal patterns F(v) = l—frv

For the system (1.2) with Holling type II trophic function F(v) = -, namely the model (4.2), recalling
from (4.29) we have y, =~ 1.6604. Then (4.23) asserts that the equilibrium (%, %, 0) is linearly stable
if y < y,, marginally stable if y =y, and linearly unstable if y > y,. Hence, pattern formations are
expected when the prey-tactic coefficient y exceeds or is equal to the critical value y,. The pattern for-

mations of (1.2) with Holling type II trophic function are qualitatively similar to Holling type I (i.e.,
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Figure 5. Numerical simulation of spatiotemporal patterns generated by (4.2) with y = 4 in the interval
[0, 10], where the initial value (uy, vy, wy) is given by (4.30) with (u,, v,) = (%, %) and other parameter
values are chosen as in (4.26).
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Figure 6. Numerical simulation of spatiotemporal patterns generated by (4.2) with y = y, ~ 1.6604 in
the interval [0, 10], where the initial value (1, vy, wy) is given by (4.30) with (u,,v,) = (%, %) and other
parameter values are chosen as in (4.26).
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Figure 7. Numerical simulation of spatiotemporal patterns generated by (4.2) with y =300 in the
interval [0, 10], where the initial value (uy, vy, wy) is given by (4.30) with (u.,v,) = (;i, 7) and other
parameter values are chosen as in (4.26).

Lotka—Volterra) trophic function, and hence we only plot the spatiotemporal patterns formed for the
supercritical case in Figure 5 and for the critical case in Figure 6. In [40], it was numerically illustrated
that the chaotic dynamics will develop when the prey-tactic coefficient y is large. Our numerical sim-
ulations shown in Figure 7 not only demonstrate that the predator density u has chaotic dynamics but
also show that the prey density v becomes periodic asymptotically in time. This is different from what
is observed for the case of Holling type I trophic function shown in Figure 3 where the dynamics of
both predator and prey density are chaotic. This is also the major difference between Holling type I and
Holling type II trophic functions observed in numerical simulations.
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