
Canad. Math. Bull. Vol. 23 (1) 1980 

N O T E O N A U T O M O R P H I S M S O F A F R E E 
A B E L I A N G R O U P 

BY 

OLGA MACEDONSKA-NOSALSKA 

Let F be a free group. Denote by F = F/F' the quotient group by the 
commutator subgroup which is a free abelian group. The fact that the natural 
map from Aut(F) into Aut(F) is an epimorphism, in case when F is finitely 
generated, was known as a consequence of the theory of Nielsen transforma
tions ([2]) Proposition 4.4 and [3] Corollary 3.5.1). 

This fact was proved recently by R. G. Swan in [1] for any free group F. We 
give here a much simpler proof of the theroem for F countably generated with 
the use of Nielsen transformations. The general case follows from the counta
ble case in the same way as in [1] (except for misprints). 

Let Xi, î = l , 2 , . . . generate F freely, then the cosets % = xtF', i = 1 ,2 , . . . 
constitute an abelian base in F. 

THEOREM. Every automorphism of Fis induced by some automorphism ofF. 

Proof. Let â be an automorphism of F. Denote â(xi) = âi, i = 1, 2 , . . . . The 
cosets ât, i = 1, 2 , . . . give us another abelian base in F. To show that à is 
induced by some automorphism a of F we shall find a set of representatives 
ateâh i = 1, 2 , . . . which freely generate F. Denote 

(1) Xn = gp(xt,..., x j , 

(2) An = gp(au . . . , ô j . 

Let €i9 Li5 (€x = 1) be successively defined as the minimal numbers satisfying 

X A c Â L i c X , 2 c . . c X 4 c Â L k c X 4 + i c . 

We complete each set { x l 9 . . . , x€J to an abelian base in ÂLk and each set 
{ât,..., âLk} to an abelian base in X€k+1, k > 1. Let these bases be fixed. Then 

(3) ÂL k = gp(xu . . . , x€k, û * k + i , . . . , ûLk), 

(4) X€k+1 = gp(àl9..., âLk, û L k + 1 , . . . , v€k+1\ 

(5) X€k+1 = gp(xl9..., x€k, û€k+1,..., ûLk, û L k + 1 , . . . , v€kJ. 

Consider that automorphism of X€k+l which maps xi? i = 1 ,2 , . . . , €k+1 into the 
successive generators in (5). By [3] Corollary 3.5.1 there exists a Nielsen 
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transformation N which induces this automorphism and is identical for ele
ments with indices i < €k. Then 

(6) N(xl9..., XekJ = ( x 1 ? . . . , x€k, u€k+l9..., uLk, vLk+l9..., v€kJ 

for some representatives 14 e 14, €k 4-1 < i < Lk, and 1 ) ^ 4 Lk + 1 < i < ^fc+1. 
Now (3) and (6) suggest the following definition of inverse-image subgroups for 
X€k and ÂLk, k > 1 in F 

(7) X^k = g p ( x l 5 . . . , x A ) , 

(8) AL k = g p ( x l 5 . . . , x€k, u€k+1,..., uLlc). 

W e then have 

(9) X A C A L I C X < 2 C . . . C X 4 C A I 4 C X 4 H C . . . 

To prove the Theorem we will find a set of representatives ateai9 i = 1, 2 , . . . 
such that its subset {ai9i<Lk} freely generates ALk, fc>l. We proceed by 
induction on fc. For fc = 1 we have by (3) ÂLl = gp(âl9..., âLi) = 
gpO*!, û 2 , . . . , ûjrj. Let Nx be a Nielsen transformation such that 

Nt(xl9 M2, . . . , ûLi) = (âl9..., âLl), 

then we apply N1 to generators in ALi given in (8) to define 
N(xl9 u29..., uLi) = (al9..., aLi). 

Suppose now that a free base { a 1 ? . . . , aLk_l} for A L k i has been chosen as 
required. Now from (8), (6) for €k9 and the inductive hypothesis for ALk x 

(10) A ^ = g p ( a l s . . . , aL k i , t>Lk_1+1,..., tvk, u , k + 1 , . . . , uLJ. 

Consider ÂLk, then it follows from (10) and (2) that there exists a Nielsen 
transformation Nk9 identical for elements with indices / < L k _ ! such that 

Nk(al9..., âLk_i? vLfc_1+1, • . •, v€k, û€k+l9 ...9ûUt) = (âl9..., âL k) . 

Using (10) we then define the required abelian base in ALk of representatives 
ateâi9 i < L k by 

Nk(al9..., aL|ci, vLk_i+l9..., ivk, u , k + 1 , . . . , uLk) = (al9..., aLk). 

Thus we have defined the set {ai9 i = 1, 2 , . . . } of representatives in â{, i = 
1, 2 , . . . which by (9) generate F freely. Hence the mapping a :xt —> ai9 i = 
1 ,2 , . . . defines the required automorphism on F. The Theorem is proved. 
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