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First we give a counterexample showing that recent results on separate order
continuity of Arens extensions of multilinear operators cannot be improved to get
separate order continuity on the product of the whole of the biduals. Then we
establish conditions on the operators and/or on the underlying Riesz spaces/Banach
lattices so that the extensions are order continuous on the product of the whole
biduals. We also prove that all Arens extensions of any regular multilinear operator
are order continuous in at least one variable and we study when Arens extensions of
regular homogeneous polynomials on a Banach lattice FZ are order continuous

on E**.
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1. Introduction

The second adjoint u** of a linear operator w, which is a bidual extension of wu,
is a powerful tool in several areas of mathematics. For multilinear operators, this
role has been played by Arens extensions. This has been extensively studied over
the past 70 years since its introduction by Arens in his seminal paper, [3]. In
order to state the two recent results that have motivated our work, let us fix some
notation. By E~ we denote the order dual of a Riesz space F, hence E~~ = (E™)™~
denotes its second order dual. For a Banach lattice £, E* denotes its topological
dual, hence E** stands for its bidual. The symbols (E~) and (E*)* stand for the
corresponding subspaces formed by the order continuous functionals. The results
that motivated our research are the following:

e Buskes and Roberts (2019) [10, Theorem 3.4]: If A: By x --- x E,,, — F is an
m-linear operator of order bounded variation between Riesz spaces, then its Arens
extension A*MHH: B~ oo x B~ —— F™™ is separately order continuous on
(Ep)y x - x (B
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e Boyd, Ryan and Snigireva (2021) [7, Theorem 1]: If A: By x -+ x E,, — F is
a regular m-linear operator between Banach lattices, with F' Dedekind complete,
then its Arens extension A*MTU: Ei* x ... x E* — F** is separately order
continuous on (EY)% x -+ x (E)%.

The obvious question is whether or not these results can be improved to get order
continuity on E7"™ X --- x E>™~ and E{* X --- x E'* respectively. By means of a
simple but efficient counterexample we show that this is not the case (cf. Section 3).
Actually the counterexample, which is the bilinear form A on ¢; X ¢y given by the
duality ¢f = {1, discloses an interesting phenomenon: its Arens extension A*** is
not separately order continuous on ¢;* x ¢* (more precisely, it is order continuous
in the first variable but not in the second one), while the other Arens extension of
A is. We then proceed to find conditions on the operator and/or on the underlying
spaces so that all Arens extensions are separately order continuous on the product
of the whole of the biduals. In § 4 we prove that this holds for finite sums of
multiplicative operators from Riesz spaces to Archimedean f-algebras, in particular
for operators of finite type between arbitrary Riesz spaces. The main result of
§ 4 (Theorem 4.6): (i) implies that all Arens extensions of any regular multilinear
operator between Riesz spaces are order continuous in at least one variable, (ii)
implies that all Arens extensions of a regular homogeneous polynomial from the
Riesz space E to a Riesz space F are order continuous at the origin on E~™, (iii)
improves the results of Boyd, Ryan and Snigireva and of Buskes and Roberts for
regular operators (see Remark 4.7). In the final § 5 we give sufficient conditions on
the Banach lattices Eq, ..., F,, so that Arens extensions of any regular m-linear
operator from Fy X --- X Ey, to an arbitrary Banach lattice F' are separately order
continuous on Ej* x --- x E**: and conditions so that Arens extensions of regular
homogeneous polynomials on a Banach lattice E are order continuous on E**.

In § 2 we discuss briefly the notion of order continuity of linear operators and
recall the characterization of the Arens extensions of regular multilinear operators
between Riesz spaces that shall fit our purposes. Although these extensions are usu-
ally called Aron-Berner extensions in the case of operators between Banach spaces
(see [4, 13]), for simplicity we shall refer to Arens extensions even for operators
between Banach lattices.

2. Background

Our references to Riesz spaces, Banach lattices and regular linear operators are the
canonical ones [2, 17, 19].

The following three definitions of order convergence can be found in the literature
(see [1]). A net (4)acq in a Riesz space E is said to be:

e order convergent to x € E if there is a net (yo)acq in E such that y, | 0 and
|2a — x| < yo for every a € .

e I-convergent to x € E if there are a net (y)aco in E and ag € Q such that
Yo | 0 and |z, — 2| < yo for every a > ay.
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e 2-convergent to x € E is there are a net (yg)ger in E such that ys | 0 and for
every 3 € I there exists ag € Q such that |z, — x| < yg for any o > ap.

If E is Dedekind complete, then the notions of 1-convergence and 2-convergence
coincide [1], but otherwise they may be different (see [1, Example 1.4]).

Order continuity can be considered with respect to any of these three notions
of order convergence: a linear operator T: F — F between Riesz spaces is said
to be order continuous (I1-order continuous, 2-order continuous, respectively) if
(T'(24))acq is order convergent (1-convergent, 2-convergent, respectively) to zero in
F whenever (2,)qcq is order convergent (1-convergent, 2-convergent, respectively)
to zero in K.

The following coincidences are known (see [2, Theorem 1.56] or [17, Proposition
1.3.9]):

e If I is Dedekind complete, then T is order continuous if and only if T"is 1-order
continuous.

e If £ and F' are Dedekind complete, then T is order continuous if and only if T’
is 1-order continuous if and only if T" is 2-order continuous.

In most cases in this paper we will investigate the order continuity of regular
linear operators from E~™ to F~", where F and F are Riesz spaces, or from E**
to F**, where E and F are Banach lattices. Since all these spaces are Dedekind
complete, we are free to use any of the three notions of order continuity. We shall
denote the order convergence by x, — .

For the theory of regular multilinear operators and regular homogeneous poly-
nomials we refer to [9, 10, 16]. An m-linear operator A: Ey X --- x E,, — F
is separately order continuous (separately 1-order continuous, separately 2-order
continuous) if for all j € {1, ..., m} and xy € Ey, k=1, ..., m, k # j, the linear
operator

zj € Ej— A(x1,...,2m) € F

is order continuous (1l-order continuous, 2-order continuous). For the definition of
joint order continuity see [7, p.234]. If A is a regular operator between Banach
lattices with F' Dedekind complete, then A is separately order continuous if and
only if A is jointly order continuous [7, Theorem 2].

Now we recall the description of the Arens extensions of regular multilin-
ear operators between Riesz spaces as presented in [6]. By Jg: E — E™ we
denote the canonical operator (Jg(x)(z”) = z”(x)), which happens to be a Riesz
homomorphism.

Given Riesz spaces F1, ..., E,,, F, the space of regular m-linear operators from
Ey X --- X Ep, to Fis denoted by L,.(E1, ..., Ep; F). When F is the scalar field we
write £,.(E1, ..., E,). We use S,, to denote the set of permutations of {1, ..., m}.

Let m € N and p € S, be given. For an m-linear form C: Fy X --- x E,, — R,
define the m-linear form

Cpt Ep(l) X X Ep(m) — R, Cp(xl, NN ,l’m) = C(,Ip—l(l), NN 7xp—1(zm)),
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Where xj € Eyj), =1, ..., m. Furthermore, for each ¢=1,..., m—1, and

p( ) € EP(N) consider the regular linear operator

:L‘Z(Z) . Er(Ep(i); ey Ep(m)) I ‘CT(Ep(i-‘rl)? e 7Ep(m))7 $Z(l) (B) p(z) [¢] Bz
(2.1)

where B?: Eoiiv1) X - X Epimy — EPN(Z.) is given by
Bi(l’i+1, cos ) (24) = B(xg, Tigr, ..o T), forall z; € By, j=14,...,m.

In the case i = m we define mp(m) EX,. — Rby xp(m) 2 (Tpm)) = xz(m)(xp(m)).
The Arens extension of the regular m-linear operator A: Fy X --- x E,, — F'is
the regular m-linear operator AR? (A): ET"™ x --- x E~ — F~™ given by

ARL(A) @, . &) () = @ 00 T ) (4 0 A), ),

for all 2/ € EY™, ..., all, € Ex~ and every y' € F~. Although the notation is a
bit dlﬁerent these are exactly the Arens extensions studied in [6].

According to [6, Theorem 2.2], ARF (A) is a regular m-linear operator
that extends A in the sense that AR’ (A)o (Jg,, ..., Jg, ) = Jr o A. Moreover,
ARP (A) is positive for positive A.

The extension A*™*1 from [7, 10] is recovered by considering the permutation
O(m)=1,0(m—1)=2,...,0(2) =m—1, (1) = m, that is, AR? (A) = A*Im+1],
In particular, AR(A) = A*** in the bilinear case m = 2.

3. The counterexample

Consider the positive bilinear form given by the duality bracket (co, ¢1):

A él X cop — R A(('xn)n 1 yn n 1 anyn

The two Arens extensions of A shall be denoted by A*** = AR§(A) and ARK(A),
where id is the identity permutation. As announced, we shall prove that ARY(A)
is separately order continuous on £7* x ¢j* and that A*** is order continuous in the
first variable but not in the second one. Although everything can be proved directly
to this bilinear form, to avoid unnecessary repetitions we shall apply some results
that will be proved later.

From Theorem 4.6 we know that A***: /7% x ¢f* — R is order continuous in the
first variable. Suppose that A*** is order continuous in the second variable, that
is, for every x** € (7*, the linear functional A***(z**, e): ¢j* — R, defined by
A () o) (y**) = A (¢, y**), is order continuous. Denoting by ¢: £; — ¢f
the canonical isometric isomorphism, note that ¢ and ¥=1: ¢ — £1, ¥~ () =
(p(en))22,, are positive operators, hence 1 is a Riesz homomorphism [2, Theorem
2.15]. Moreover, ¢ (x) = Ay(e, ) for every x € £1, where Ag(e, x): cg — R is given
by Ag(e, z)(y) = As(y, x).

Claim 1. ¢** (™) = A**(2**, o) for every z** € (7*.

https://doi.org/10.1017/prm.2023.89 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.89

Order continuity of Arens extensions of reqular multilinear operators 5

Indeed, given y** € ¢f* and z € {1, noting that A}: ¢ — ¢ is given by
Aj(z)(y) = Ap(y, x), we have Aj(x) = Ag(e, x), hence

Py ) (@) =y (v ()
=y (Ag(e,2)) =y (Ag(2)) = (™ 0 Ag)(2) = ¥ (Ag) (),

proving that ¢*(y**) = y**(Ap). Therefore, for ** € £;* and y** € ¢f*, bearing in
mind that A*** = AR§(A) ,

P (YT = 2 (W ()
=2 (y(Ag)) = AR3(A) (@™, y™) = A™ (2™, &) (y™).

Claim 2. z** € {}* is order continuous on ¢ if and only if ¢**(2**) € ¢§** is order
continuous on cj*.

Let a** € £7* be such that ¢**(x**) € ¢f** is order continuous on ¢§*. Supposing
that «** fails to be order continuous on ¢7, the positive functional |z**| € £;* is not
order continuous on ¢ either [2, Theorem 1.56]. Then there is a net (z%)q,cq in £}
such that z¥ | 0 but (irelfg'z |2 |(«}) > 0. For each o € Q let y** € ¢f* be such that

U (y5") = . Thus
v = (%)Ml = (671 (2h) L0 in ¢

because (1)~1)* is positive and order continuous [2, Theorem 1.73]. By assumption
** (x**) is order continuous on ¢§*, so is [¢**(z**)| [2, Theorem 1.56]. Since v is a
Riesz homomorphism, ¢** is as well, so ¥**(|a**|)(y2*) = [¢** (**)|(y2*) | 0, from
which it follows that

0= inf ¢™(lz"[)(ya") = inf [o™|(¢"(43")) = inf |2™[(23) >0

This contradiction proves that z** € ¢7* is order continuous on ¢; . The reverse
implication if straightforward.

Claim 3. /7* contains a functional that fails to be order continuous on #7.

Let ¢ be the space of convergent real sequences and consider the positive linear
functional ¢ € ¢* given by ¢((z,)2,) = nlLH;O Zp. Since ¢ is a majorizing subspace
of o, ¢ admits a positive extension ¢ € £% [2, Theorem 1.32]. Suppose that ¢ is o-
order continuous on £ Foreachn € Nlet z, = (1,...,1,0,...) =e; +---+ e, €
cand y=(1,1,...) € c. Note that 0 < x,, Ty and, since $ is a positive g-order
continuous operator, 0 < @(z,) T @(y) (see [2, p.46]). So,

1 =0(y) =supp(zn) =0,
neN

which proves that ¢ € £% is not o-order continuous on /.. Considering the canoni-
cal Riesz isomorphism ¢: oo — €7, there is 2** € £7* such that ¢*(z**) = @. Since
@ € £ fails to be o-order continuous, there is a sequence ()52, in ¢5 such that
zn | 0 and lerelgl @(z,) > 0. Furthermore, for each n € N there is y;; € {7 such that

¢~ (y!) = 2, hence y* = ¢(z,) | because ¢ is positive, so 0 < y* |. Suppose that
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there exists y* € £7 such that 0 < y* <y, for every n € N. On the one hand, as
¢~ is positive,

0< ¢ ' (y*) < o7 (y) = z, for every n,

from which we conclude that ¢~1(y*) = 0, and so y* = 0 because ¢! is injective.
This shows that v | 0 in £7. On the other hand,

inf 2**(y%) = inf (¢*) (@) (y})

neN neN
_ —1y\* /= *\ s ~( 4—17, * s ~
= ggelg(qﬁ ) (D) (yn) = inf o™ (yn)) = érelgw(zn) >0,

proving that z** is not order continuous on £, as claimed.

Finally, combining claims 1 and 2 we have that A***(z** e) = ¢**(2**) is not
order continuous on ¢§*. We have established that A*** is order continuous in the
first variable and fails to be order continuous in the second variable.

As to the other Arens extension of A, namely ARK(A): £5* x c§* — R, since
¢y =¢; has order continuous norm, Corollary 5.1 guarantees that ARLY(A) is
separately order continuous, hence jointly order continuous by [7, Theorem 2].

Since the bilinear form A is regular and of bounded order variation, this example
shows that the results of Buskes and Roberts and of Boyd, Ryan and Snigireva
quoted in the introduction cannot be improved to get separate order continuity on
the product of the whole biduals.

4. Operators between Riesz spaces

In this section we present our results on order continuity to the whole of the bidual
of Arens extensions of multilinear operators on Riesz spaces. The main result of
the section, namely Theorem 4.6, is a multipurpose result: in this section it will
be used to prove that Arens extensions of regular homogeneous polynomials are
always order continuous at the origin on the whole of the bidual of the domain
space, to extend [7, Theorem 1] and to show that Arens extensions are always
order continuous in at least one variable. Furthermore, Theorem 4.6 will be helpful
a couple of times in the next section.

Recall that a Riesz algebra A is a Riesz space which is an associative algebra
with respect to a product * such that x xy > 0 for all z, y € A". And that a Riesz
algebra (A, x) is an f-algebra if x Ay =0 in A implies that (z x 2) Ay = (z x ) A
y =0 for every z € A*. The following Riesz spaces are f-algebras: R, C'(X) and
Cy(X)-spaces, where X is a topological space, £, (X ) and R¥-spaces, where X is a
nonempty set, Lo, (11)-spaces, and spaces of measurable functions on measure spaces
(see [2, p.126]). If (A, x) is an f-algebra, then the Arens product ® , defined as
follows, makes A™~~ an f-algebra [20]: for z € A, ¥/ € A~ and 2", v € A~

y oz A—R, (v z)(y) =9 (zxy).
"oyt A—R, (@"oy)y) =2" " v).
:L_I/ @ y//: AN SN R, (xll @ y//)(Z/) — x//(y/lozl)’
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An operator A € L.(Fy, ..., Ep; A) is multiplicative if there are regular lin-
ear operators T;: E; — A, i =1, ..., m,such that A(xy, ..., x,) = Ti(x1) * - - %
To(xy) for all 2y € By, ..., xp € Epp.

Since Arens extensions AR?, (A) of multilinear operators A are mappings between
Dedekind complete spaces, we can use any of the three notions of order continuous
linear operators to investigate the separate order continuity of AR’ (A).

PROPOSITION 4.1. Let Ey, ..., E,, be Riesz spaces and (A, *) be an Archimedean
f-algebra. If A€ L.(Ey, ..., En;A) is a finite sum of multiplicative operators,
then all Arens extensions of A, ARP (A), p € Sy, coincide and are separately order
continuous.

Proof. Given a multiplicative operator B € L,.(Ey, ..., En; A), let T;: E; —
A, i=1, ..., m, be such that B(x1, ..., ) = T1(x1) * - x Ty () for all 21 €
Ey, ..., xm € E,,. By [6, Remark 3.3 and the proof of Theorem 3.2] we have that,
foreachpE S and all zf € EY™, ..., xll € Ex7,

AR'rpn(B)(‘T/l/a s ,I;/n) - T;l)/(m) (xZ(m)) ‘O T, (1)( Z(l))

The Arens product ® makes A~ a Dedekind complete, hence Archimedean,
commutative f-algebra [20, Corollaries 3.5 and 3.6], so

ARp (B) (2], ..y 2,) =T (27) © - © Ty (27,),

which gives, in particular, that all Arens extensions of A coincide. In order to check
that AR? (B) is separately order continuous, let j € {1, ....m}, a € ENN i=
1, ..., m, with i # j be given and let (2, )a,eq, be a net in EJNN such that zj, =
0. There exists a net (2 )a,eq, such that zo, | 0and |z7 | < zg, for every a; € Q;.

The functional
=17 (@)@ O |T;L  (27_1)| © [T} (2 )] © - © [T ()] € A™Y

is positive. Using again that the product ® is commutative and [2, Exercise 12,
p.131],

|ARf (B)(zY, ...,z zp)| =T (@) © - O T (2,) © - © Ty (27,

) e
=T/ @) o o|T;_ 1(%71)\®|T”($/,)|@|Tﬁ1( (AR)IEORERNORVHAC AN
=T} (@e )l o (I @) 0 0 T (2 )| © T (@) © - © [Ty (a7,)])
= [T} (2,)| © ¢ < T} |(lzg,]) © ¢ < [T} |(20,) © .

Now it is enough to prove that |T7'|(z7,) © ¢ | 0. Let 0 <y" € A™ be given. Then

@ oy’ is positive and, since |T| is order continuous and positive [2, Theorems 1.56
and 1.73],

(1T I(za,) © @) (") = T} |(za, (0 0 9') 1 O,

from which it follows that (|7}'[(z5,) ©¢) | 0 [2, Theorem 1.18] and gives the
separate order continuity of ARP » (B )
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The linearity of the correspondence A — AR?P (A) gives the result for finite sums
of multiplicative operators. 0

Since scalar-valued Riesz multimorphisms are multiplicative [14, Theorem 6],
Proposition 4.1 yields the following.

COROLLARY 4.2. All Arens extensions of a finite sum of scalar-valued Riesz
multimorphisms coincide and are separately order continuous.

An operator A € L,.(E1, ..., En; F) is of finite type if there are n € N, function-
als <p§ € By and vectors y; € F', j=1,...,n,i=1,..., m, such that

n
Ay, ... xm) = Z(p}(xl)-~-@?1(a:m)yj forall x; € E;, i=1,...,m.
j=1

COROLLARY 4.3. All Arens extensions of a multilinear operator of finite type
coincide, are of finite type and are separately order continuous.

Proof. Tt is not difficult to check that if A € L,.(Fy, ..., E,) is separately order
continuous and y € F', then the operator

(X1, xm) € By X o X Epy = A(21,...,2m)y € F,

is separately order continuous as well. Now the result follows from Proposition 4.1
and from its proof. O

To proceed to the main results of the section we need some preparation.

LEMMA 4.4. Let Eq, ..., By, F' be Riesz spaces with F' Dedekind complete and
(Ba)a be anetin L,.(Ey, ..., En; F). Then B, | 0 if and only if By (21, ..., Tm) |
0in F forallzy € Ef, ..., xm € Ef.

Proof. 1t is straightforward that B, | 0 if Bo(z1, ..., @r) | 0 in F for all z; €
Ef7 ..., Tm € E}. We prove the other implication by induction on m. The case
m = 1 follows from the Riesz-Kantorovich theorem [2, Theorem 1.18]. Assume that
the result holds for n and let (By)o be a net in L,.(Eq, ..., Epi1; F) such that
B, | 0. Consider the canonical Riesz isomorphism

w: £7-(E1,...,En+1;F) - LT(El;‘CT(EQ'")En+1;F))'

We have 0 < ¢(B,) | because v is positive. Let T € L,.(E1; L (E2 ..., Eyy1; F))
be such that 0< T <¢(B,) for every a. Since ¥~! is positive, 0 <
Y™ YT)< B, |0, hence 0<% Y (T)<0, which proves that (B,) |0 in
Lo (E; Lr(Ey. .., Eyq1; F)). The linear case of the result gives that ¢(B,)(x1) | 0
in £,(Es..., Epy1; F) for every a; € Efr The induction hypothesis gives that,

regardless of the z5 € B, ..., 2,41 € E:—s-l’
Bo(w1, 22, ..., opy1) = (Ba)(x1) (225 - - s Tny1) 1 0,
completing the proof. O
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LEMMA 4.5. Let Ey, ..., E, be Riesz spaces, p € Sy, k€ {l,..., m—1} and
) € (E5)% . Then the operator

:L’Z(k) : ,Cr(Ep(k), ey Ep(m)) — ’CT(Ep(k+1)v ey Ep(m))7

defined in (2.1), is order continuous.

Proof. We already know that :v’p’(k) is a regular linear operator, ’x;’(k)’ < |x”(k)|

P
because B* is positive for every positive B € L (Epiyy -y Epmy), 50
|27 |(B) = 25| © BF > £ 4 © BF = £ (2 © B*) = +z7, )(B)
Let (Aa)aco be anet in L,.(Ey), - -, Eym)) such that A, =5 0. Then there are a
net (Ba)aco in Lr(Epr)s - -5 Epm)) and ag € 2 such that B, | 0 and [A,| < B,
for every a > ay. Thus,
’x’p’(k)(A )| <270 (k)‘ |[Aal) < |a:p(k)|(|A D <]z’ | (k)|( ) for every a > ay.
For x; € Ep(Z i€{k, ..., m}, Lemma 4.4 gives
Bi(xk_,_l, coos ) (k) = Ba(Tk, g1, - -5 Tm) L 0.
By [2, Theorem 1.18] it follows that BX(xx 1, ..., o) | 0. Since xg(k) is an order

continuous functional, |z’ is a positive order continuous operator [2, Theorem
p(k) )

1.56], so [z} )[(B k(@pg1, ooy Tm)) 10, that is, [27,.] (k)|( o) (Thtts ooy Tm) L O
Calling on Lemma 4.4 once again it follows that \mp(k) |(Ba) | 0, proving that x;’(k)
is order continuous. 0

THEOREM 4.6. Let En, ..., E,,, F be Riesz spaces, p € Sy, and A€ L,.(Eq, ...,

E,.;F).
a) Forallje{l,...,m}, 2" e E>y,i=1...,5—1,andz” E )y i=
p(i) p(i) o) € Ep(iy)n
Jj+1, ..., m, the operator
aly € By — ARD(A) (@, ... x) gy, h,) € F7F (4.1)

s order continuous on EPN(]N)
(b) ARP,(A) is separately order continuous on (ET))Y X -+ x (E>)~
(c) ARf,(A) is order continuous in the p(m)-th variable on the whole of E™

Proof. Tt is clear that (b) and (c) follow from (a) (for (c) just take j=m

in (a)). To prove (a), take j € {1, ..., m}, a:p(z) €ENS,i=1,...,j—1, and
ahy € (EN(Z));, i=j+1,...,m. leen anet (2 (J)) () €Dy 1L Ep(;) such that
Ta, 250, there is a net ( Za,y ) €2 I BT and ), such that 25 0

and |z | <2y o for every ap() > ap(g),- Let Ay, Ay € Lo(Ey, ..., Eni F) be
positive operators such that A = A; — Ay and put B := A; + As. Of course B is
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positive. Denoting the operator in (4.1) by ARﬁl(A)xn(l)“
p

N IP(J 1)’ IP(J+1)’ o Iﬁ(m)

for every a,(;) = ()05

|AR;)R(A)73N ( ap(]))| - |AR ( )(',I’Jll7"'7xgp<j)7"‘7x’lf;1)|

() TR GGty T (m)
<JARZ (AN, 0l ool
— ARG, (A)) — ARL (A (Y], .. a2l [o- - lalh])
< (ARL(A1) + AR (A) (], 2L e[
= ARP(B)(|2Y], .., |25, |- -5 12])
= ARL(B)p, e AR APENIEE |$p<m>‘< gpm‘)
B3 (B o ol y sy bl ()

As Arens extensions of positive operators are positive, it follows that

< p 1 '
S ARG By ol Lol bl | Fag) L

. . v .
Setting T := |xp(m)| ooy y+1)‘ since each |x (.)| i=j4+1,..., m, is order

continuous, by Lemma 4.5 it follows that [z | Pt )| is order continuous, so 7" is order
continuous and positive. On the other hand, it is clear that, for every positive
/ ~
y e F,

S = (|$/p/(j71)| 00 ‘xg(l)‘)((yl o B)p) S L:T(Ep(j), N Ep(m))

is positive. From z/] | 0 we conclude that z! G )( ) 1 0, therefore T'(z i )(S)) 10.

It follows that, for every positive 3y’ € F™~,

®p(3)

" /
Aan(B)\w"<1>|7---7lw;'u,1>\alw;'m)lw-,\w::(ml<Zap<j))(y )
= ARp (B)(|2], . 20,0 [ DY)
= (Il o ‘%<J+1|°Z,J<J> 25l elag) ) ((y o B)y)

(T zg o) j71)| o |xp(1 |)((y o B),)

T(( Za |35" _j—l)l -0 |$p(1)|)((y ° B)p))

T( %(a)((| /(J 1)‘0 W) y'oB) p))) T(zt) apu) (8)) 1 0.
Lemma 4.4 gives that AR/ (B), I NN SN p(m)|( Cypm) 1 0, and

this allows us to conclude that AR? (A).» 2 2 2 is order
Ty T p—1) T(41) 0 Tm)

continuous. O

|} |

REMARK 4.7. Theorem 4.6 improves [7, Theorem 1] in the sense that it holds
for all Arens extensions, it holds for operators between Riesz spaces, it drops the
assumption of F' being Dedekind complete and it assures the order continuity on
the whole bidual in one of the variables. For regular operators, it improves [10,
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Theorem 3.4] by taking into account all Arens extensions and by assuring the order
continuity on the whole bidual in one of the variables. In particular, Theorem 4.6(b)
provides an alternative proof of [7, Theorem 1] and of [10, Theorem 3.4] for regular
operators between Riesz spaces and (c) shows that A*™+1 = ARY (A) is order
continuous in the first variable on the whole of E7"™.

Recall that an m-homogeneous polynomial P: E — F between Riesz spaces is
positive if the corresponding symmetric m-linear operator P is positive, and that
P is regular, in symbols P € P.(™E; F), if P can be written as the difference of
two positive polynomials.

The Arens extensions of a regular polynomial P € P,.("™E; F') are the polynomials
associated to the Arens extensions of P, that is: for p € S, the Arens extension of
P with respect to p is the polynomial

ARP (P): E~~ — F~~, ARF,(P)(2") = AR, (P)(2",...,2").

In [10, Theorem 3.5] it is proved that AR’ (P) is order continuous on (E~);. We
can go a bit further at the origin:

PROPOSITION 4.8. All Arens extensions of a polynomial P € P,.("E; F) are order
continuous at the origin on E~", meaning that AR, (P)(xl

p € Sp and any (2)acq in B~ such that x/) 2+ 0 in E~™.

) 25 0in F~™ for every

Proof. Write P = P, — P, where P; and P, are positive m-homogeneous poly-
nomials, and let Py, P,: E™ — F' be the positive symmetric m-linear operators
associated to P; and P, respectively. Let (2)ncq be a net in E~~ such that
z” 25 0. There are a net (2/)4eq in B~ and o € Q such that z” | 0 and |2/| < 2/
for every a > ag. For a permutation p € S,,, we know from Theorem 4.6 that the
operator
2" € B~ ARD (Py+ Po) (20, 20,2 2l sy 2 )

where 2/ is placed at the p(m)-th coordinate, is order continuous. For o > ag we
have z); < 2, , so, using that ARf, (P1 + P,) is positive,

| AR, (P)(x7)| = |[ARp, (P1 — Po)(20)| = [ARD, (Py — P2)Y) (2, -, 2|
= |ARp,(P1 = Po)(xy, . a0)| < [ARp(Pr = Po) (|2l |20 ))
< |ARD,(Py = Bo)|(20, - 20) S ARD(Py+ Po) (20, ., 20)
< AR’ (P + “2)(zg0, .. .,z'ofo,zg,z'ofo, .. .72220) 1 0.
This proves that AR?, (P)(z!) = 0. O

In [8] it is proved that, for a regular homogeneous polynomial, order continuity
at one point does not imply order continuity at every point in general. The result
above shall be useful later.
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5. Operators between Banach lattices

In this section we give conditions on the Banach lattices E1, ..., E,, so that, for
every Banach lattice F', all Arens extensions of any regular m-linear operator from
FEy x - x E,, to F are separately order continuous on E}* x --- x E**. Conse-
quences on order continuity of extensions of regular homogeneous polynomials shall
also be obtained.

If the dual E* of a Banach lattice E has order continuous norm, then E** = (E*)}
[17, Theorem 2.4.2]. So, the following is immediate from Theorem 4.6 .

COROLLARY 5.1. Let Fy, ..., E,,, F be Banach lattices, A € L.(Ey, ..., Ep; F)
and p € Sm,. If E7 has order continuous norm for j =1, ..., m, j # p(1), then the

Arens extension ARP (A) of A is separately order continuous on EF* x -+ x Ef*.

The next result makes clear what type of condition should be asked to get order
continuity of Arens extensions on the product of the whole of the biduals.

PROPOSITION 5.2. Let m > 2 and FE-, ..., E,, be Banach lattices such that the
Arens extension A* 1 of any form A e L (E1, ..., Ep) is separately order
continuous on E{* x --- x EX*. Then, for every operator T & E,.(Ei;EJ’-*), i, ] =
1,...,m, 1 #j, the functional T**(x;*) is order continuous on E%* for every

Proof. Let i,7=1,...,m,1#7j, and T € E,«(Ei;E;) be given. For k=
1,...,m,i#k # j, choose 0 # ¢} € E} and consider the regular m-linear form

A By x - X Ep — R, A(zq,...,2p) = ( H wk(xk)>T(xl)(xJ)
Wi

Of course we can assume i < j. Using the Davie-Gamelin description of the
Arens extensions [12], for z;* € Ef* and nets (zq4,)a,e0, in E; such that x;* =

w* —lim Jg,(z4,), L =1, ..., m, we have
o
*[m+1 ok Kok Kok kk\ _ 1e . . .
A ](Jcl oo @ agy) = lime s dim- - lime - lim Az, - Ta,)
(a5} (77 %] Qm

=lim---lim---lim---lim ( H wk(xak)>T(a:ai)(xaj)

oy o o U

o] (e 77 Qi Xy, —1

k
k
m—1
=lim---lim---lim--- lim ( gak(xak)> T(2a,)(Ta,;)lim Jg,, (74, ) (©m)
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ay o a; -1

m—1
=nm~wmv~mm~lm1(IlwuL%OT@mxa%m:wm>

H " (pr hm~~~lgin (H @k(xak)>x;*(T(xai))

k= i+1
k#j

m i—1
=11 23 (spx) lim -+ lim (H @k(xak)> lim T (2") (., )

k=i+1 “\ R
kb
—Huwmmmmmww—<ﬂ**>”mwm
k#lly 75:
k7é_z,J

Choosing xy € Ej, so that ¢(xx) = 1,1 # k # j, we get

AT (T (@), T () = T (20 ().

Since A*[m+1 ig separately order continuous by assumption, the functional T (xf")
is order continuous for every z;* € E;*. O

Although the next results hold, with the obvious modifications, for all Arens
extensions ARP (A) of a regular m-linear operator A, to make the proofs more
readable we shall restrict ourselves to the extension A*I™+1 = AR? (A).

LEMMA 5.3. Let Ey, ..., By, be Banach lattices, A€ L,.(Eq, ..., Em) and 1 €

{;, coo,my. If ;y e By, .o i € By, and xif, € BT, € EX¥, then
the operator

1
A*[m+ ](JE1('I1)""7JEi71(m’i—1)7.’x;j-1"" m) E** R
is w*-continuous and

A*[m+1](JE1 (1), JImy (i), 2™, 2yy)

) m

= (FO oo oﬁ)(Ag)(xi,l, N ,1’1).

Proof Let (z)a;c, be a net in E;* such that x}* =— z}* € E*. For every
xf € Ef wehave:c (xz)*hmx (w ) Given x GEl, sy s € Bjyand 277 €

https://doi.org/10.1017/prm.2023.89 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.89

14 G. Botelho and L. A. Garcia

s
A (g (1), T, (o), @), 2
= (T (1) 0+ 0 T, (wim1) 0 T 0+ 0 T5) (Ay)
:JEI(J?l)((JEz(Z‘Q)O”-OJEi71 xi—1)oxiFo-oxkr (Ag))
= JEl(xl)((JEz(xg)o-~-oJEi71 T

S e U oy
(Jes(x3) 00 Tm, ,

(e, (wa) o0 T, (wia) 07" - 0 ) (4)) ™ (21))
= ((Tes(@s) o0 Jp,_,(@i1) oai* 0 0 mir) (Ag))™ ™ (w1)(2)

= (Jps(ws) 00 Jp,_ (wim1) o i o 0 aiy) (Ag) (2, a1)

Iz‘—l)of

= (‘T;k* (SR OW)(A@)(.Ti_l, . ,Zl)
(( T o0 Ofﬂiﬁ)(!‘la))(miﬂwwxl)
o7 (@ o OT?J)(Ae))miiH(Ii—lw--,1’1))

A . sk %% peroroy m—i
=) lg_n:z:ai (((azi_H 0---0 ;z:m)(Ag)) +1(l’i_1, ceoyx))
- ILmA*[m“](JEl (@1), - TB o (Tim1), T ),
where, in (A), we used that ((z7F, 00 x;¥)(Ag))" " (xiz1, ..., 21) € Ef. O

DEFINITION 5.4. Let P be a property of linear functionals on Banach lattices. We
say that:

e A form A: Ef* x --- x EX* — R, where E1, ..., E,, are Banach lattices, has
P-separately if for all j €{1,...,m} and zf* € EI*,i=1,..., m, i # j, the
functional

Awf*!“"w_;fil?x;’(j»l’"'?m:: . Ej** — R, x;‘* — A(.T/'?[*7 P ,x:j),

has property P.

e P is an Arens property if, regardless of positive m > 2, the Banach lattices
Ey, ..., By and the form A€ L,.(Ey, ..., E,,), the Arens extension A*"+1 of
A has P in the first variable, in the sense that the operator A* mfl]z** B —
R has P for all z3* € E3*, ..., a* € EXF. "

EXAMPLE 5.5. Order continuity (Theorem 4.6(c)) and w*-continuity [13, p.413]
are Arens properties.
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THEOREM 5.6. Let P be an Arens property, m > 2 and E1, ..., E,, be Banach
lattices. Suppose that:

(a) Forj=2,...,m—1,andi=1, ..., m—j, every reqular linear operator from
E; to E7,; is weakly compact;

(3

(b) For all k=2,...,m, zi*€ E{* and T € L.(E;Ef), the functional
T**(x7*) € Ef** has property P.

Then, for every form A € L,.(E1, ..., E,,), the Arens extension A*m+1: B x
- x B — R has P-separately.

Proof. We shall proceed by induction on m. Given A € L,.(Ey, Es), A*** has prop-
erty P in the first variable because P is an Arens property. Let us prove that, for
every xi* € EY*, A¥*(x7*, o) € E3** has property P. Recall that Ap: By x By —
R and consider the regular linear operator T := A}: By — Ej, T(x2)(z1) =
Ag(x1, x2). For all z3* € E3* and x9 € Ey,

T (23")(w2) = 03" (T(x2)) = 23" (Aj(22)) = (23" 0 Ap)(22) = 257 (Ap)(w2),

that is, T*(23*) = 23*(Ag). So, for all z}* € Ef*, 23* € E3*
T (a7")(@57) = 21" (T"(237)) = 21" (237 (Ap)) = (277 0 257) (Ag) = A" (27", 25").

Since T**(x7*) has property P by assumption, it follows that A***(x7*, e) has
property P. This shows that the result holds for m = 2.

Assume now that the result holds for n and let us prove it holds for n + 1. To do
so we suppose that conditions (a) and (b) hold for n + 1. Let A € L,.(Fy, ..., Ent1)
be given. For every z}* € E/*, i =2, ..., n+ 1, we have

‘/'E:L*—i—‘rQ: »CT(Enfi+2» ey El) — ﬁr(Enfileu ceey El)v x:;*_H-Q(B) = x::;i+2 © Bi’
where B7 En i+1 X X E1 — En i+29 Bi(l‘i+1, ey $n+1)($i) = B(Z‘i, Tit1,

, Tn+1). And for each x7* € Ef*, the functional z}*: Ef — R is given by
x7* = x7*. Moreover,

AT @y, a) = (a7 oo aih ) (Ag) = (217 0 0T (2771 (Ap)
[ +1] *k sk
= (@751 (40) " (@i, ),
Since 7% (Ap) € Li(En, ..., E1), by the induction hypothesis we have

that (257, (4g))* ™" has P-separately, so A*"*2 has property P in
the first n variables. To prove that A*"*+2] has property P in the
(n+1)-th variable, let z* € Ef*,i=1,...,n, be given. Our job is to
show that A*nH2(gix ok ) En+1 R has property P. Recall that
Ag: Epp1 X - X By — R is given by Ap(z1, ..., Tpt1) = A(xpg1, .-y 1)
and Aé: E,x---xE — E} |, Aé(xg, e xn+1)(x1) = Ag(z1, 22, ..., :vnﬂ).

https://doi.org/10.1017/prm.2023.89 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.89

16 G. Botelho and L. A. Garcia

Given z3 € Fp_1, ..., Tnt1 € F1, consider the regular linear operator
. * _ 1
Asz---vmn+l . En B En+1’ A137~~wzn+l (:EQ) - AG(CE% Z3,. .. 7xn+1)'

Given z}% | € E}* |, take anet (2q,)a, in B, such that Jg, (za,) “, x* and apply
the w*-w*-continuity of [A,, |** and Lemma 5.3 for i =n+1 and i =n to

oy Tt
obtain
[Aws.nia ] (@07) (277510)

= lmlAy, ) (T (20) (55)

=i T, (A () (5

= 110211‘:;11(14,037,__@“1 (Tay)) = légl 251 (A (Tag, T3, .o, Tng1))

= ILTﬂ(Ag)(xaz,x& ey Tpt)

= 1(11151 A A (Jp (2041), ..., TE,  (23), TB, (Zay), T35 q)

= A (g (Tag1),s o TB, s (T3), 287 2. (5.1)
For z}* € E}* and x4 € E,,_o, ..., Tpy1 € By, consider the regular linear operator

. * :
Ax4, e T, TR En—l - En+1 given by

Asgoonsrwone (3) (1) = AT (g, (@a1), . T, (23), 25, T, . (71)).

On the one hand, for every x3 € E, i the functional [As, . 2., 2 (23)]"
is a w*-continuous extension of Ay, . .z, a2 (z3). On the other hand, since

Azs....wny is weakly compact by assumption, for every x;* € E}* the functional
(A, oz ) (@) is w*-continuous. Taking a net (ra,)a, in E,41 such that

T (Tay) 5 23,
Moz az (@) (@050) = Ay, i (@)] (T (@)
= lgln IBmir (Tay ) (Azs, .z 2 (73))
= lgln Avyrioznir,az (13)(Tay)
= lim A" (g, (2041), - TE, o (23), 257, TE,y (Tay)

aq

=lm[Agy, o] (@) (T, 0 (T0n) = [Aag, ] (@07) (27750)

(5.1) 4 n s,k ok
="A [ +2](JE1 (zn-&-l), tey JEn—l (1‘3), Ty 7xn+1)' (52)

Take a mnet (Zay)ay in E,_1 such that JEn_l(xa3)w—*>x;’;”L1. Using that

[Az4,...,xn+1,z:*]** is w*-w*-continuous and calling on Lemma 5.3 for i =n — 1,
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for each x}% | € E}" | we have
[Azaswninap ] (@20 (@300) = MM[Aey o pr,ap: ] (TB o (Taa)) (@771)
= l(l)gl JE* (AI4,~~,ITL+1,I;§* (xaz))(x;ﬁkl)

= ILHI x;kL:l(Az4wnaa:n+l7w;* (xaz)) = lim[Aw47"'aaj7L+lyz;* (mas)]**<$::|»1)
3

Qg
(5.2) ..
= ltl)gl A*[n+2](JE1 ($n+1); tey JEnfl ($a3)7 mz*v x:ﬁkl)
= AT (T, (@), T (), 20 ) ). (5.3)
For o;*, € B3 |, o} € B2 and o5 € B3, ..., Tnt1 € Eq, consider the regular
linear operator Ay; . 4., = . L aEel E, o — E; | given by

Aws, ST 1,T0 T TR (.%‘4)(3'}1)

= A*[n+2](JE1 (anrl)v vy JEnfz(xﬁl)v Ly 1’ JE,L+1( ))

For every x4 € E,,_5 the functional [4, « e (24)]* is a w*-continuous

5y ey Tn41, Ty

extension of Ay, 2., 2% «x(24). On the other hand, since Au, . 2.,
** , the functional

is weakly compact by assumption, for every x}*, € E’*,
[Azs, o ey, o] (23 ) is w*-continuous on E, 5. So, repeating the procedure
using (5.3) we get

[Ass,..zmir,an yan (@) (27751)
= A*[n+2](JE1 (xn+1)v' . ’JEn—2(m4)7m;kLi17x** :;j»l) (54)

Since the operator [Au; . 2, 22 22| is w*-w*-continuous, for every z;%, €

»i1, taking a net (Za,)a, in E,_p such that Jg,_,(2q,) AN x5, using
Lemma 5.3 for i =n — 2 and ( 5.4) we have

[Al‘sam,l'nﬂ7932*,1736;2*]** ('x:k—Q)(ij-l)

= A*[n+2](JE1 (xn-i-l)v s JEn—S ($5), 'le*—% 33:1*_1, $:L*’ .13:;:_1)

Repeating the procedure (n — 3) times, we end up with

[Avs g (@5 (@350) = AT (T, (wn40), 257, 200 ) (5.5)
for every %, € E;% 1, where, for each x,,1 € F1 and 27" € Ef*,i=3, ..., n,
Azn+1,r§*, T E; — E} | is the regular linear operator given by
Awn+1,$§*,~-¢r;§* (xn)(xl) = A*[n+2] (JEI (xn+1)7 JEz (mn)7 C(:g*, cee JEn+1( ))
Finally, given ;* € E;*, i = 2, ..., n, the regular linear operator AI;*, N

— E | defined by

Avg e (@na1) (1) = AT, (@nr1), 257, 2l Tp, (21)),
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is weakly compact by condition (ii) for n41. So, for every a3* e E3*,
[As, 1oz, 2z (257) is w*-continuous, therefore
Aas iz )] @) = T Aage (@ )] Ui, (7))

= lgfl JEn+1 (xal)(Aw§*7---,w2;* (Tny1)) = l(’llm Aw3*7---,wi‘1* (xn+1)(xa1)
1

- lgln A*[n+2](‘]E1 ($n+1)7 T3 7]":;*7 JEn+1 (xcn))

A, ] @3 B, (T0r) = Maogae] ™ (@57 @350)

=) A (T (@), 23", 2l ). (5.6)

For the final time, taking a net (za,,,,)a,.., in E1 such that Jg, (za,,,) — z}*, the

w*-w* continuity of [Ayx . ,+]™ and Lemma 5.3 for ¢ = 1 give, for every x** , €
25 Ty n+1
’:il’
[Acge,.on ] (@17)(@751) = O}ilfl[Az;*,...,m;f]**(JEl (Tansa) (@n1)

= Jim i, (age o (T, (2

= J%Kll 1';:1(*’413*,...,902,* (l'an+1)) = OELIEI [Aré*,...,:c;‘,,* (xan-H )]**(x::kl)

(5.6) .

= OPIJIrll Arlnt2] (JE, (Tan, ) T3 @) = Axln+2] (1", anty)-

n

This proves that [Agse . o] (27*) = A H2(25*, . 2% e). By condi-

tion (b) for n+1 we know that [Ags  .:<](27") has property P, so
A*[H20 (g 2% e) has property P, which completes the proof. O

Theorem 5.6 gives sufficient conditions for Arens extensions of regular multilinear
forms to be separately order continuous on the product of the whole of the biduals.
Now we derive the case of vector-valued regular multilinear operators.

THEOREM 5.7. Let m > 2 and Eq, ..., E,, be Banach lattices such that:
(a) Forj=2,...,m—1,andi=1, ..., m— j, every reqular linear operator from
E; to E7,; is weakly compact;

(b) Forallk=2,...,m, x{* € Ef* and T € L,(E1; E}), the functional T**(x}*)
is order continuous on L.

Then, for every Banach lattice F and any A € L,.(Ey, ..., Ep; F), the Arens
extension A*MFU s separately order continuous on Ef* x --- x EX*.

Proof. Let A€ L.(F1, ..., Ep;F) and y* € F* be given. Since y*oA€

L.(F1, ..., Ey) and order continuity is an Arens property, by Theorem 5.6 the
extension (y* OA)*[’"“] is separately order continuous. For all z7* € E*, i =
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1,...,m,

AT @i ) () = (T o AT L),
For each j € {1, ..., m} let 27" € E}* and let (23" )a e, be a net E7* such that
x* 25 0. There exists a net (Yo )aseq; in EF* and aj, € € so that y3* | 0 and

|xﬁt Sy, for every a; > aj,. Without loss of generality, assume that A and

y* are positive. Since (y* o AU (x| .. e L |2E): Er* — R is positive
and order continuous,
AT 2]y 2 D ()
= (" o AT (2}, e 2 D (yar) L O,
It follows that A*mFU(jz3*|, ... y3*, ..., [z37]) L 0 [2, Theorem 1.18] and, for
every oy = oy,
AT gl < AT (e el L)
S AT (2|, ) Lo,

This shows that A*™ (21, ... 22, ..., 27¥) = 0 and proves that A1 s
separately order continuous. ' O

Recall that a Banach lattice E is said to be a Kantorovich-Banach space
(or briefly a KB-space) if increasing positive bounded sequences of E are norm
convergent.

EXAMPLE 5.8. As to condition (a) above, we have the following examples between
nonreflexive Banach lattices:

(a) Every operator from ¢g to ¢ = ¢1 is compact, hence weakly compact (this is
Pitt’s theorem).

(b) Every operator from C(K), where K is a compact Hausdorff space, to a KB-
space is weakly compact. Just recall that KB-spaces do not contain a copy of
¢o [2, Theorem 4.60] and apply [18, Theorem 5].

(c) Since any AM-space with order unity is order isometric to a C(K)-space [2,
Theorem 4.29], from (b) it follows that every operator from an AM-space with
order unity to a KB-space is weakly compact. And since the dual of an AM-
space is a KB-space, every operator from an AM-space with order unity to its
dual is weakly compact. In particular, every operator from /o, to £%  is weakly

compact.
COROLLARY 5.9. Let m > 2 and Ei, ..., E,, ' be Banach lattices such that
every regular operator from Ej; to EY.; is weakly compact, j=2,...,m—1,i=
1, ..., m—j. If Ef has order continuous norm, then the Arens extension Axlmt]
of any operator A € L,.(Ey, ..., E,; F) is separately order continuous on ET* x
ceex B
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Proof. Condition (a) of Theorem 5.7 is given by assumption. For 27* € E{* and T' €
L, (Ey; Ef), x7* is order continuous because the norm of EY is order continuous [17,
Theorem 2.4.2]. Since T* is order continuous [2, Theorem 1.73], T**(27*) = a7* o T*
is order continuous as well, so condition (b) is fulfilled too. O

Recall that a Banach space E is Arens regular if every bounded linear operator
from F to E* is weakly compact (see, e.g., [13]). The Banach lattices ¢g, £~ and
C(K), where K is a compact Hausdorff space, in particular AM-spaces with order
unit, are Arens regular (cf. Example 5.8).

COROLLARY 5.10. Let E be an Arens regular Banach lattice. Then, for every
Banach lattice F, the Arens extension A*"™ U of any reqular m-linear operator
A: E™ — F is separately order continuous on (E**)™.

Proof. The Arens regularity of E immediately gives condition (a) of Theorem 5.7
and implies that, for every T € L,.(E; E*), T**(E**) C Jg-(E*) C (E**)%, which

gives condition (b). O

We conclude this paper with one more result on order continuity of Arens
extensions of homogeneous polynomials. For a polynomial P € P.("E;F), we
write P*[™+1 .= AR? (P). Recall that P is orthogonally additive if P(x +y) =
P(z) + P(y) whenever z and y are disjoint. The literature on orthogonally additive
polynomials is extensive.

A linear operator u: E — E* is symmetric if u(z)(y) = u(y)(z) for all z, y € E.
A Banach space F is symetrically Arens reqular if every symmetric operator from F
to E* is weakly compact. Of course, Arens regular spaces are symmetrically Arens
regular, but there are symmetrically Arens regular spaces that fail to be Arens
regular [15].

PROPOSITION 5.11. Let E, F be Banach lattices and P € P.("E;F). If either P
s orthogonally additive and F' =R or E is symmetrically Arens reqular, then the
Arens extension Pt B** — F** of P is order continuous on E**.

Proof. Assume first that P is orthogonally additive and F' = R. By Proposition 4.8
we know that P*["*1 is order continuous at the origin on E**, therefore it is order
continuous at every point of E** by [8, Proposition 8.

Suppose now that F is symmetrically Arens regular. It is clear that we can assume
that P is positive. We know that (P)*["+1) is order continuous in the first variable
on E** (Theorem 4.6) and positive because P is positive. In order to check that
it is symmetric, let p € S,, be given. For every ¢ € F*, since F is symmetrically
Arens regular and ¢ o P is symmetric, by [5, Theorem 8.3] (or [11, Corollary 6])
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we know that AR, (p o P) is symmetric as well. So, for zi*, ..., 2¥* € E**,
(PYy Tl (@y, i) () = AR (P) (1", i) ()
= ARY (po P)(x}*,...,a")
= ARY 0 (p o P)(x* 1),...,m;?m))
- AR’rn( )( p(l)v s 7x;’{7rb))(gp)

= (P (@sty, o ehim)) (9),

proving that (P)*[™+1 is symmetric. The order continuity in the first variable and
the symmetry yield that the positive m-linear operator (P)*["™*1 is separately order
continuous on (E**)™. By [10, Lemma 2.6] it follows that (P)*[™+1] is jointly order
continuous on (E**)™. So, if 2¥* %+ x** in E**, then

Pt () = (Py (@, alr) S (B @)
= primH (g,
U
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