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An automorphism $ of a semigroup S is said to be an 
inner automorphism if there exists a unit u in S such that 

a$ = u au 

for each a in S. Let X denote a nonempty set and let & 
denote the semigroup of all binary relations on X where 

A o B = { (x,y) « X X X: (x, z )* A and (z,y) e B for some z in 

for elements A and B of 3. This semigroup is discussed 
in [1, pp. 13-16] and in [Zr pp. 33-35]. The purpose of this note 
is to prove the following 

THEOREM. Every automorphism of S is inner. 

Applying this theorem, we also obtain the following 

COROJLLARY. The automorphism group of £3 is 
isomorphic to the group of permutations on X. 

The analogous results for the semigroup of all trans
formations of a set into itself are proven in [2, pp. 302-303]. 
It is pointed out there that I. Schreier [5], A.I . Malcev [4] 
and E.S . Ljapin [3] have all given proofs of the fact that every 
automorphism of the semigroup of all transformations on a set 
is inner. Schreier1 s paper, the first of the three, appeared in 
1936. 

In what follows, the empty relation will be denoted by E. 
For any A in the domain, aU {A), of A and the range, 
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X7 (A), of A are defined by 

dÔ-(A) = {x€ X: (x, y)€ A for some y in X} and 

/ ? (A) = { y * X: (x, y) « A for some x in X} . 

Finally, for x in X, 

{ (y ,x )€ XX X: y€ X} 

is an element of and will be denoted by x . 

Proofs. 

In proving the theorem, we make use of the following facts: 

(1) ^ ( A ) = X if and only if B o A = E impl ies B = E. 

(2) dÔ-(A)Œ cô*[B) if and only if C o B = E impl ies 
C o A = E . 

{3) /?{A)Cl/?{B) if and only if B o C = E impl ies 
A o C = E. 

(4) /X (A) consis ts of one point if and only if A / E and 
there exis ts an element -B in such that 

(i) A o B = E and 

(ii) if A o C / E and <Û(B)C^{C)f then <3(C) = X. 

The verification of each of the s ta tements above is s t ra ightforward 
and will not be given h e r e . Now let 5 be an au tomorphism of $ . 
Since E is the zero of & , we must have 

(5) E$ = E . 

Statements (1) and (5) together imply 

(6) </5(A)=X if and only if / > (A$) = X . 

Statements (3) and (5) imply 
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(7) tf (A)C/ f (B) if and only if ^(A5) C / ? (BÎ) . 

Statements (1), (2), (4) and (5) imply 

(8) /^(A) consists of one point if and only if A (Ag) 
consists of one point. 

Now we are in a position to define a one-to-one trans
formation H from X onto X. JLet any x in X be given. 
It follows from (6) and (8) that 

|x |§ = |y[ for some y in X . 

We define xH = y. Let us observe that H is a unit of O and 
moreover 

(9) Jx|§ = |xH| and | x | f 1 = jxrf1! 

for each x in X. Now for any x in X and A in J , we 
let 

xA ={y€ X: (x,y) € A} . 

We will use the fact that for elements A and B of J3, A = B 
if and only if xA = xB for each x in X. 

Using (9) (several times) we get the following string of 
equalities: 

x(H$) =x( |xJoH$) = x( |xHw l | f oH$) = x(( (xH"1 j o H)5) = 

x(( |x| o H"4o H)§) = x(|xj§) = xjxHf = x( |x | o H) = xH . 

Therefore 

(10) H$ = H . 

Now let A be an arbitrary element of ^3 • It follows from (7), 
(9) and (10) that the following statements are successively 
equivalent: 

y € x(H~ i o A o H) , 
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y € X ( | X H " |O A O H) , 

/ e d y h d / e d x H ' ^ o Ao H) , 

/ ^ ( l y l ^ C Z / ^ d x H ^ l c o A o o H ^ ) , 

/ f ( | y H | ) C T ^ ( | x | c A $ o H ) , 

yH * z( | x | o AS o H) for some z in X, , 

yH € X(A$ ° H) , 

y € x(A§) . 

Thus x(H~ o A o H) = x(A$) for each x in X. This impl ies 

A§ = H o A ° H and the theorem is proved. 

To see how the coro l la ry follows from the t heo rem, r eca l l 
that the units of a re prec ise ly the permutat ions on X. For 
any permutat ion H on X, map H onto the au tomorphism 
which c a r r i e s an element A in ^3 onto H" 1 o Ao H. This 
mapping is a homomorphism from the group of permuta t ions 
on X into the group of au tomorphisms of £3 • In fact, the 
mapping is an epimorphism onto /3 since every au tomorphism 
of ^3 is inner . If H is in the kernel of the ep imorphism, we 
mus t have H o A o H = A for each A in l3 . But th is impl ies 
that H commutes with each element of y^j which, in t u rn , 
implies that H is the identity mapping on X. Thus, the epi
morph i sm is an i somorphism and the coro l la ry is proved. 
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