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1. Introduction. It is well known that certain resul ts 
such as the Radon-Nikodym Theorem, which are valid in totally 
cr-finite measure spaces, do not extend to measure spaces in 
which |JL is not totally cr-finite. (See §2 for notation. ) Given 
an a rb i t ra ry measure space (X, S,|i) and a signed measure v 
on (X, S) , then if v < < u for X , v < < u when res t r ic ted 
to any e^S and the c lass ical finite Radon-Nikodym theorem 

produces a measurable function g (x) , vanishing outside e , 
e 

with 

v(e t ) = / g (x)dn , 
t e 

e f 

for every measurable e ! C e . When \x is totally cr-finite 
00 

there exist disjoint measurable sets e with X = W e and, 
i 1 i 

oo 
defining g(x) = 2 , g (x) extends the Radon-Nikodym theorem 

i = 1 e. 
i 

to X . Standard arguments then show that every continuous 
p 

linear functional on L. , 1 < p < oo , can be expressed in t e r m s 
of an integral 

G(f) = / fg dp , 

with g(x)€ L q , p" + q " 1 = l , and || G || = N°°(g) . 

When |i is not totally cr-finite the extension may fail in 
several ways. There may exist a function g(x) defined on X 
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and such tha t g(x) = g (x) a. e. in e for e a c h e t S but g(x) 

m a y fail to be m e a s u r a b l e o r g(x) m a y be m e a s u r a b l e but the 
i n t e g r a l e x p r e s s i o n be inva l id in c e r t a i n s e t s of inf ini te m e a s u r e 
(Example 3). In t h e s e c a s e s we say tha t the f ini te R a d o n - N i k o d y m 
t h e o r e m h a s a loca l e x t e n s i o n to X . T h e r e m a y e x i s t no 
function defined on X with g(x) = g (x) a. e . in e for e a c h 

e 
e e S ( E x a m p l e 4). 

Let G € ( L P ) " \ If e € S , XQ * L P . If |G(e ) | / |± (e ) > 1/n , 

^ u ( e ) < | G ( X e ) | < | | G | | N P ( X e ) = ||G | | [ n ( e ) ] 1 / p 

M e ) ] 1 / q < n || G || . 

If 1 < p < oo th i s r e s u l t can be used to show tha t t h e r e ex i s t 
+ CO 

dis jo in t s e t s s in S , X = U s wi th G(x ) = 0 if 
i f 1 1 i e 

e C X = X , e e S . Then G can be ident i f ied wi th 
1 f 
oo p * q 

g(x) = Z g (x) and it can be shown tha t (L, ) = L if 
i 

1 < p < oo . T h i s m e t h o d fa i l s when p = 1 , q = co and it i s 
1 * oo 

we l l known tha t (L ) and L. need not be i s o m e t r i c . 

In § 3 we c o n s i d e r t h r e e e l e m e n t a r y e x a m p l e s i l l u s t r a t i n g 
s o m e of the d i f f e r ences b e t w e e n to ta l ly cr - f in i te and non to ta l ly 
cr-f ini te m e a s u r e s p a c e s . In § § 2 and 3 we i n t r o d u c e a l oca l 
t h e o r y which p e r m i t s a d e s c r i p t i o n of (L. ) in t e r m s of 
i n t e g r a l s when the m e a s u r e space p e r m i t s the l oca l e x t e n s i o n 
of the R a d o n - N i k o d y m t h e o r e m . An a n a l o g o u s d e s c r i p t i o n i s 
p o s s i b l e in e v e r y c a s e for the B o u r b a k i t h e o r y of Radon 
m e a s u r e s on loca l ly c o m p a c t t opo log ica l s p a c e s [ l ] . 

E x a m p l e 4 ([3] , p . 131) shows tha t a l oca l e x t e n s i o n need 
not be p o s s i b l e and tha t the loca l t h e o r y i s not a d e q u a t e to 

1 * 
d e s c r i b e (L ) for g e n e r a l n o n - t o p o l o g i c a l m e a s u r e s p a c e s . 

1 * 
J . T. S c h w a r t z [5] h a s c h a r a c t e r i z e d (JL ) in g e n e r a l in t e r m s 
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of m e a s u r e s . In § 4 we study d e c o m p o s i t i o n s of X into s e t s 
+ 1 * 

of S and the p r o b l e m of c h a r a c t e r i z i n g (L ) in t e r m s of 

i n t e g r a l s in the g e n e r a l c a s e . The p r i nc ipa l r e s u l t s a r e 
p r e s e n t e d in L e m m a 4. 1 and T h e o r e m 4. 1. 

2. Defini t ions and no ta t ion . We adopt in g e n e r a l the 
def in i t ions and no ta t ion in [3]. Let (X, S, JJL) denote an a r b i t r a r y 
m e a s u r e s p a c e , w h e r e X is a space of points x , S a r e l a t i v e l y 
c o m p l e m e n t e d , countably addi t ive c l a s s of m e a s u r a b l e s e t s 
(a a*-ring) and JJL a pos i t ive countably addi t ive m e a s u r e on S . 
When X s S the space i s c o m p l e m e n t e d and S is ca l l ed a 
cr - a l g e b r a . The m e a s u r e is ca l l ed cr - f in i te ( total ly cr - f in i te) 
if S is a c r - r i ng (cr - a l g e b r a ) and e v e r y se t in S can be 
e x p r e s s e d a s a union of a countable co l l ec t ion of m e a s u r a b l e 
s e t s of f inite m e a s u r e . 

If S i s a c r - a l g e b r a we let S and S denote the 

c o l l e c t i o n s of m e a s u r a b l e s e t s of f ini te , and finite pos i t ive 
m e a s u r e r e s p e c t i v e l y , S1 the c r - r ing g e n e r a t e d by S . 

X x 
Let R and R denote the s p a c e s of r e a l and extended 

r e a l va lued funct ions on X . A function f i s ca l l ed null if 
N(f) = { x: f(x) ^ 0} is a nul l set ( i . e . ha s m e a s u r e z e r o ) . 
The r e l a t i o n f = g if f - g is null is an equ iva lence r e l a t i o n . 
It i s usua l to extend the equ iva lence c l a s s e s to include funct ions 
tha t a r e not defined in some nul l se t . A set A (function f) 
wi l l be ca l l ed loca l ly null if for e a c h e e S , A r\ e (fx ) is nul l . 

f e 
The r e l a t i o n f = g if f - g is loca l ly null is an equ iva lence 
r e l a t i o n . We can thus a l so c o n s i d e r s p a c e s w h e r e the points 
a r e equ iva lence c l a s s e s of funct ions modu lo local ly nul l func t ions . 

X —X 
We let R , R denote the s p a c e s of equ iva lence c l a s s e s of 

ex tended r e a l va lued functions on X modulo nul l and local ly 
nul l funct ions r e s p e c t i v e l y . When fi i s cr-finite or to ta l ly 
cr - f in i te , nul l and local ly nul l co inc ide . 

X 
If S i s a c r - a l g e b r a , a function f in R is m e a s u r a b l e 

if the i n v e r s e of each extended B o r e l set on the r e a l l ine is 
m e a s u r a b l e . If S is a c r - r i n g , f i s m e a s u r a b l e if the i n t e r ­
sec t ion of the i n v e r s e of e v e r y ex tended B o r e l se t wi th N(f) i s 
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—X 
measurable. Â function f in R will be called locally 
measurable if, for each e e S . fx is a measurable function. 

f e 
Locally measurable functions have the same combinatory 
properties as measurable functions. We denote by M , M 

the spaces of measurable and locally measurable functions, by 
X X 

M and M the subspaces of R , R „ of equivalence classes 

of measurable and locally measurable functions modulo null and 
locally null functions respectively. We note that if f is locally 
measurable then iy is measurable for every As S1 . Thus 

if JJL is cr -finite or totally <r-finite local measurability implies 
measurability. 

For each f € M , NP(f) =[ J | f |Pdu] P , 1 < p < oo ; 
00 . , ! P 

N (f) = ess. sup. |f(x) I is defined with 0 < N (f) < oo . Since 
p p 

every null function h is measurable and N (h) =0 , N is 
D 

also defined naturally on M . We denote by 1/ the space of 
p p 

functions f in M with N (f) < oo , by JL the Banach space 
P s\ 

of points f of M with N (£) < oo . Thus, as sets of points, 

L,P C M C R X . 

When JJL is not cr-finite or totally cr -finite we define 

NP(f ) = sup ^ NP(f ) , 1< p < oo . 
— V ee S— — — 

We can write 

/ |f|dn for N^f) . 

Then J is defined for every locally measurable function 

whereas J is defined only for those locally measurable 

functions that are measurable* We denote by L, , L. the 
I -JL 

P P 
analogues of the spaces L and L using local measurability 
instead of measurability. Then, as sets of points, 
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L P C M . C R . 

P P 
The spaces L a re vector spaces normed by N 

Definition. A set A will be called purely infinite if it 
contains A! e S with u(A* ) = oo and if \±{Al ) = 0 or oo for 
every A1 s S , A! CA . 

3. Elementary examples. The following t r ivial example 
i l lus t ra tes some of the pathology introduced by purely infinite 
se ts . 

Example 1. X consists of two points x , x ,S = P(X) 
1 Z — 

(the collection of all subsets of X) , \i is the measure for which 
JJL(X ) = 1 , JJL(X ) = oo . (We do not distinguish between x and 

X Lé 1 

x as points of X and as one point subsets of X . ) 

In the example the set x is purely infinite, 

S a cr-agebra and u is not totally cr-finite. 

Definition. Suppose that v is a signed measure 
absolutely continuous with respect to a measure JJ, , v < < JJL . 
Then a measurable function g(x) will be called a Radon-Nikodym 
derivative (RN-derivative) of v with respect to JJL if 

v(A) = JAg(x)du 

for every A ^ S . A locally measurable function g(x) will be 
called a local RN-derivative of v with respect to u if 

v (e ) = f g(x)d|jL J e 

for every e € S . 

Let v < < u. in Example 1. Then g(x. ) = v ( x l , 
1 1 

g(x ) =0 is a unique RN-derivative if v (x ) = 0 , there exists 

no RN-derivative if 0 < | v (x ) j < oo and g(x ) = v (x ) , 

g(x ) = t a , 0 < a < o o , is an RN derivative if v (x ) = . oo . 
f\ — Lé 
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The funct ions g ( x ) = v ( x ) , - oo < g(x ) < oo a r e l o c a l 

R N - d e r i v a t i v e s for e v e r y v < < JJL . 

Let |f(x ) I < oo , f ( x j = 0 . Then f € L P , l < p < o o 
1 Z — — 

p 
and e v e r y f ^ L i s of t h i s f o r m if 1 < p < oo . The e q u i v a l e n c e 
c l a s s of f in L" , 1 < p < °o c o i n c i d e s wi th f s ince g = 0 is 

p 
the only nul l funct ion. Now f € L, . 1 <: p < oo and i t s e q u i v a -

p 
l ence c l a s s f € L. c o n s i s t s of the funct ions f(x) + g(x) w h e r e 

g(x) i s loca l ly nu l l , i. e. g(x ) = 0 , - °° < g ( x
? ) < °° • 

N (f) = N (f ) and the c o r r e s p o n d e n c e be tween f and f , 

P P 
1 < p < oo , shows tha t L and L. a r e i s o m e t r i c . F o r the 

- — —4 
oo 

c a s e p = oo, f(x) + g(x) d e t e r m i n e s d i f fe ren t po in t s in L 

for d i f ferent finite v a l u e s of g(x ) and f c o r r e s p o n d s to 
00 

the one point wi th g(x ) = 0 . Thus L. i s i s o m e t r i c to a 
oo 

s u b s p a c e of L . 
F o r 1 < p < oo the s i tua t ion i l l u s t r a t e d by the e x a m p l e i s 

P P 
t y p i c a l . If f € L , f e f i s in L and d e t e r m i n e s an equ iva -

^ — A 
l ence c l a s s f in L P w i th NP(f ) = NP(f) . If f * L P and 

P P 
f e f , then s ince N.(f ) - sup N (fx ) > t h e r e i s an i n c r e a s i n g 

IL „ e 
e € S 

s e q u e n c e e * S„ wi th NP(fx ) > NP(f) - 1/n, n = 1, 2, . . . . 
n f e — 

n 
If A = w e , f x A ^ L/ , and NF(fX A ) = NMf n ) . We have thus 

1 n A A l l 

P P 
shown tha t for e v e r y m e a s u r e space (X, S, JJL) , L» and L, , 

p 
1 < p < oo, a r e i s o m e t r i c . T h u s L . 1 < p < c o i s a B a n a c h 

- I 
s pa c e. 

R e t u r n i n g to the e x a m p l e we note tha t S = S1 c o n s i s t s of 

the empty se t and the se t x . H e r e L. (X, S, u.) and L. (X, S1 , JJL) 
1 
oo oo 

co inc ide if 1 <C p < oo but JL (X, S' , u) and L, (X, S ,u ) a r e 
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isometric, noting that f(x) is non measurable (S* ) unless it 
vanishes at x^ . 

p 
We next consider the topological dual of L» , 1 < p < oo 
~X "p * "" 

If g s R , g determines an element G of (L ) if 
|g(x )| < « by 

G(f) = J'fgd|i = f f x ^ g ^ ) , 

noting that f(x ) = 0 and using the convention for extended real 

numbers that 0 . oo = 0 (or we could replace j by / ). Each 
g in the same equivalence class modulo locally null functions 

ii ii °° " 

determines the same G with || G || = N (g ) . Conversely 

if G«(LPf let g(Xl) = G(xx ) , - «>< g(x2) < oo . If f e L
P , 

1 

G(f) = G(£x ) = f(x )G(X ) = f ( x )g(x ) . 
X 1 X 1 1 

1 1 
q 

All such g belong to the same equivalence class g in L, 

and N^(g^ ) = || G || . Thus for this example 

(JLPr = Lq = L q , l < p < c o 

1 # oo - oo 

Ik > = k£
 c k -

Example 2. X - (0, i) , S = P(X) , JJL(A) denotes the 
number of points in A if A is finite, = oo otherwise. 

S is a cr-algebra, u not cr -finite. The empty set is the 
only null set and A* S implies that A is finite. Mea sur ability 

and local measurability coincide, every v < < u has a unique 
1 # oo oo 

RN-derivative and (L ) = L = L . We note that 

LP(X,Sf>i) = l / (X ,S l , p.) if l < p < o o but that La°(X,S>ji) = 
00 00 

L (X,S,LL) D JL (X,S!,fx) since f is not measurable (S! ) if 
I 
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{ x: f(x) i 0} is not countably infinite. 

Example 3. ([4], p. 36) . With X and JJL the same as 

in Example 2 let S denote the Lebesgue measurable subsets 

of X . 

Let v denote Lebesgue measure on S . Then v < < \i . 

Suppose that v has an RN-derivative g(x) with respec t to u . 

Since JJL(X) = 1 , v (x) = 0 for every one point set xe X , g(x) =0 

This is not compatible with 

1 = v(X) = f g(x) d^ . 

We note that every locally null function is a local RN-derivative 

for v with respect to JJL . 

1 
If f € L, the points where f(x) ^ 0 are at most countable 

1 oo . . 
say x , i = 1, 2, . . . and N (f) = S f(x.) . It is easy to show 

1 1 * - l 

that (L ) is i sometr ic to B , the space of bounded functions 

on X , by 

G(f) = jgf dji , with || G || = sup |g(x) | . 

x * X 

Here gf is measurable for every g since the product vanishes 

outside a countable collection of points. The only null or locally 
1 1 co oo 

null set is the empty set. Thus L = L. , L. = L. . We note 
„ — I -I 

—X oo 
that every element of R is locally measurable and B = L, 

- 4 
Since there are bounded non-measurable functions, viz. the 
charac ter i s t ic function of a non-Lebesgue measurable set, 

oo oo 1 * 
L C L i = (L ) . 

We note also that L (X, S, JJL) D L (X, S1 , u) . 

00 

In the above examples L is a Banach space as the 
~l i 

topological dual of the Banach space L . In the general case 

completeness can be shown by a slight modification of the 
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argument of [2], Theorem 3. 1. . There is no loss of generality 
in assuming that each g.(P) in [2], Theorem 3. 1 is defined 
and finite everywhere in X since the equivalence class of 

oo 
each element in L contains such functions. If e = 

I oo 
00 

{P:g (P) = oo} N (g ) < oo implies that, for each e ^ S , 
oo 

N (ê X ) < °° whence e r\e is null. Thus e is locally 
£ &0 e oo oo y 

null. The remainder of the argument in Theorem 3. 1 goes 
through verbatim. 

The above examples illustrate two properties of totally 
or -finite measures that may become invalid for arbitrary 
measures -

1. We call A€ S finitely regular if 

JJL(A) = sup fji(e) . 

eC A 
e € S 

Since |JL is monotone every e € S is finitely regular. Thus if 
A is not finitely regular 

u(A) = oo , sup jj.(e) = a < oo . 
e CA 
e € S 

There then exists an increasing sequence { e } of sets in S 
00 

with lim u.(e ) =a . If A! = w e , A' is measurable and 
n n 1 n 

A-Al is measurable and purely infinite. Thus every set that 
is not finitely regular contains a purely infinite measurable 
subset. 

oo + 
2. If u is totally cr-finite X = w e with e * S . 

I n n f 
oo 

If A. r\ e € S for every e e S„, A = A n X = u A n e € S . 
f I n 

Example 3 shows that in the general case there may exist non-
measurable sets A with A A e e S for every e e S . Replacing 
measurability by local measurability restores this property in 
the general case. 
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P u r e l y infinite s e t s can a l w a y s be r e m o v e d by chang ing 
the m e a s u r e f r o m JJL to JJL w h e r e 

o 

JJL (A) = sup \±{e) . 
o 

e C A 
e e S 

Then JJL = |i on the f ini tely r e g u l a r s e t s but p u r e l y inf ini te 
o 

m e a s u r a b l e s e t s b e c o m e nu l l s e t s . We note t h a t , even if JJL 
i s c o m p l e t e , JJL wi l l not be c o m p l e t e u n l e s s e v e r y s u b s e t of 

o 
e v e r y p u r e l y infini te m e a s u r a b l e se t is m e a s u r a b l e . In E x a m p l e 

1, L?[X, S,|i) = L P (X , S, | i ) , 1 < p < oo . In E x a m p l e 3, u = u 
- i o - - 1 ^ o 

and the loca l t h e o r y i s n e e d e d to c h a r a c t e r i z e (L. ) by 
i n t e g r a l s . 

P u r e l y inf ini te s e t s m a y a l s o be d e l e t e d by r e t a i n i n g the 
m e a s u r e JJL but r e p l a c i n g the cr - a l g e b r a S by a su i t ab le c r - r i n g . 
S ! w a s used in E x a m p l e 1 and i s in g e n e r a l a d e q u a t e in s tudying 

p 1 * 
L, , 1 < p < oo , but w a s i nadequa te for the d e s c r i p t i o n of (L, ) 
in E x a m p l e s 2 and 3. The co l l ec t i on S u of s e t s in S tha t 
conta in no p u r e l y infini te m e a s u r a b l e s u b s e t s i s a c r - r i n g . In 
E x a m p l e s 2 and 3 it c o i n c i d e s wi th S . 

The loca l t h e o r y h a s ef fec t ive ly n e g l e c t e d p u r e l y infini te 
s e t s , r e s t o r e d p r o p e r t y 2, and h a s p r o v i d e d a n a t u r a l way of 

1 * 
d e s c r i b i n g (L. ) in t e r m s of i n t e g r a l s in a l l t h r e e e x a m p l e s . 

00 

In the g e n e r a l c a s e e a c h e l e m e n t of L d e t e r m i n e s a con t inuous 
1 ~~l 

l i n e a r funct ional on L, ( c o m p a r e T h e o r e m 4. 1 be low) . 
oo 1 * 

However JL can be i s o m e t r i c to a p r o p e r s u b s e t of (JL ) 
When the m e a s u r e space p e r m i t s a loca l e x t e n s i o n of the R a d o n -

1 • oo 
Nikodym t h e o r e m it can be shown tha t (L, ) and L, a r e 

i s o m e t r i c . 

1 * 
4. (Li ) for g e n e r a l m e a s u r e s p a c e s . T h e fol lowing 

e x a m p l e ([3] , p . 131) shows tha t a loca l e x t e n s i o n of the Radon -
1 * 

Nikodym t h e o r e m i s not a lways p o s s i b l e and tha t (L« ) and 
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00 

L need not be i s o m e t r i c . 

E x a m p l e 4. Let X, Y be s e t s of points with c a r d i n a l 
n u m b e r s a, p r e s p e c t i v e l y w h e r e a > the f i r s t n o n - c o u n t a b l e 
c a r d i n a l and p > a . We c o n s i d e r the C a r t e s i a n p r o d u c t 
X X Y , ca l l the set of points A = { (x, y ), x € X) , a h o r i -

y0 ° 
zonta l l ine , the set A = { ( x , y) , y e Y} a v e r t i c a l l ine . 

xo ° 
A set A wi l l be c a l l e d full on a h o r i z o n t a l or v e r t i c a l l ine if 
it c o n s i s t s of a l l but a t m o s t countably m a n y poin ts of the l ine . 
We let S denote the co l l ec t ion of s e t s which i n t e r s e c t e ach 
h o r i z o n t a l or v e r t i c a l l ine in a full se t o r a countab le se t . 
Then S i s a o r - a l g e b r a . F o r each A * S let JJL(A) equal the 
n u m b e r of h o r i z o n t a l l ines on which A is full p lus the n u m b e r 
of v e r t i c a l l i nes on which A is full. Then ( X X Y , S , J J L ) i s a 
c o m p l e m e n t e d m e a s u r e space tha t i s not to ta l ly cr - f in i te . If 
v(A) deno t e s the n u m b e r of h o r i z o n t a l l ines on which A is 
full v is a pos i t ive m e a s u r e , v < < JJL . 

Since for each x e X , JJ.(A ) = 1 <' oo and v < < JJL on the 

s u b s e t s of A. , the c l a s s i c a l finite R a d o n - N i k o d y m t h e o r e m 
x 

i m p l i e s the e x i s t e n c e of g (P) , P€ A , wi th 
x x 

v(e) = / g (P) d^ J e x 

for e v e r y m e a s u r a b l e subse t e of A Since the m e a s u r a b l e 
x 

s u b s e t s of A a r e e i t h e r full or coun tab le , g (P) = 0 for a l l 
x x 

but a t m o s t countably m a n y points of A . S i m i l a r l y for each 

y e Y t h e r e e x i s t s g (P) , P c A wi th 
y y 

v(e) - /g (P)d|i 
J y 

for e v e r y e C A , e € S , and g (P) = 1 a l m o s t e v e r y w h e r e 
y y 

in A . The co l l ec t i on of funct ions g , x s X ; g , y € Y 
y i * y 

d e t e r m i n e an e l e m e n t of (L ) by the a r g u m e n t of T h e o r e m 
4. 1 be low. Suppose now tha t t h e r e e x i s t s a loca l ly m e a s u r a b l e 

2 2 1 
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function g(P) with 

g(P) = g (P) a . e . in each A , 
x x 

= g (P) a. e. in each A 
y y 

If A = { P * X X Y: g(P) 4 °) > as in [3] the x-conditions imply 

that A has cardinal number >p , the y- conditions that A has 

cardinal number < a giving a contradiction. 

We note that in Example 4, X = KJ A , A € S . x € X, 
„ x x f 

X € X 
A n A = 9, x 4 x ' • Thus there exists a measurable function 

x x! 

f(P) defined on all of X , coinciding with g (P) a. e. in each 

A , namely the function g(P) = 0 . However each A e S 
x y i 

but u.(A r\A ) -0 , xe X and 
x y 

1 = v(A ) # / g(P)du = 0 . 
y J A 

y 

We note also that X =( w A ) w( w A ) = w A , 
x y A x 

x e X y € Y y \ € A 
where A is the set of all x and y indices. Here 

u(A r> A ) = 0 , \ i V and, for any A * S , 
A. A. f 

H(A) = S (A ^ A ) , 

\ e A X 

where 2 .̂(A r̂ A ) means the supremum of all finite sums 

\ * A ^ 
of this form. In this case the functions g (P) , \ e A , 

A \ 

determine a g (P) for every A e S1 but it is impossible to 

define g(P) on X coinciding a.e. with g (P) in A for 
A \ x 

each X. £ A . 

The following lemma shows that similar decompositions 

are possible for every complemented measure space. 
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L e m m a 4. 1. To each c o m p l e m e n t e d m e a s u r e space 
(X,S,p.) c o r r e s p o n d two d e c o m p o s i t i o n s (D) and (ND) w h e r e , 
for both 

X = X W X , with X pu re ly infinite or loca l ly nul l , 

\ - X 2 = 0 ; 

X = W e , e € S , 
L. A K A. I 

and w h e r e , for 

(D) e^ n e x f = 0 , \ * \ f ; 

(ND) jji(e n e ) = 0 , \ ± \ ! and u(e) = 2 u(e n e ) 
x 6 A 

for e v e r y e € S . 

If |JL i s a c o m p l e t e m e a s u r e X is loca l ly nul l in both c a s e s . 
The d e c o m p o s i t i o n s (D) and (ND) a r e not in g e n e r a l unique . 

Proof . We ver i fy (ND) , (D) be ing s i m p l e r and s i m i l a r . 

We c o n s i d e r a l l co l l ec t i ons of s e t s f r o m S with p a i r w i s e 

i n t e r s e c t i o n s nul l and p a r t i a l l y o r d e r t h e s e co l l e c t i ons by 
inc lus ion . 

If C , or. € A , is a chain in th i s p a r t i a l l y o r d e r e d se t , 
a 

le t C * denote the co l l ec t ion of a l l e l e m e n t s e in any C 
X. a 

I f e ^ e . e s C , e € C for some a, ax and we can 
\ \ l \ a \ ' a1 

a s s u m e that a < a1 . Then e , e € C . and u(e n e f) = 0 . 

Thus C1 i s an upper bound for the cha in . By Z o r n ' s L e m m a 

t h e r e i s a m a x i m a l co l l ec t ion C = {e , U A} • If e € S 
A. f 

m a x i m a l i t y i m p l i e s tha t u(e n e ) > 0 for some \ € A . 
\ 

Let X = w e , X = X - X- . Then X can conta in 
2 A \ 1 2 1 

no set of S and so is p u r e l y infinite or loca l ly nu l l . 
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Let e e S . Assume that u(e n e ) > 0 for uncountably 
f X 

many U A. There would then exist 6 > 0 and a sequence 

X., i = 1, 2. . . with |d(e n e ) > 0 whence, since jj,(e n e ) = 0 
i X. X X 

1 i J 

00 00 

oo = 2 Li(e n e x ) = u ( e n (KJ eN ) < u (e ) < oo , 
. A A. . 1 A. . 
1 = 1 1 1 

a contradiction. Thus for at most countably many X say X., 

j = 1 , 2 , . . . , fji(e n e ) > 0 and 
A 

S \i(e n e ) = 2 . _ u(e n e ) < ^(e) . 
A ^ i ~~ i A. . 

X * A J j 

00 + 

Let e! = e - w (e n e ) . Then e1 e S . If e1 € S there 
1 A f f 

j 
exists X! ^ X . , j = 1, 2, . . . , with jji(e n e ) > fi(e! n e , ) > 0 

j A1 — \ T 

giving a contradiction proving that u(ef ) = 0 . If JJL is complete, 

since X n e C e! , X n e is in S with u(X n e) = 0 , i .e. 
1 1 1 

X is locally null. 

The index set in (D) can be countable. Then w e 

is measurable, X a measurable null or purely infinite set. 

P A P 
Since X~ e L , 1 < p < co , X e A , L c a n n o t b e s e p a r a b l e 

e X — — 
w h e n A i s n o t c o u n t a b l e . 

R e m a r k . If S i s a cr - a l g e b r a a n d JJL i s n o t t o t a l l y 

o " - f i n i t e , L ^ (1 < p < oo) , c a n n o t b e s e p a r a b l e u n l e s s S 

c o n t a i n s a p u r e l y i n f i n i t e s e t . 

D e f i n i t i o n . A m e a s u r e JJL on a c o m p l e m e n t e d m e a s u r e 

s p a c e (X, S, |JL) w i l l b e c a l l e d l o c a l l y c r - f i n i t e if t h e r e e x i s t s 

a d e c o m p o s i t i o n (D) w i t h \i(e) = 2 u (e n e ) f o r e v e r y 

X*A 

e e S . 
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When jjL is locally o*-finite the finite Radon-Nikodym 

Theorem extends locally to X by g(x) = 2 g (x) , i .e . 

X ^ A e x 
every v < < JJL has a local RN-derivative with respect to JJL . 

We observe that if there is a decomposition (ND) with f\ of 

cardinal N (the smallest uncountable cardinal), JJL is 
1 

locally a*-finite. There is then a well ordering of the sets e 

such that, for each X € / \ , at most countably many X 

precede X . Thus O e 6 S , e r^ ( w e ) is null 
0 X A». X 

X<X^ 0 \ < \ 
0 0 

1 + 1 1 
and e = e

x ~ ' ^ e \ € ^ • Since e r^ e = 0 if 

S S \<\n
 x f S 2̂ 

0 1 
X ^ X both (D) and (ND) apply for X = w e 

1 Z 2 X 
xe A 

Thus if a, (3 < N in Example 4, UL is locally cr-finite. 
— 1 

We show how a decomposition (ND) can be used to 
1 * 

characterize every (L ) in terms of integrals. We fix a 
decomposition (ND) in Lemma 4 . 1 , let gA denote a collection 
of functions g.(x), X* A where g.(x) vanishes outside e 

X X X 
00 00 

and is measurable. We define N (g A ) = sup , N (g ) and 
00 00 

denote by L. the space of collections g with NA (g ) < oo . 
—A _ A ~/ \ X 

00 

It is easy to verify that LA is a vector space semi-normed 
00 CO 

by NA ( . ) . N (g ) = 0 if and only if gx(x) = 0 

00 

a. e. in e for each Xe A • If L, is the corresponding 
X —A 

normed space it is easy to show that it is a Banach space. 
oo 

We note that the space L. does not depend on the choice of 

the (ND) decomposition. Where primes refer to a second 

: x ' 
CO 

sequence eN , X € A , with e x T - e N , r> ( w e ) null. 
X . i X1 X1 i = 1 X. 

decomposition, to each ex ? , X T e A ! > corresponds a countable 

Given g let g = { g (x) = sup. g (x) x ; X'€ A ' } • 
/\ A X i X. e 

î Xl 

Then N^ , ( § A , ) < N* (g ) and N* , (g ) < N* (g ) . Now 
00 

gA , determines g% in a similar way and NA (g A - g * ) = 0 . 
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oo co 
T h u s N (g ) = N (g ) . R e v e r s i n g t h e r o l e s of A , A ! 

oo oo 

A and ~A 
oo oo 

s h o w s t h a t L r t a n d L A , a r e i s o m e t r i c . 

1 
If f e L , e = { x : f (x ) ^ 0} c a n b e e x p r e s s e d a s t h e u n i o n 

of a c o u n t a b l e c o l l e c t i o n of s e t s of f i n i t e m e a s u r e a n d t h e r e f o r e 

a s t h e u n i o n of a n u l l s e t a n d a c o u n t a b l e c o l l e c t i o n e ^ e , 
f X 

i 
\ e A • We d e f i n e 

i 

g (x) = s u p g (x) , x € e ; = 0 e l s e w h e r e , 
f i \ f 

T h e n g (x) = g (x) a . e . in e r\ e , i = 1, 2 , . . . . We n o t e t h a t 
f A. I \ 

(x) = g (x) , a e R ; 
i l I 

i f , f (X) = S U P ( g f (X) » g f ( X )} > 
1 2 1 2 

w h i c h c o i n c i d e s w i t h g (x) a . e . i n e , i — 1 , 2 

T h e o r e m 4. 1. F o r a n y c o m p l e m e n t e d m e a s u r e s p a c e 

1 * 
( X , S, f±) (L, ) a n d L a r e i s o m e t r i c by t h e c o r r e s p o n d e n c e 

(*) G(f) = j'l g f dji , 

. . . . 00 00 00 

w i t h II GII = N (g ) . If X i s l o c a l l y c r - f i n i t e L,. - L 
' ' oo oo oo A * 

If X i s t o t a l l y c r - f i n i t e L „ = L = L 
y -A - i 

00 1 
P r o o f . L e t g A * L A . If f, f, , f <; L, , ffeR a n d 

A ~ A 1 2 -
G(f) i s d e f i n e d b y (*) , 

G(ûrf) = J aï g djji = a J f g dfi = aG(f) , 

G ( f l + V = i ( f l + V % +f ^ = / f l % ^ + i fZ % ^ 
1 2 1 2 

2 2 6 
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- G(f ) + G(f ) • 
1 2 

1 
Thus G i s l i n e a r on L . Since 

|G(f ) | = l / f g ^ l < N 1 (f)N°°(gf) < N 1 (f)N^ ( g A ) , 

G M L 1 ) " and | | G | | < N ^ ( g ) . Le t a = N"A (g ) . Given 

e > 0 t h e r e e x i s t s \ e f\ with N ( g \ ) > a - e / 2 and a 
m e a s u r a b l e subse t ef of e wi th | g (x) | > a - e in ef . 

- 1 1 X 1 
Now f (x) =[|i.(e1)] x f ç L and N (f ) = 1 . Thus 

llGl!> I J' f0gf du| > a - s . 
0 

Since e i s a r b i t r a r y jj G J| = N ( g . ) . 

1 * 
C o n v e r s e l y if G € (L ) the c l a s s i c a l t h e o r y appl ied to 

~1 
the r e s t r i c t i o n of G to L (e ) g ives the e x i s t e n c e of 

oo 
g (x) * L (e ) wi th 

G(fXe ) = JYg^du , N ( g x ) < | |G| 

We let g A = ( g x ( x ) , K6 A } • Then N * (g ) < | | G | | . 

1 CO 
If f € Li , e = n w ( e r r\e ) w h e r e n is nul l and 

f i = l f X. 
l 

\ . c A > i = 1, 2, . . . . Thus 

G(fx ) = / f g d u , n = l , 2 , . . 
^ n n J f 
v^ ex w e^ 

I X . 1 \ 
l l 

By cont inui ty 

G(f) = J"fgfd^ 
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Il II ° ° 
This implies that ||G || < N. (g . ) . Since the opposite 

ii ii ° ° 
inequality was established, || G || =NA (g, ) . 

If |JL is locally a*-finite the condition that f±(e n e ) = 0 
X \ 

if X 4- X* in the lemma can be replaced by e r\ e = 0 , 
X X 

X ̂  X! . The collection g = { g (x) , X e / \ } can then be 
A A. 

replaced by the function 

g(x) = Z g (x) = sup g (x) . 

Xe A X Xe A ^ 

CO CO 00 

Then gfx) is locally measurable and in L and L> = L K . 
5 y i -I - A 

If \i is totally cr-finite g(x) is measurable. 

1 * oo 
Example 2 shows that (L ) = L, is possible when u. is 

not totally cr-finite. We do not know if there are examples where 
1 * oo 

JJL is not locally cr-finite but (JL ) = L> . 

co co co 
Remark. L , JL are Banach sub space s of LA . 

-i - A 
co 1 

L is the conjugate of L. for the length function 
1 ~~~ 

determined by N . By ([2], Theorem 3. 1) it is a Banach 
00 

space. We have shown above that lu is always complete. 
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