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If A and B are torsion-free groups, and W is a cyclically reduced word of even length
in A*B, it is generally conjectured that a Freiheitssatz holds, namely that each of A
and B are embedded via the natural map into the one-relator product group
G = (A*B)/N(W), where N denotes normal closure. If W has length 2, then G is a free
product of A and B with infinite cyclic amalgamation, and the result is obvious. The
purpose of this note is to prove the Freiheitssatz in some special cases.

DEFINITION. Let x = (xu. . . ,xn) be a sequence of elements of a group G. We say
that Xj is isolated in x if no Xj belongs to the cyclic subgroup generated by JC, for j ^ /.

THEOREM 1. Let A, B be torsion-free groups, and letW — axbx... akbk be a cyclically
reduced word in A* B, such that some a, is isolated in (au . . . ,ak) and some bf is isolated
in (b,,. . . ,bk). Let G = (A*B)/N(W). Then the natural maps A^>G and B-+G are
injective.

A second result concerns the case where one of our two groups, say B, is cyclic.
Define the sign-index of a cyclically-reduced word

W = alx
m< . . .akx

m"eA*(x)

to be the number of changes of sign in the cyclic sequence (mu . . . , mk), in other words
the number of negative terms in the sequence (m,m2,. . . , mk_imk, mkm\). Clearly this is
an even integer between 0 and k.

THEOREM 2. Let A be a torsion-free group and let

W = aiXm'. . . akx
m"eA*(x)

be a cyclically reduced word of length at least 2 and sign-index o^2. Let G =
(A * (x))/N(W). Then the natural map A—*G is injective. If, in addition, one of the
following holds:

(0 o>0;
(ii) ai...akeA\{l};
(iii) a = mk + wiifl, + m2(ala2) + . . . + mk_](ai . . . ak_t) is not a unit in QG;
(iv) A:<3;

then the map (x)—>G is injective, in other words x has infinite order in G.

REMARKS. (1) The first part of Theorem 2 is not new. It follows from results of Levin
[7] (for the case a = 0) and Stallings [10] (for the case o = 2). The second part of the
Theorem, the fact that x has infinite order, is we believe, new, and equally important for
the application below.

(2) It is conjectured that QA has no nontrivial units for any torsion-free group A; in
which case (iii) is satisfied whenever k > 1, so the second part of Theorem 2 holds without
the restrictions (i)-(iv). The widest class of groups for which the unit conjecture is known
is that of unique product groups [8, Chapter 13] (for every pair U, V of nonempty finite

tThis work was supported by a visiting fellowship under SERC grant GR/F 97355.

Glasgow Math. J. 35 (1993) 99-104.

https://doi.org/10.1017/S0017089500009617 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500009617


100 S. D. BRODSKII AND JAMES HOWIE

subsets, at least one element of UV is uniquely expressible as uv with u e U and v e V). In
particular we see that x will always have infinite order in A provided A is a
unique-product group. Unfortunately, we do not know how to avoid the unit problem in
proving Theorem 2.

COROLLARY 3. Let A, B be torsion-free groups, and W = fli&i . . . akbk with a, eA,
b/sB, a^l^b and A: < 3. Let G = (A * B)/N(W). Then the natural maps A-*G and
B—*G are injective.

Proof. Without loss of generality, we may assume that A is generated by au . . . ,ak

and B by bu...,bk. By Theorem 1 we may assume that one of the sequences
(a,,. . . , ak), (bu . . . , bk) (say the latter) has no isolated elements. Since k < 3 it follows
easily that B is cyclic, say B = (x). Since k ^ 3 the sign-index of W is either 0 or 2, and
the result follows from Theorem 2.

Before proving the theorems, we first note an interesting consequence for the study
of equations over groups. Recall that an equation W = 1 in an unknown X over a group G
is nonsingular if the word W eG * (X) has nonzero exponent sum in X. One version of
the Kervaire conjecture asserts that any nonsingular equation over any group G is soluble
over G, in other words that a solution exists in some overgroup of G. We say that a group
G is good if it satisfies this conjecture, in other words if every nonsingular equation over
G is soluble over G. Known examples of good groups include all locally residually finite
groups [4] and all locally indicable groups [2,5,9].

The syllable length of the equation W = 1 is defined to be the length of W as a
(cyclically reduced) word in the free product G * (X). In particular, this length is always
assumed to be even. A result of Edjvet [3] asserts that any equation of the form
aXmbX" = 1 with mi=—n has a solution over any group G, except possibly if a has order
2 in G and b has order 3, or vice versa. In particular, any equation of syllable length 4
over any torsion-free group G has a solution over G.

COROLLARY 4. / / G is a good, torsion-free group, then any equation over G of
syllable length at most 14 has a solution over G.

Proof. The result follows from the definition of good unless the equation is singular.
In this case the group H = (G * Z)/N(W) is an //AW-extension of a group A = (Gt * . . . *
Gk)/N(V), where k^2, each Gi = G, and V is a word of length at most 7 in the free
product, that contains letters from both Gj and Gk. (Here the associated subgroups are
Gj * . . . * Gk-x and G2*. . . * Gk, which are naturally embedded in A by Corollary 3.)

REMARK. The proofs of the results use the weight test method of Bogley and Pride
[1]. Recall [1] that a weight function for a relative presentation

(G,Xl,...,Xm\Wu...,Wn)

of a group H (where G is a group and the Wt are words in G * (Xu. . . , Xm)) is a real
valued function w on the edges of the star graph of the presentation. A weight function is
aspherical if it is non-negative; w{gx) + . . . + w(g,) <(t- 2)n if W,: =g,Ar*('1).. . g,Xtl<)
for some i; and w{R)>2n whenever R is a cyclically reduced closed path in the star
graph labelled by a relation in G (among the coefficients g,). Here w(R) denotes the sum
of the weights of the edges in R. A relative presentation with an aspherical weight
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function is called aspherical, and for such a presentation G always embeds in H via the
natural map. (For details, see [1].)

If w is an aspherical weight function with the additional property that w(R) > n for
any reduced non-closed path R in the star graph labelled by a relation among the gt, then
the methods of [1] can also be used to show that no nonempty, cyclically reduced word in
the X/ represents the identity element of H, in other words the Xt form a basis for a free
subgroup of H. We omit the details.

Proof of Theorem 1. Without loss of generality, we may assume that A is generated
by a,,. . . , ak, and B by bu. . . , bk\ and that a, is isolated in (a,,. . . , ak) and bt in
(&i , . . . , bk). The theorem certainly holds if the equation

atXbiX~l. . .akXbkX~l = \

is soluble over A * B. The proof proceeds by applying the weight test method to this
equation, or equivalently to the relative presentation

{A*B,X \axXbxX-\..akXbkX~l). (1)

The star graph of this relative presentation consists of two disjoint bouquets of circles,
with k circles in each. One of these corresponds to the /1-letters, and the other to the
^-letters. Define a weight function w by w(a,) = w(bj) = 0, w(am) = n for m # i , and
w(bm) = jz for mi=-}. Then certainly w is non-negative, and the sum of the weights is
(2k - 2)JI. To see that w is aspherical, it remains only to check that no nonempty closed
path of weight less than 2JI in the star graph represents the identity element of A or of B.

Any such path has the form a] or b) for some t ¥= 0; or a*'a,' for some t e Z, m # i or
b%xb) for some t e Z, m =£/ (up to cyclic permutation). The first two possibilities are ruled
out by the condition that A and B are torsion-free (for example, if a\= 1 then a, = 1,
contradicting the hypothesis that W is cyclically reduced). The remaining possibilities are
ruled out by the hypothesis that a, and bj are isolated.

Hence w is aspherical, and so the natural maps A—*G, B^>G are injective, as
claimed.

Proof of Theorem 2. Suppose first that W has sign-index a = 2 (condition (i) of the
theorem). Then the star graph of the relative presentation

(A,x\W) (2)

consists of two vertices, x and x~\ a loop at each, and a collection (possibly empty) of
edges joining x~l to *. Let w be the weight function that assigns the weight 0 to each of
the two loops, and n to each of the other edges. Then the only closed paths of weight less
than 2n are powers of the loops, which cannot be relations in A since A is torsion-free.
Hence this is an aspherical weight function for (2), and (2) is aspherical. In particular, A
is naturally embedded in G. Moreover, any path in the star graph from JC~' to x has
weight at least n, so x has infinite order in G.

Next suppose that W has sign-index o = 0. In other words, after replacing x by x~l if
necessary, W is a positive word in x. Then certainly A is embedded in G, by Levin's
Theorem [7]. Indeed, Levin shows that G has a homomorphic image isomorphic to the
wreath product of A by a cyclic group of order n, where n — mx + . . . + mk. The cyclic
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group of order n is generated by an element t, conjugation by t permutes the n copies of
A in the direct product, and x maps to the element

(Here aj~' is separated from a j 1 by (m, — 1) l's, and so on, so that each a~x occurs in the
(m, + . . . + /np_, + l)'th place in the vector.)

Hence x" maps to an element of the direct power of A, each component of which is
conjugate to the inverse of the product (in order) of the a,. Since A is torsion-free, it
follows that x has infinite order in G, except possibly if this product a, . . . ak is the
identity in A, in other words if condition (ii) fails. From now on we assume that this is the
case.

The injection A—>G is then split, via the map G-^A that is the identity on A and
sends x to 1. The kernel of the splitting map has a presentation

K = (xa(a e A) | xZ\ JC%2 ...x7'(aeA)), (3)

by Reidemeister-Schreier rewriting, where xa = axa~l. If x has finite order in G, then K is
generated by elements of finite order, so

But A acts regularly on the generators and relations of (3), and so HX(K;Q) can be
computed explicitly as the cokernel of the Fox derivative 3: QA —> QA of W with respect
to x. Since Hl(K;Q) = 0, d is surjective (and hence an isomorphism). But 9 is given by
right multiplication by a on QA, so a must be a unit in QA. Hence condition (iii) fails.

Suppose, finally, that k < 3. If k = 1 then (ii) holds, so x has infinite order in G. If A
is cyclic, then QA has no nontrivial units, in particular no units of the form a with k > 1,
so condition (iii) holds. In particular this is the case if k -2, for then A = {aua2) with
ala2=l.

Thus we are reduced to the case where k = 3, A = {a],a2) is non-cyclic, and
W = axx

pa2x
q{axa2)~

xxr for some p,q,r^l. The star graph of (2) consists of p + q + r
edges, all joining the vertex x~x to JC. Three of these are labelled aua2, a3, and the others
are labelled by the identity of A. Let w be the weight function that assigns a weight of JI/3
to each of the edges a,, a2, a3, and n to each of the remaining edges, The only non-closed,
reduced paths of weight less than n are labelled a*1 for i = 1,2, 3, none of which is a
relation in A. Similarly, the only closed, cyclically reduced paths of weight less than In
are labelled (up to cyclic permutation and inversion) a,, akajx for i=£j, or aiaj^aid^ for

. Given that A is torsion-free, non-cyclic, and generated by aua2,a3 with
= 1, it can readily be verified that only the last of these, with j^k, are possible

relations in A. If no such word is a relation in A then (2) is aspherical. Hence x has
infinite order in G, and we are done.

Suppose then that a word ajaj^jdk1 is a relation in A, with i,j, k pairwise distinct.
Without loss of generality we may assume that i = l, j = 2 and k = 3. Then A is a
homomorphic image of

A. = (aua2,a31 axa2a3yaxa2
la^a3

l) = (x,y \ xyx~ly2).
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But no proper homomorphic image of A is torsion free and noncyclic, so A =A. Now in
this case there is an alternative weight function: take w(a2) = w(a3) = 0, and w(e) = n for
all other edges. This makes (2) aspherical (compare [1, Theorem 3.2, Case 3], and also
has the property that no reduced, nonclosed path of weight less than n is labelled by a
relation in A. Once again, x has infinite order in G. This completes the proof.

Alternatively, we can complete the proof using the fact that the group A is a
torsion-free one-relator group, hence locally indicable [2], and so QA has no nontrivial
units (see for example [8]). Now apply (iii).

Concluding remarks. 1. Our method of proof also shows that the one-relator
product group G = (A*B)/N(W) in Corollary 3 is itself torsion-free, except in the case
where W is a proper power in A * B. Indeed, we showed that either G is (essentially) a
one-relator group, or G is (a subgroup of) a group given by an aspherical relative
presentation over a torsion-free group. In either case, G can have torsion only if the
relator is a proper power. (See [1] for the relative presentation case).

2. It is reasonable to expect that the length restrictions on Corollaries 3 and 4 could
be relaxed somewhat. More subtle methods of proof would be required however, as one
can construct examples of length 8 words in A * B such that neither factor group is cyclic,
yet no aspherical weight function exists. One such example is W = abadcbcd"1, where
A = (a, c) and B = (b, d) are both free of rank 2. One possible approach might be to use
the cycle test of Huck and Rosebrock [6] in place of the weight test.

3. Finally, the intrusion of the unit problem into Theorem 2 raises the question of
whether it can be avoided. Explicitly, one can ask, given any positive word W =
a\X. . . akx eA * (x), with at least one of the a, nontrivial in A, whether x has infinite
order in the one-relator product G = (A* (x))/N(W). Theorem 2 provides some
evidence for an affirmative answer, but not yet a complete proof. It is rather curious that
the infinite order part of Theorem 2 should be so much easier for words of sign-index 2
than for positive words.
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