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1. In t roduct ion . In an e a r l i e r work [12] we cons ide red the c a s e 
of (0, 2, 3) in te rpo la t ion by t r i g o n o m e t r i c po lynomia ls at the points 

x. = , i = 0 , 1 , . . . , n - 1 . By (0, 2, 3) in te rpo la t ion we m e a n the 

p r o b l e m of finding a t r i g o n o m e t r i c po lynomia l of su i tab le o r d e r whose 
v a l u e s , second and third d e r i v a t i v e s a r e p r e s c r i b e d at s o m e given p o i n t s . 
An i n t e r e s t i n g d i s t inc t ion be tween the (0, 2) in te rpo la t ion studied by the 
Hungar ian m a t h e m a t i c i a n O. Kis [8] and (0, 2, 3) c a s e studied by us is 
that the sequence of i n t e rpo l a to ry po lynomia ls R (x) in our c a s e c o n v e r g e s 

n 
un i formly to the given function if f(x) i s pe r iod i c and f(x) e Lip a, 0 < a< 1, 
w h e r e a s Kis [8] r e q u i r e s the Zygmund condi t ion. F o r another 
g e n e r a l i z a t i o n of the r e s u l t s of Kis' we r e f e r to our other work [11]. As 
a m a t t e r of fact a s y s t e m a t i c study of (0, 2) in te rpo la t ion by power 
po lynomia l s is due to P r o f e s s o r P . T u r a n and his a s s o c i a t e s ( see e . g . 
[1], [2]). We r e m a r k that the p r o b l e m of (0, 2, 3) in te rpo la t ion when the 
nodes a r e taken to be z e r o s of u l t r a s p h e r i c a l po lynomia l s is s t i l l open. 

The m a i n object ive of this pape r is to obtain sufficient condit ions 

for the conve rgence of the p de r iva t i ve of R (f;x) to f (x) on the 

r e a l l ine . The sufficient condi t ions t u rn out to be f (x) e Lip a, 0 < a < 1 . 
F o r de t a i l s s ee T h e o r e m 1 .1 , 1.2 and 1 . 3 . F o r the c a s e p = 0 we get 
r e s u l t s of our e a r l i e r work [12]. As the proof of t hese t h e o r e m s wil l 
ind ica te , an e s s e n t i a l r o l e i s played by a t h e o r e m due to J. Cz ipsze r and 
G. F r e u d [3] as wel l as the e s t ima t ion of the fundamenta l p o l y n o m i a l s . 
The above-quoted a u t h o r s 1 t h e o r e m is included in the p r e l i m i n a r i e s . 
P robab ly our condi t ion can be improved so that f(x) is supposed to be 

2TT-per iodic and f (x) continuous on the r e a l l ine . 
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T h e r e a r e m a n y r e s u l t s analogous to th is p r o b l e m . It is well 
known that B e r n s t e i n po lynomia l s p rov ide s i m u l t a n e o u s a p p r o x i m a t i o n 
of the function and the i r d e r i v a t i v e s ( see e . g . [4, p . 112]). Another 
i m p o r t a n t con t r ibu t ion of s imu l t aneous app rox ima t ion of function and 
i ts d e r i v a t i v e s by m e a n s of i n t e r p o l a t o r y power po lynomia l s is due to 
G. F r e u d [5] . He inves t iga ted in his work the sufficient condi t ions 

under which the p d i f ferent ia ted sequence of L a g r a n g e i n t e rpo l a t i on 
po lynomia l s ( a s soc ia ted with the fundamenta l point s y s t e m {x. } which 

a r e the z e r o s of c e r t a i n o r thogona l po lynomia l s ) c o n v e r g e s un i fo rmly to 

f (x) in [ a , b ] C ( - 1 , 4 - 1 ) . It t u r n s out as he proved the sufficient 

condi t ions a r e f (x) e Lip a, a > ~ . Thus in our c a s e sufficient 

condi t ions a r e m u c h b e t t e r than in F r e u d ' s c a s e . Another i m p o r t a n t 
cont r ibu t ion to this a s p e c t of s i m u l t a n e o u s app rox ima t ion theo ry is 
due to R u s s i a n m a t h e m a t i c i a n P r o f e s s o r A . F . T i m a n [9] . He cons ide red 
the p r o b l e m of s i m u l t a n e o u s a p p r o x i m a t i o n of a r b i t r a r y d i f fe ren t iab le 
functions and the i r d e r i v a t i v e s on the whole r e a l axis by m e a n s of 
en t i r e functions of exponent ia l type . F u r t h e r g e n e r a l i z a t i o n s of 
S .N. B e r n s t e i n ' s a p p r o x i m a t i o n t h e o r e m for functions that a r e bounded 
and un i formly cont inuous on (- oo, oo) and the b e s t a p p r o x i m a t i o n to 
d e r i v a t i v e s on the whole r e a l axis w e r e a l so ob ta ined . F o r o ther 
i n t e r e s t i n g r e s u l t s , see [6] and [13] . M o r e p r e c i s e l y the following 
t h e o r e m s will be p r o v e d . 

THEOREM 1 . 1 . ( C a s e l , p = l ; no ta t ions as in [12]). Let f(x) 
be a 2TT-periodic function such that f'(x) e Lip a, 0 < a < 1 . Cons ide r 

n-1 n-1 n-1 
S f(x. ) U(x-x . ) + S b . V(x-x . ) + S 

. n m m m in 
1=0 i=0 i=0 

(1 .1) R (f;x) = S f(x. ) U(x-x . ) + S b . V(x-x . ) + 2 c . W(x-x. ) 
n . _ m m . . m m . _ m m 

with 

(1 .2) b . = o - ^ - , 
2 

n 
in \ l°g n / i n \ l°g n 

then R' (f;x) c o n v e r g e s un i formly to f'(x) on the r e a l l i ne . 
n 

THEOREM 1 .2 . (Case 2, p = 2) . Let f(x) be_ 2TT-periodic and 
such that f"(x) e Lip a} 0 < a < 1 ; let f u r t he r q = 0, 1 or^ 2 . Cons ider 

n -1 n -1 n -1 
(1 .3) S (f;x) = S f(x. ) U(x-x . ) + 2 f'»(x. ) V(x-x . ) + 2 c. W(x-x. ) 

n . n m m . „ m m . ^ in in 
i-0 i=0 i=0 
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with 

3-q 
(1 .4) c. = o\j 

m \ log n 

then S (f;x) will converge uni formly to f (x) on the r e a l l ine . 
n " ' 

THEOREM 1 .3 . (Case 3, p > 3 ) . Let f(x) Jbe a 2TT - pe r i od i c 

function sat isfying f (x) e Lip a, 0 < a < 1 . Cons ider 

n- 1 n -1 n- 1 
(1 .5) P (f, x) = S f(x. ) U(x-x . ) + S f»(x. ) V(x-x . ) + 2 f r i l(x. ) W(x-* ) 

n . ^ m in . n m m . n m m 
i=0 i=0 i=0 

then P (f;x); (q = 0, 1, . . . , p) wil l converge uniformly to f (x) on 

the r e a l l ine . 

F o r the e x p r e s s i o n s of the fundamenta l po lynomia ls see p r e l i m i n a r i e s . 

2 . P r e l i m i n a r i e s . The pape r of J. Cz ipsze r and G. F r e u d [3] is 
concerned with the following p r o b l e m . Let f(x) be a 2-n-periodic 

function having p de r iva t ive continuous (p = 1, 2, . . . ) and Q (x) is 

a t r i g o n o m e t r i c po lynomia l of o r d e r n which a p p r o x i m a t e s f(x) within e ; 

(2 .1) m a x |f(x) - Q (x) | < e ; 
0 < x < 2TT

 n 

then they a sked : what upper e s t i m a t e can be given to the quantity 

m a x | f ( p ) (x) - Q ( p ) l 
1 n 

following inequal i ty : 

m a x | f (x) - Q (x) | ? They answered the ques t ion by proving the 

(2 .2) m a x | f(p) (x) - Q ( p ) (x ) | < 3 2 P n P
 e + 4E ( f ( p ) ) . 

0 < x < 2ir 

We shal l need s o m e de ta i l s of our e a r l i e r work [12] . The re we 
n t e r e s t e d in obtair 

su i tab le o r d e r such that 

w e r e i n t e r e s t ed in obtaining a t r i g o n o m e t r i c polynomial, R (x) of 
n 

195 

https://doi.org/10.4153/CMB-1969-021-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-021-6


2 in 
(2.3) R (x ) = a , R"(x.) = b. , Rm(x.) = c., x. = — (i = 0, 1, . . . , n - 1) ; 

n i î n i î n i l i n 

when n is even ( = 2m) , we require the trigonometric polynomial R (x) 

of the form 

3m-l 

(2.4) d + S (d. cos jx + e. sin jx) + d cos 3mx 

j=l J J m 

but when n is odd (= 2m+1) we require it to be of the form 

( 2 . 5 ) 
3m+l 

d + S (d. cos jx + e sin jx) 
0 • A J J 

The explicit representation of R (x) (n even) satisfying (2.3) and 

(2.4) has the form 

n - 1 n - 1 n - 1 
(2.6) R (x) = 2 a.U(x-x.) + £ b. V(x-x.) + S c. W(x-x ) 

n - n 1 1 • n 1 x • n 1 i 

1=0 1=0 i=0 

where 

( 2 . 7 ) W(x) 
3m-1 

S a. sin jx, a. = -
4j 

j = l 
J J 3. 2 _.2. 

n (n -3j ) 
j = 1, 2 m 

(3n-2j) 

n (n -3(n-j) ) 
•, j = m + 1, . . .. , 3m-1, 

(2.8) V(x) = 
n t ij 1 

1 + 2 S —~ j cos jx + — (cos rax - cos 3mx) 
j=l n - 3j 

3m-l 2 2 
1 _ n + 3(3n-2j) 
4 S 2 2 C ° S J X 

j=m+l n - 3(n-j) 

and finally 

1 9 6 
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(2.9) U(x) = ^ 

m-1 , 2 .2.2 
A , 2 ( n - i ) 
1 + — 2 -—^ J ' cos jx 

n j=l n -3j 

3m-l . \2/o \ 2 

—r- S — ~ ~— cos jx - — (cos x - 9 cos 3mx) 
2 • i A 2 . .. 2 8 

n j=m+l n -3(n-j) 

The following estimates of these fundamental polynomials were 

also obtained in [12]: 

n _ 1 3 
(2.10) S | W(x-x. ) | < c n log n 

i=0 i n 

n _ 1 2 
(2.11) 2 | V(x-x. ) | < c n log n 

i=o i n * 

and 

n - 1 
(2.12) 2 I U(x-x. ) I < c log n . 

i=o l n 

c , c , c are positive constants independent of n and x . 

3. Approximation polynomials. In order to prove the theorems 
mentioned in Section 1 we need a lemma on approximating polynomials. 

LEMMA 3 .1 . Let f(x) be a 2TT - periodic function satisfying 

f (x) e Lip a, 0 < a < 1 ; then there exists a trigonometric polynomial 
T (x) of order < n - 1 such that 

n — 

(3.1) • | f(x) - T (x) | = 0(n"P~") 5 

(3.2) |T ( r )(x) | = 0(n"P"a + r ) for p = 0 or 1, r > 2 and p = 2, r > 3; 

and for p _> 3 we have 

(3.3) | f ( r , (x) - T <r)(x) | = 0 (n- p - a + r) 
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Proof . E x i s t e n c e of T (x) sat isfying (3.1) is due to D. J a c k s o n 

[7] and is well known. (3 . 3) follows f rom (3. 1) on applying the t h e o r e m 
J . C z i p s z e r and G. F r e u d ment ioned in p r e l i m i n a r i e s . It r e m a i n s to 
p rove (3 .2 ) . (The r e f e r e e has v e r y kindly pointed out that proof of 
(3 .2) is due to S. B e r n s t e i n ; see Approx ima t ion of functions by 
G . G . L o r e n t z : f o rmu la 6 on page 60 . F o r the sake of c o m p l e t e n e s s 
we give h e r e the convent ional p r o o f . ) Proof of (3 .2) is s i m i l a r to that 
of L e m m a 9 of O. Kis [8] . F r o m the condi t ion of the L e m m a t h e r e 
ex i s t s a t r i g o n o m e t r i c po lynomia l U (x) of o r d e r < n - 1 for which 

n — 

( 3 . 4 ) f(x) - Un(x) = 0 ( n - p - f f ) 

Fol lowing the a p p r o a c h sugges ted by P r o f e s s o r P . T u r a n , one 
k k+1 

can se t T (x) = U , (x) for 2 < n < 2 . Then 
2 k ~ ~ 

( 3 . 5 ) T (x) 
n 

k 

j=l 

U (x) - U (x) 
2J 2J 

+ U ^ x ) ï 

owing to (3 .4) we have 

(3 .6) U .(x) - U . (x) = 0 (2" j ( p + Û f ) ) 
2 j 2J~ 

On applying the B e r n s t e i n inequal i ty for t r i g o n o m e t r i c po lynomia l s 
we have 

( 3 . 7 ) U ( r ) ( x ) - U ( r ) (x) | i > 0 ( 2 - j ( p + « " r ) ) 
2J 2J~ 

Now dif ferent ia t ing (3 .5) r t i m e s and applying (3 .7) we obtain, on 
summing the g e o m e t r i c s e r i e s , the r e s u l t s ta ted in ( 3 . 2 ) . This p r o v e s 
the l e m m a . 

4 . P roof of T h e o r e m 1 . 1 . Since p = 1 , we have, on using 
L e m m a 3 .1 , that t h e r e ex i s t s a t r i g o n o m e t r i c po lynomia l T (x) of 

n 
o r d e r < n such that 

1 9 8 
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(4 .1) |f(x) - T (x) I = 0(n'i'°!)t OKaKi , 

and 

(4 .2) | T " ( x ) | = Ofn 1 ' * ) , | T ' " ( x ) | = 0 ( n 2 " a ) . 
n n 

But we know that 

(4 .3) f(x) - R (x) = f(x) - T (x) + T (x) - R (x) . 
n n n n 

T h e r e f o r e 

(4 .4) |f(x) - R (x) | = 0 ( n " 1 _ a ) + | T (x) - R (x) | . 
n n n 

On using the un iqueness t h e o r e m [12] we have 

(4 5) n _ 1 n _ 1 n _ 1 
1 ' T (x) = 2 T (x. )U(x-x. ) + 2 T " ( x . )V(x-x. ) + 2 T , M (x . ) W ( x - x . ) . 

n . . n in m . . n in m . _ in in 
i=0 i=0 i=0 

On using (1 .1) and (4.5) we have 

n -1 
T (x) - R. (f;x) = 2 . [T (x. ) - f(x. ) ]U(x-x . ) 

n n . _ n m m m 
i=0 

n -1 n-1 
+ 2 [T M ( x . )-b ] V(x-x . ) + 2 [ T r , , ( x . )-c. 1 W(x-x. ) . 

. _ n m in in . _ n m m m 
i=0 i=0 

F r o m (4 .1) , (1 .2) and (2 .10 ) - (2 .12 ) we have 

(4 .6) | T (X) - R (f ;x) | = O t n ' 1 " ^ ) log n + o (n _ 1 ) = o (n _ 1 ) . 

Now (4 .4) and (4 .6) gives at once 
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f(x) - R (x,f) I = o ( n _ 1 ) 

On applying the t h e o r e m of J. C z i p s z e r and G. F r e u d once m o r e , we 
have 

|f ' (x) - R f ( x , f ) | < 3 -2-n- ofn" 1) + 4E ( f ( 1 ) ) 
n n 

o( l ) + 0(n*) = o( l ) 

which p r o v e s T h e o r e m 1 . 1 . P roof of T h e o r e m 1. 2 is s i m i l a r and so 
we omi t the d e t a i l s . 

Proof of T h e o r e m 1 . 3 . H e r e we a s s u m e p >_ 3 . F r o m the condi t ions 
of the t h e o r e m , and on applying L e m m a 3 .1 t h e r e ex i s t s a t r i g o n o m e t r i c 
po lynomia l of o r d e r <_ n such that 

(4 .7) |f(x) - T (x) | = 0(n ' P _ £ *) , 0 < a < 1 

(4 .8) | f " ( x ) - T " ( x ) | = 0 ( n 2 " P ' a ) . 
n 

and 

(4.9) l f ' " ( x ) " T ^ ' ( x ) | = 0 ( n 3 " P " a ) . 

On having the un iqueness t h e o r e m we have s i m i l a r r e p r e s e n t a t i o n of 
T (x) 

n 
obtain 

T (x) as given in (4 .5) sat isfying (4. 7 ) - (4 . 9) . F r o m (1 .5) and (4 .5) we 

n -1 
P (f;x) - T (x) = Z [f(x. ) - T (x. )] U(x-x . ) 

n n . . in n in m 
i=0 

n-1 n -1 
+ 2 [ f , f (x. ) - T»»(x. ) ]V (x - x . )+ S [ T ' " ( x . ) - T l l f ( x . ) ]W(x-x. ). 

. ^ m n in m . ^ m n in in 
l - O i = 0 

Applying (4. 7 ) - (4 . 9) and (2 . 10) - (2 .12) we get 
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(4.10) | T (X) - P (f ;x) | = 0(n"P _ û r ) log n . 
n n & 

But we know that 

f(x) - P (f;x) = f(x) - T (x) + T (x) - P (f;x) . 
n n n n 

On using (4. 7) and (4.10) we have 

(4 .11) |f(x) - P (f;x) | = 0 ( n " P " a ) + 0(n~P~ a) log n 

= 0(n~P~*) l o g n ; 

using once m o r e the t h e o r e m of J . Cz ipsze r and G. F r e u d , we have 

| f ( q ) ( x ) - P ( q ) ( f ; x ) | < 3 2 q n q 0 ^ ^ ) log n + 4E (f ( q )) 
n — n 

= 0 ( n q " P " a ) = o( l ) as q = 0 , l , . . . , p and 0<a<l. 

This p r o v e s the t h e o r e m . 
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