
ON A COMBINATORIAL P R O B L E M III 

P . E r d o s 

( r ece ived October 16, 1968) 

A fami ly of s e t s { A } is said by Mi l l e r [3] to have p r o p e r t y B if 

t h e r e ex i s t s a se t S which m e e t s a l l the se t s A and conta ins none of 

t h e m . P r o p e r t y B has b e e n ex tens ive ly s tudied in s e v e r a l r e c e n t 
p a p e r s (see the r e f e r e n c e s in [2] and the l a s t c h a p t e r of P . E r d o s and 
A. Hajnal , On c h r o m a t i c n u m b e r of g r a p h s and se t s y s t e m s , Ac ta . Math. 
Acad . Sc i . Hung. 17 (1966) 61-99) . Hajnal and I define m(n) as the 
s m a l l e s t i n t ege r for which t h e r e is a family of m(n) s e t s A , | A | = n, 

K. K. 

1 < k < m(n) , which do not have p r o p e r t y B [1] . T r i v i a l l y 
2n- l 

m(n) < ( ) (take a l l subse t s taken n at a t ime of a set of 2 n - l 

e l e m e n t s ) , m(2) = 3, m(3) = 7, m(4) is not known. It is known [2] , 

[4] tha t for n > n i é ) 

(1) 2 n ( l + \ f 1 < m(n) < (1 + € ) e Iog2 n ^ " 2 

m (n) is the s m a l l e s t i n t ege r for which t h e r e a r e m (n) s e t s 
NV ' B W 

A, , IA, I = n, 1 < k < m (n) which a r e a l l s u b s e t s of a se t S, |S I 
k ' k1 — — N 

N 

and which do not have p r o p e r t y B . I con jec tu red in [2] that for N < c n, 

m (n) > (2 + c ) . In th is note we p r o v e this con jec ture and get f a i r ly 

good upper and lower bounds for m (n). In fact we p rove that if 

N = (c + o( l ) )n 

I i m m ( n ) 1 / n r 2 ( c - 2 ) 2 ( c " 2 ) ( c - l ) l " C i c for c > 2 and 
n=oo N c 2 

(2) 
1 Iim rn T ( n ) 1 / n = 4 if N = (2 + o(l))n, 
^ n=Q© N 
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THEOREM 1. 

1 n - 1 

(3) m2 N_ i (n) > m2N(n) > 2n" n (^ ~ ï D ' 

i=0 

Let | S | = 2N and |A | = n, 1 < k< m (n) where {A } is 

a family of subsets of S which does not have property B. Clearly S 

1 2N (t) 
can be split in —-( ) ways as the union of two disjoint sets S and 

2 N 1 

S , 1 < t < -( ) for every t, | S ( t ' | = | S ^ ' | = N. By assumption 

the family { A } , 1 <_ k <_ m (n) does not have property B. Thus for 

1 2N (t) 
every t, 1 < t < —( ), at least one of the sets S. , i = 1 or 2, 

contains one of our A! s. A fixed A can clearly be contained for only 

2N-nx (t) 
( ) values of t in one of the sets S. , i = 1 or 2 (i .e. there are 

N-n i 
2N-n. 

( ) subsets of S having N elements which contains a given An ). 
N-n k 

Thus clearly 

, % 1 2 N , 2 N - n 1 n _ 1 2N-i 0 n - l n " 1
/ J i , 

m 2N ( n ) 21 2( N ) / ( N-n» = 2 . " 1 T Ï = 2 . " ( 1 + ZN^i»-
i = 0 i = 0 

Thus since rn (n) < mn (n) is obvious, Theorem 1 is proved. 
k+1 — k 

THEOREM 2. 

(4) - 2 N + 1 H < m2N(n) < [N2n "n d - ^ ) ' 1 ] 

i=0 

n-1 

= N2n n (1 + - - i ) = f(N n) 
i = Q 2N-2i ; ^ iN 'n> 

The proof of Theorem 2 follows very closely the proof in [2]. 

Let |S | = 2N. We shall construct our f(N, n) sets A , 1 < k < f(N,n), 

A C S, | A | = n, not having property B by induction. Suppose I 

have already chosen £ of the sets A., 1 •< j £ I < f(N,n) and suppose 

that there are u pairs of subsets of S { K , K.) , 1 < i < u so that 

no set A 1 < i < ^ is contained either in K. or in K.. 
J — J — i i 
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I f u = 0 T h e o r e m 2 is p roved . A s s u m e hence fo r th u > 0. We 

shall p rove tha t we can find a se t A . so tha t 

<5) vi.^v1- "yi-^)/2n~1)-

F o r each i , 1 < i < u , c o n s i d e r a l l s u b s e t s of n e l e m e n t s of 
_ " ~~ I 

K and K . F o r fixed i the n u m b e r of t he se s u b s e t s is c l e a r l y 
i i 

( l ^ i l ) + ( l ^ i l ) > 2 ( N ) ( | K . | + | K . | = | S | = 2 N ) . 

Thus the to t a l n u m b e r of s u b s e t s under cons ide r a t i on 
N 

(1 < i < u ) is a t l e a s t 2u ( ). The to ta l n u m b e r of s u b s e t s of S 
- - £ I n 

2N 
t aken n at a t i m e is ( ). Hence at l ea s t one of those s e t s say A 

o c c u r s e i t h e r in K. or in K. for at l e a s t 
l l 

- 2 N - = 2 u n (N-i)( n (2N . i) ,- = -JL n d - 5 5 ^ , 
( n ) i=0 i = 0 2 i=0 Z N 1 

v a l u e s of î , which p r o v e s (5). 

2 N - 1 2N 
C l e a r l y u = 2 (s ince S has 2 s u b s e t s ) . Hence f rom (5) 

n - 1 

n (i -^JJ-T) 
,,x < 7 2 N " 1 / / , IzR ,r 

Thus by (6) if r = f (N,n) , u < 1 and our s e t s A. , 1 < j < f (N ,n ) , 
r J — — 

do not have p r o p e r t y B , which c o m p l e t e s the proof of T h e o r e m 2. 

(2) follows e a s i l y f r o m T h e o r e m s 1 and 2 by Stir l ing* s f o r m u l a . 

415 
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F o r l a r g e v a l u e s of N i n s t e a d of m (n) it s e e m s m o r e 

a p p r o p r i a t e to c o n s i d e r m* (n) w h e r e m ' (n) i s the s m a l l e s t i n t e g e r 

for which t h e r e is a fami ly { A } 1 < k < m ' (n) not having p r o p e r t y 

B and sa t i s fy ing A C S, |S | = N and the fu r the r p r o p e r t y tha t the 

se t of A ' s con ta ined in any p r o p e r s u b s e t of S h a s p r o p e r t y B . 
k 

F o r n = 2 , m ' (n) = 2N+1, and, for even N, mT (n) is not def ined; 

th i s i s j u s t a r e s t a t e m e n t of the fact tha t the only c r i t i c a l t h r e e c h r o m a t i c 
g r a p h s a r e the odd c i r c u i t s . 

. , 2 n - l . 
It is e a s y to s e e tha t rn (n) = in (n) = ( ). I can not 

2 n - l 2n n 
compute m (n) and in fact do not know the va lue of m (4). 

It would be i n t e r e s t i n g to find an a s y m p t o t i c f o r m u l a for m (n) 

and m ' (n), but I have not been able to do so . The upper and lower 

bounds for m (n) given by Theorems 1 and 2 differ by 2N; I could not 

even d e c r e a s e th i s to o(N). 

I w i sh to thank the r e f e r e e for some v e r y useful r e m a r k s . 
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