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THE EXPLICIT SOLUTION OF THE ]̄ -NEUMANN PROBLEM IN A
NON-ISOTROPIC SIEGEL DOMAIN

JINGZHI TIE

ABSTRACT. In this paper, we solve the ]̄ -Neumann problem on (0Ò q) forms, 0 �
q � n, in the strictly pseudoconvex non-isotropic Siegel domain:

Un =

8<
:

z = (z1Ò    Ò zn) 2 CnÒ
(zÒ zn+1) : Im(zn+1) Ù

Pn
j=1 ajjzj j2

zn+1 2 C;

9=
; Ò

where aj Ù 0 for j = 1Ò 2Ò    Ò n. The metric we use is invariant under the action of the
Heisenberg group on the domain. The fundamental solution of the related differential
equation is derived via the Laguerre calculus. We obtain an explicit formula for the
kernel of the Neumann operator. We also construct the solution of the corresponding
heat equation and the fundamental solution of the Laplacian operator on the Heisenberg
group.

1. Introduction. The domain

Un =

8<
:(zÒ zn+1) : z 2 CnÒ zn+1 2 C; Im zn+1 Ù

nX
j=1

ajjzjj2
9=
; Ò

where aj Ù 0 for j = 1Ò 2Ò    Ò n, is the non-isotropic Siegel domain. We give this name
to the above domain because we obtain the classical Siegel domain if aj = 1 for all
j = 1Ò 2Ò    Ò n, which is a well-known model for geometry and analysis on strongly
pseudo-convex manifolds with boundary. We can identify the boundary bUn with the
Heisenberg group Hn, and Hn acts on Ūn as a group of holomorphic isometries with
respect to an appropriate Hermitian metric. In this paper, we construct the solution for
the ]̄ -Laplacian on (0Ò q) forms on Ūn satisfying ]̄ -Neumann boundary conditions.

We begin with a few historical remarks. The ]̄ -Neumann problem was first formulated
by Garabedian and Spencer [7] for complex exterior differential forms on a compact
complex-analytic manifold with strongly pseudo-convex boundary. In the case of strictly
pseudo-convexdomains, it was solved by Kohn [14] [15], who obtained C1 results, using
L2 methods; the interested reader can see, for instance, the exposition in Folland and
Kohn [5] and Krantz [16].But it was Morrey [17] who first discovered and established
the basic estimate of the problem for the special cases of (0Ò 0) and (0Ò 1) forms on certain
tubular manifolds. Unfortunately there was error in [17] which was corrected in [18]
by using the results of Kohn [14] [15]. The analysis relying on the Heisenberg group
and leading to formulas for the solutions, together with sharp estimates, came later, see
Folland and Stein [6], Rothschild and Stein [20] and Greiner and Stein [10].
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An integral formula, in terms of the explicit kernels, was given for the solution of the
]̄ -Neumann problem in the Siegel domain by N. K. Stanton [23]. Phong [19] announced
an explicit construction of a parametrix on (0Ò 1) forms in the Siegel domain in Cn+1,
n Ù 1, and one can see the exposition in M. Beals, C. Fefferman, and R. Grossman [1]
for Phong’s construction. Harvey and Polking [11] constructed the Neumann kernel
for the ]̄ -Neumann problem on ( pÒ q)-forms on the unit ball in Cn+1, and Kimura [13]
found the integral formula for the same problem but in C2 by a different method.
N. K. Stanton [21] [22] has constructed the heat kernel associated with the ]̄ -Neumann
problem in the Siegel domain. The heat kernel of utb was constructed independently
by B. Gaveau [8] and A. Hulanicki [12] for the Siegel domain and by R. Beals and
P. C. Greiner [4] for Un.

In this paper, first we find the explicit formula of the fundamental solutions of the
]̄ -Neumann problem and the corresponding heat equation for the non-isotropic Siegel
domain by the method of Laguerre calculus. Then we construct the kernels of the ]̄ -
Neumann problem and the corresponding heat equation from the fundamental solutions.
The method to construct the kernel of the correction term (5.17) is new. As a fur-
ther application of the Laguerre calculus, we derive the fundamental solution of the
Laplacian operator on the Heisenberg group. Our formulas are close to those of Stan-
ton [21] [22] [23] for the Siegel domain, i.e., aj = 1 for j = 1Ò 2Ò    Ò n, but she used a
different method. Furthermore, we write the solutions of the ]̄ -Neumann problem and
the corresponding heat equation in terms of the complex distance and volume element
on the Heisenberg group. Our formula can be extended to the domains whose boundaries
have the structure of the Heisenberg manifolds. Hence we can get the explicit solution
of the ]̄ -Neumann problem for a large class of domains. We emphasize the explicit
expressions of the formulas in this paper and postpone the regularity property of these
formulas to a future publication.

In pursuing these objectives we shall proceed in the following order. First, we for-
mulate the ]̄ -Neumann problem, and identify the differential equations we have to solve
in order to find the solution to the problem. To derive the fundamental solution, first
we introduce the Laguerre calculus to Hn ð Rd, then apply it to derive the fundamental
solutions of the related operators. We can now solve the ]̄ -Neumann problem. Next,
we solve the associated heat equation. Last, we derive the fundamental solution of the
Laplacian operator of the Heisenberg group by applying the Laguerre calculus.

2. ]̄ Operators and ]̄ Laplacian on Un. The non-isotropic Siegel domain Un is

Un =
²

(zÒ zn+1) 2 Cn+1 : z 2 CnÒ zn+1 2 C; Im(zn+1) Ù
nX

j=1
ajjzjj2

¦

with aj Ù 0 for j = 1Ò 2Ò    Ò n. The boundary of Un is the set

bUn =
n
(zÒ zn+1) 2 Cn+1 : Im(zn+1) =

nX
j=1

ajjzjj2
o
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Besides the ambient coordinates (zÒ zn+1), it is useful to deal with the Heisenberg coordi-
nates [êÒ tÒ r] given by

ê = zÒ t = Re zn+1Ò r = Im(zn+1) �
nX

j=1
ajjzjj2Ò

then the domain Un and its boundary bUn have the following simpler expressions:

Un =
n
[êÒ tÒ r] : r Ù 0

o
bUn =

n
[êÒ tÒ r] : r = 0

o


We now come to the Heisenberg group, which gives the translation of the domain
Un. Abstractly, the Heisenberg group consists of the underlying manifold

Cn ð R =
n
[êÒ t] : ê 2 CnÒ t 2 R

o
with the multiplication law

[êÒ t] Ð [ëÒ s] =
�
ê + ëÒ t + s + 2 Im

nX
j=1

aj ê jë̄j

½
(2.1)

It is easy to check that the multiplication (2.1) does indeed make Cn ðR into a group
whose identity is the origin [0Ò 0] and where the inverse is given by [êÒ t]�1 = [�êÒ�t].
The space Cn ð R with the multiplication structure (2.1) is the Heisenberg group and
will be denoted by Hn.

To each element [êÒ t] of Hn, we associate the following holomorphic affine self-
mapping of Un:

[êÒ t]: (zÒ zn+1) 7!
�

z + êÒ zn+1 + t + i
nX

j=1
aj(jê jj2 + 2zj ê̄ j)

�
(2.2)

In fact, since jzj + ê jj2 � jzjj2 = Imfi(2zj ê̄ j + jê jj2)g, the mapping preserves the defining
function

r(zÒ zn+1) = Im zn+1 �
nX

j=1
ajjzjj2

Hence the transformation (2.2) maps Un = f(zÒ zn+1) : r(z) Ù 0g to itself and preserves
the boundary bUn = f(zÒ zn+1) : r(z) = 0g. Observe next that the mapping (2.2) defines an
action of the group Hn on the domain Un: if we compose the mapping (2.2) corresponding
to elements [êÒ t] and [ëÒ s] of Hn, the resulting transformation corresponds to the element
[êÒ t] Ð [ëÒ s]. This follows easily from the identity

2ê jë̄j + jê jj2 + jëjj2 = jê j + ëjj2 + 2i Im(ê jë̄j)
Thus (2.2) gives us a realization of Hn as a group of affine holomorphic bijections of Un.

The mappings (2.2) are simply transitive on the boundary bUn: for every two points
in bUn, there is exactly one element of Hn mapping the first to the second. In particular,
we have that

[êÒ t]: (0Ò 0) 7!
�
êÒ t + i

nX
j=1

ajjê jj2
�
Ò
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so we can identify the Heisenberg group with bUn via its action on the origin:

Hn 3 [êÒ t] 7!
�
êÒ t + i

nX
j=1

ajjê jj2
�
2 bUn

If we reconsider the Heisenberg coordinates [êÒ tÒ r] on Un, r represents the height of
the point (zÒ zn+1) 2 Un and [êÒ t] represents its projection onto bUn, identified with Hn.
Note, however, that the correspondence (zÒ zn+1) 7! [êÒ tÒ r] is not holomorphic.

When considering forms on Un it is natural to choose a basis °1Ò °2Ò    Ò °n+1 of
(1Ò 0) forms so that

°j = dzjÒ j = 1Ò 2Ò    Ò n (the “tangential” forms); and

°n+1 =
p

2] r = �
p

2
nX

j=1
ajz̄jdzj � ip

2
dzn+1 (the “normal” form)

The vector fields dual to these forms are then

Zj =
]

] zj
+ 2iaj z̄j

]

] zn+1
Ò j = 1Ò 2Ò    Ò nÒ Zn+1 = i

p
2

]

] zn+1


Note that in the Heisenberg coordinates this gives:

Zj =
]

] ê j
+ iajê̄ j

]

] t
Ò j = 1Ò 2Ò    Ò n; Zn+1 =

1p
2

 
]

] r
+ i

]

] t

!
;

also °j = dê j, j = 1Ò 2Ò    Ò n, °n+1 =
p

2] r. The proof is very simple, for one only needs
to note that

]

] zj
=

]

] ê j
� ajê̄ j

]

] r
and

]

] zn+1
=

1
2

 
]

] t
� i

]

] r

!


Zj, j = 1Ò 2Ò    Ò n, are tangent to the level surface of r and hence are left-invariant
vector fields on the group Hn. On the one hand, Z̄1Ò Z̄2Ò    Ò Z̄n form a basis of the space
of the tangential Cauchy-Riemann vector fields on bUn.

T =
i

2aj
[ZjÒ Z̄j] =

]

] t

is the vector field tangent to bUn that generates the “missing” direction. On the other
hand, Z1ÒZ2Ò    ÒZnÒT form a basis of the Lie algebra ºn of the Heisenberg group Hn,
where ºn is the vector space of left-invariant vector fields on Hn equipped with the
bracket [V1ÒV2] = V1V2 � V2V1.

We give Cn+1 the invariant Hermitian metric for which f°j = dê jÒ j = 1Ò 2Ò    Ò n ;
°n+1 =

p
2] rg forms an orthonormal basis for the cotangent space TŁ

(1Ò0)(Un), and

n°̄J = °̄j1 ^ Ð Ð Ð ^ °̄jq : J = ( j1Ò    Ò jq)Ò 1 � j1 Ú j2 Ú Ð Ð Ð Ú jq � n + 1
o

(2.3)

is an orthonormal basis for Λ0Òq(Un). This metric is not Kähler. The volume element
with respect to this metric is 2n times the standard Euclidean volume element.
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In terms of the basis (2.3) and the metric, the ]̄ operator on (0Ò q) form f =
P

J fJ°̄J is
defined by

]̄ f =
n+1X
j=1

X
J

Z̄j fJ°̄j ^ °̄J Ò

and the ]̄ -Laplacian ut = ]̄ ]̄ Ł + ]̄ Ł]̄ and ]̄ -Neumann boundary conditions act diagonally
on (0Ò q) forms. Interested readers can see [21] for details. Let S0Òq(Ūn) denote the space
of (0Ò q) forms f =

P
fJ°̄J on Un such that each fJ is the restriction to Ūn of a rapidly

decreasing function on Cn+1. Then f 2 S0Òq(Ūn)
T

Domut if and only if

fJ jbUn = 0 if n + 1 2 J; Z̄n+1 fJ jbUn =
1p
2

 
]

] r
� i

]

] t

!
fJ jbUn = 0 if n + 1 Û2 J(2.4)

For such f ,
ut f =

X
n+1Û2 J

utú fJ°̄J +
X

n+12 J
utófJ°̄J(2.5)

where

utú = Ín�2q � 1
2

0
@ ] 2

] t2
+

] 2

] r2

1
A Ò utó = Ín�2(q�1) � 1

2

0
@ ] 2

] t2
+

] 2

] r2

1
A(2.6)

with

Íã = �1
2

nX
j=1

(Z̄jZj + ZjZ̄j) + iãT

For the detail derivation of (2.5), see [21]. If one takes into account the boundary
conditions (2.4) for ut, then the ]̄ -Neumann problem can be split into a pair of problems

utúU = f in Un with Z̄n+1UjbUn = 0 and(2.7)

utóU = f in Un with UjbUn = 0(2.8)

The problem (2.8), involving the normal component, is essentially the Dirichlet
problem for the Laplacian, so it can be treated by the more standard methods used in
elliptic boundary value problems. Our first goal is to derive the fundamental solution
kã(xÒ r) of the operator utã by the Laguerre calculus on Hn ð R, where

utã = �1
2

nX
j=1

(Z̄jZj + ZjZ̄j) + iãT � 1
2

0
@ ] 2

] t2
+

] 2

] r2

1
A 

Since utú = utn�2q and utó = utn�2(q�1), we can construct the solution for the ]̄ -Neumann
problem from the distribution kã.

3. The Laguerre Calculus on Hn ð Rd. Laguerre calculus is the symbolic tensor
calculus on the Heisenberg group Hn. It was first introduced on H1 by Greiner [9] and
extended to Hn and Hn ð Rd by Beals, Gaveau, Greiner and Vauthier [3]. To make this
paper self-contained, we include the basic definitions and results of the Laguerre calculus
on Hn ð Rd here. We will only present the basic definitions and refer [3] for details.
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Our notation is

Hn ð Rd =
n

[êÒ tÒ x00] : ê 2 CnÒ t 2 RÒ x00 2 Rd
o


The group law is defined by

[êÒ tÒ x00] Ð [ëÒ sÒ y00] =
�
ê + ëÒ t + s + 2 Im

nX
j=1

aj ê jë̄jÒ x00 + y00
½


We can also define the the left-invariant convolution on Hn ð Rd by

f Ł g(x) =
Z

HnðRd
f ( y)g( y�1 Ð x) dë ds dy00

where x = [êÒ tÒ x00], y = [ëÒ sÒ y00], dê ds is the Haar measure on Hn and dy00 is the
Euclidean measure on Rd. We set

f̂ (êÒ úÒ ò00) =
Z

Rd+1
e�iút�iò00Ðx00 f (êÒ tÒ x00) dt dx00

to be the Euclidean Fourier transform with respect to t and x00. Then a simple calculation
yields

f Ł g(x) =
1

(2ô)d+1

Z
Rd+1

eiút+iò00Ðx00 f̂ Łú ĝ(êÒ úÒ ò00) dú dò00

where f̂ Łú ĝ is the twisted convolution and is given by:

f̂ Łú ĝ(zÒ ò00Ò ú) =
Z

Cn
f̂ (z � wÒ úÒ ò00)ĝ(wÒ úÒ ò00)e�iúhzÒwi dw

with hzÒwi = 2 Im
Pn

j=1 ajzjw̄j. Thus we can treat ò00 as a parameter and apply the results
of the Laguerre calculus on Hn to the present situation. In particular, we have the Laguerre
series expansion:

F̂(êÒ úÒ ò00) =
1X

pj Òkj=1
F( p1ÒÒpn)

k1ÒÒkn
(úÒ ò00)

nY
j=1

ajÍ̃( pj�kj)
pj^kj�1(

p
aj ê jÒ ú)Ò

where pj ^ kj = min pjÒ kj and Í̃( p)
k (êÒ ú) for ê = jêjeií; kÒ šp = 0Ò 1Ò 2Ò   , are given by

the Laguerre functions ‡( p)
k :

Í̃( p)
k (êÒ ú) =

2júj
ô ‡( p)

k (2júj jêj2)eipí and eÍ(�p)
k (êÒ ú) =

2júj
ô (�1)p‡( p)

k (2júj jêj2)e�ipí

The Laguerre functions‡(p)
k are induced by the generalized Laguerre polynomials L(p)

k :

‡( p)
k (x) =

" Γ(k + 1)
Γ(k + p + 1)

#1Û2

x pÛ2L( p)
k (x)e�xÛ2 where x ½ 0 and pÒ k = 0Ò 1Ò 2Ò    

Finally the generalized Laguerre polynomials L(p)
k (x) are defined by their usual generating

function formula:
1X

k=1
L( p)

k (x)wk =
1

(1 � w)p+1
exp

²
� xw

1 � w

¦
Ò for p = 0Ò 1Ò 2Ò    ; x ½ 0Ò jwj Ú 1(3.1)

From the Laguerre series expansion, we define the Laguerre tensor Í(F):
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DEFINITION 3.1. Let F induce a left-invariant convolution operator on Hn ð Rd. For
all ú 2 R n 0 and ò00 2 Rd, we define the Laguerre tensor Í(F) by

ÍúÒò00 (F̂) =

8><
>:
�
F( p1ÒÒ pn)

k1ÒÒkn
(úÒ ò00)

�
for ú Ù 0,�

F( p1ÒÒ pn)
k1ÒÒkn

(úÒ ò00)�t
for ú Ú 0.

We recall the notion of the tensor contraction:

DEFINITION 3.2. Let U = (U( p1ÒÒ pn)
k1ÒÒkn

) and V = (V(q1ÒÒqn)
m1ÒÒmn

) denote two infinite (nÒ n)
tensors. Their product, U Ð V, is defined to be

W = U Ð V = (W( p1ÒÒ pn)
m1ÒÒmn

)Ò where W( p1ÒÒ pn)
m1ÒÒmn

=
1X

k1ÒÒkn=1
U( p1ÒÒ pn)

k1ÒÒkn
V(k1ÒÒkn)

m1ÒÒmn


The tensor W is the contraction of the tensors U and V.

We need the following two results of the Laguerre calculus:

THEOREM 3.1 (THE LAGUERRE CALCULUS ON Hn ð Rd). Let F and G induce left-
invariant convolution operators on Hn ð Rd. Then

ÍúÒò00 (F̂ Łú Ĝ) = ÍúÒò00 (F̂) Ð ÍúÒò00 (Ĝ) for ú 2 R n 0 and ò00 2 RdÒ
where the product on the right hand side denotes the tensor contraction.

THEOREM 3.2 (THE LAGUERRE TENSOR OF THE IDENTITY). Let IH denote the identity
operator on C1

0 (Hn ð Rd), then IH is induced by the identity Laguerre tensor

Íš(ÎH) = (é( p1)
k1

Ð Ð Ð é( pn)
kn

)
We now apply the results of this section to find the fundamental solution kã(xÒ r) of

utã in the next section.

4. The Fundamental Solution of utã. On the space Hn ð R = f(xÒ r) : x = [êÒ t] 2
Hn, r 2 Rg. We let kã(xÒ r) be the distribution determined by

utãkã
def
=

2
4Íã � 1

2

0
@ ] 2

] t2
+

] 2

] r2

1
A
3
5 kã(xÒ r) = é0

with kã vanishing at infinity; here é0 denotes the Dirac delta function at the origin. We
shall first find Í(ût�1

ã ), then obtain kã(xÒ r) via the inverse Fourier transform with respect
to ú and ò.

First we take the Fourier transform with respect to t and r for utã to obtain

ûtã = �1
2

nX
j=1

( ˜̄ZjZ̃j + Z̃j
˜̄Zj)� ãú +

1
2

(ú2 + ò2)Ò

where

Z̃j =
]

] zj
� ajz̄j ú and ˜̄Zj =

]

] z̄j
+ ajz̄j ú
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We start with

ûtã =
1X

jkj=0

2
4�1

2

nX
j=1

( ˜̄ZjZ̃j + Z̃j
˜̄Zj) � ãú +

1
2

(ú2 + ò2)

3
5 nY

j=1
ajÍ̃(0)

kj
(
p

aj ê jÒ ú) Łú (4.1)

Now we apply

� 1
2

( ˜̄ZjZ̃j + Z̃j
˜̄Zj)Í̃(0)

kj
(
p

aj ê jÒ ú) = (2kj + 1)ajjújÍ̃(0)
kj

(
p

aj ê jÒ ú)(4.2)

to Eq. (4.1) and obtain

ûtã =
1X

jkj=0

2
4 nX

j=1
(2kj + 1)ajjúj � ãú +

1
2

(ú2 + ò2)

3
5 nY

j=1
aj
eÍ(0)

kj
(
p

aj ê jÒ ú)(4.3)

We refer to [3] for the proof of Eq. (4.2). Consequently, the Laguerre tensor of the
convolution operator induced by utã is

Í(ûtã) = júj
0
@
2
4 nX

j=1
(2kj � 1)aj � ã sgn(ú) +

1
2

(júj +
ò2

júj )
3
5 é( p1)

k1
Ð Ð Ð é( pn)

kn

1
A Ò(4.4)

and it is invertible as long as

jãj 6=
nX

j=1
(2kj + 1)aj +

1
2

0
@júj +

ò2

júj

1
A for k = (k1Ò    Ò kn) 2 Nn

Under this condition, the inverse Laguerre tensor of (4.4) is

Í(ût�1
ã ) = júj�1

0
B@
2
4 nX

j=1
(2kj � 1)aj � ã sgn(ú) +

1
2

0
@júj +

ò2

júj

1
A
3
5�1

é( p1)
k1

Ð Ð Ð é( pn)
kn

1
CA (4.5)

We next write Eq. (4.5) in terms of the Laguerre expansion:

(4.6)

ût�1
ã =

1
júj

1X
jkj=0

2
4 nX

j=1
(2kj + 1)aj � ã sgn(ú) +

1
2

0
@júj +

ò2

júj

1
A
3
5�1 nY

j=1
ajÍ̃(0)

kj
(
p

aj ê jÒ ú)

Now we sum up this series. We first assume that

Ak(úÒ ò)
def
=

nX
j=1

(2kj + 1)aj � ã sgn(ú) +
1
2

0
@júj +

ò2

júj

1
A Ù 0 for k 2 NnÒ

then we can write A�1
k in the integral form:

(4.7)

1
nP

j=1
(2kj + 1)aj � ã sgn(ú) + 1

2

�
júj + ò2

júj

� =
Z 1

0
e
�

"
nP

j=1

(2kj+1)aj�ã sgn(ú)+ 1
2

�
júj+ ò2

júj

�#
s

ds
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Next we substitute (4.7) into (4.6), and this yields:

ût�1
ã =

1
júj

1X
jkj=0

Z 1

0
e
�
hPn

j=1(2kj+1)aj�ã sgn(ú)+ 1
2

�
júj+ ò2

júj

�i
s
ds

nY
j=1

ajÍ̃(0)
kj

(
p

aj ê jÒ ú)

=
1
júj

Z 1

0
e
�
h
�ã sgn(ú)+ 1

2

�
júj+ ò2

júj

�i
s nY

j=1

1X
kj=0

e�(2kj+1)aj sajÍ̃(0)
kj

(
p

aj ê jÒ ú) ds

=
jújn�1

ôn

Z 1

0
e
�
h
�ã sgn(ú)+ 1

2

�
júj+ ò2

júj

�i
s

ð
� nY

j=1
2aje

�ajs�aj júj jê jj2
1X

kj=0
e�2kjajsL(0)

kj
(2ajjúj jê j j2) ds

�


We apply the generating function formula (3.1) for the Laguerre polynomials to the last
equation and obtain that:

ût�1
ã =

jújn�1

ôn

Z 1

0
e

sã sgn(ú)� s
2

�
júj+ ò2

júj

� 24 nY
j=1

aj

sinh(ajs)

3
5 e�júj

Pn
j=1 aj jê jj2 coth(ajs) ds

The fundamental solution kã(xÒ r) should be the inverse Fourier transform of ût�1
ã (úÒ ò)

with respect to ú and ò. We shall take the inverse Fourier transform first with respect to
ò, since it can be reduced to the Gaussian integral:

1
2ô

Z 1

�1
e�

s
2júj ò

2+irò dò =

vuut júj
2ôs

e�
júj
2s r2 (4.8)

Hence, after taking the inverse Fourier transform with respect to ò, we have

ũt�1
ã (úÒ r) =

jújn� 1
2

ôn

Z 1

0

1p
2ôs

esã sgn(ú)� júj
2 s� r2

2s júj
nY

j=1

aj

sinh(ajs)
e�jújç(sÒê) ds(4.9)

with ç(sÒ ê) =
nP

j=1
ajjê jj2 coth(ajs). Next we take the inverse Fourier transform with respect

to ú and obtain the fundamental solution:

kã(xÒ r)=
Γ
�
n + 1

2

�
2

3
2ôn+ 3

2

Z 1

0

nY
j=1

ajs
sinh(ajs)

ð
8><
>:

eãs

h
s2

2 + r2

2 + ç(sÒ ê) � its
in+ 1

2

+
e�ãs

h
s2

2 + r2

2 + sç(sÒ ê) + its
in+ 1

2

9>=
>; ds

Replacing s by �s in the second part of the above integral we obtain:

kã(xÒ r) =
Γ
�
n + 1

2

�
2

3
2ôn+ 3

2

Z 1

�1

nY
j=1

ajs
sinh(ajs)

eãs

h
s2

2 + r2

2 + sç(sÒ ê) � its
in+ 1

2

ds(4.10)
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We can write Eq. (4.10) in terms of the volume element and complex distance introduced
by Beals, Gaveau and Greiner [2]. First we substitute s by 2s in (4.10):

kã(xÒ r) =
Γ
�
n + 1

2

�
2

1
2ôn+ 3

2

Z 1

�1

2
4 nY

j=1

2ajs
sinh(2ajs)

3
5 e2ãs dsh

2s2 + r2

2 + 2sç(sÒ ê) � 2ist
in+ 1

2

(4.11)

We let the complex distance and volume element to be:

g(s; x) =
nX

j=1
ajjê jj2 coth(2ajs)� itÒ ó(s) =

nY
j=1

2aj

sinh(2ajs)
(4.12)

Then we write kã(xÒ r) in closed form:

kã(xÒ r) =
Γ
�
n + 1

2

�
2

1
2ôn+ 3

2

Z 1

�1

e2ãssnó(s) dsh
2s2 + r2

2 + 2sg(s; x)
in+ 1

2

(4.13)

Now we compare our formula with the results by N. Stanton [23] for the special case
of aj = 1 for all j = 1Ò 2Ò    Ò n. First the condition

jãj Ú
nX

j=1
(2kj + 1)aj +

1
2
júj +

ò2

2júj(4.14)

holds for all k = (k1Ò    Ò kn) 2 Nn, ã = n � 2q and ã = n � 2(q � 1) with 0 � q � n if
aj = 1 for all j = 1Ò 2Ò    Ò n, since the minimum value of the right hand side of (4.14) is
n + jòj in this case. And setting aj = 1 in (4.10) yields

kã(xÒ r) =
Γ(n + 1

2 )

2
3
2ôn+ 3

2

Z 1

�1

sn[sinh(s)]�neãs

h
s2

2 + r2

2 + jêj2s coth(s)� its
in+ 1

2

ds

This formula coincides with Stanton’s results, see Lemma 2.4 of [23]. She obtained this
formula by integration of the heat kernels, which she derived in [21] [22], with respect
to time. We will also derive the heat kernel later.

We summarize the calculation of the fundamental solution kã in the following theorem:

THEOREM 4.1. The operator Kã( f ) = f Ł kã given by the convolution in Hn ðR with
the kernel:

kã(xÒ r) =
Γ
�
n + 1

2

�
2

1
2ôn+ 3

2

Z 1

�1

e2ãssnó(s) dsh
2s2 + r2

2 + 2sg(s; x)
in+1Û2

is the fundamental solution of the operator:

utã = �1
2

nX
j=1

(ZjZ̄j + Z̄jZj) + iãT � 1
2

0
@ ] 2

] t2
+

] 2

] r2

1
A 
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5. ]̄ -Neumann Problem. We reduced the ]̄ -Neumann problem to a pair of prob-
lems:

utúU = f in Un with Z̄n+1UjbUn = 0 and(5.1)

utóU = f in Un with UjbUn = 0Ò where(5.2)

utú = Ín�2q � 1
2

0
@ ] 2

] t2
+

] 2

] r2

1
A and utó = Ín�2(q�1) � 1

2

0
@ ] 2

] t2
+

] 2

] r2

1
A

with Íã = �1
2

nX
j=1

(Z̄jZj + ZjZ̄j) + iãT

We have found the fundamental solution kã(xÒ r) of the operator utã, where utú = utn�2q

and utó = utn�2q+2.
The problem (5.2), involving the normal component, is essentially the Dirichlet

problem. From the fundamental solution of utã, we can easily construct Green’s operator.
Note that

kn�2q+2(xÒ r) =
Γ
�
n + 1

2

�
2

1
2ôn+ 3

2

Z 1

�1

e2(n�2q+2)ssnó(s) dsh
2s2 + r2

2 + 2sg(s; x)
in+ 1

2

(5.3)

is the fundamental solution of utó and is even in r. We set

Gó(xÒ yÒ rÒ ö) = kn�2q+2( y�1 Ð xÒ r � ö) � kn�2q+2( y�1 Ð xÒ r + ö)
Then the operator Gó, defined by

(Gó f )(xÒ r) =
Z

HnðR+
Gó(xÒ yÒ rÒ ö) f ( yÒ ö) dy dö(5.4)

is Green’s operator for utó; that is

utóGó( f ) = f in UnÒ and Gó( f )jbUn = Gó( f )jr=0 = 0(5.5)

The proof of (5.5) is quite simple. Indeed, we let

f1(xÒ r) =
²

f (xÒ r) if r ½ 0,
0 otherwise

and f2(xÒ r) =
²

f (xÒ �r) if r � 0
0 otherwise.

Then we can write (5.4) in the following form:

Gó f (xÒ r) = f1 Ł kn�2q+2(xÒ r) � f2 Ł kn�2q+2(xÒ r)
kn�2q+2(xÒ r) = kn�2q+2(xÒ �r) implies Gó( f )jr=0 = 0. And since kn�2q+2(xÒ r) is the fun-
damental solution of utó, this yields

utóGó( f ) = f1 � f2 = f Ò for r Ù 0
Hence U = Gó( f )(xÒ r) solves the problem (5.2), and we summarize its solution in the
following theorem:
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THEOREM 5.1. kn�2q+2(xÒ r) is given by (5.3). Then

U =
Z

HnðR+

h
kn�2q+2( y�1 Ð xÒ r � ö) � kn�2q+2( y�1 Ð xÒ r + ö)

i
f ( yÒ ö) dy dö

solves the problem utóU = f in Un with UjbUn = 0.

The problem (5.1), involving the tangential part, has the ]̄ -Neumann boundary con-
dition. First we will also construct the related Green’s operator Gú as above but with
Neumann boundary condition. The fundamental solution for the operator utú is

kn�2q(xÒ r) =
Γ
�
n + 1

2

�
2

1
2ôn+ 3

2

Z 1

�1

e2(n�2q)ssnó(s) dsh
2s2 + r2

2 + 2sg(s; x)
in+ 1

2

(5.6)

Similarly, we set

Gú(xÒ yÒ rÒ ö) = kn�2q( y�1 Ð xÒ r � ö) + kn�2q( y�1 Ð xÒ r + ö)(5.7)

Then the operator Gú , defined by

(Gú f )(xÒ r) =
Z

HnðR+
Gú(xÒ yÒ rÒ ö) f ( yÒ ö) dy dö

is Green’s operator for utú with the Neumann boundary condition; that is

utúGú( f ) = f in UnÒ ]

] r
Gú( f )jbUn =

]

] r
Gú( f )jr=0 = 0(5.8)

The proof of (5.8) is similar to that of (5.5).
Next we write the solution of (5.1) as

U = Gú( f ) + P( f )Ò(5.9)

where P( f ) is the correction term so that Z̄n+1Ujr=0 = 0 and ut(ú)U = f . By looking at this
problem this may, with a given f , P, more precisely its kernel, is to be determined.

If we apply the equation and the boundary condition in (5.1) to (5.9) we find that

utúP( f ) = 0 and Z̄n+1P( f )jbUn = �Z̄n+1Gú( f )jbUn (5.10)

We assume that P is the convolution operator with kernel p(xÒ r), i.e.,

P( f )(xÒ r) =
Z

HnðR+
p( y�1 Ð xÒ r + ö) f ( yÒ ö) dy döÒ

where p(xÒ r) decays very fast as r !1.
The boundary conditions in (5.8) and (5.10) yield that

 
]

] r
� i

]

] t

!
P( f )jr=0 = i

]

] t
Gú( f )jr=0(5.11)
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It, in turn, implies that

Z
HnðR+

 
]

] r
� i

]

] t

!
p( y�1 Ð xÒ r + ö) f ( yÒ ö) dy dö

þþþþþþ
r=0

=
Z

HnðR+
i
]

] t

h
kn�2q( y�1 Ð xÒ r � ö) + kn�2q( y�1 Ð xÒ r + ö)

i
f ( yÒ ö) dy dö

þþþþþþ
r=0



Since we want to find p(xÒ r) such that (5.9) solves the equation (5.1) for all f taking from
some class of functions (e.g., C1

0 (Hn ð R+)), we obtain, from the above equation, that 
]

] r
� i

]

] t

!
p(xÒ r) = 2i

]

] t
kn�2q(xÒ r)Ò for all x 2 HnÒ r Ù 0(5.12)

We will find p(xÒ r) from (5.12) under the condition limr!1 p̃(êÒ úÒ r)eúr = 0 for any
ú 2 R. Taking the Fourier transform with respect to t in (5.12), we obtain 

]

] r
+ ú

!
p̃(êÒ úÒ r) = �2úk̃n�2q(êÒ úÒ r) =) ]

] r
[eúrp̃] = �2úeúrk̃n�2q

Next we integrate both sides from r to 1, and the condition lim
r!1

p̃(êÒ úÒ r)eúr = 0 for any

ú 2 R yields:

p̃(êÒ úÒ r) = 2ú Z 1

0
eúvk̃n�2q(êÒ úÒ r + v) dv(5.13)

We now take the inverse Fourier transform with respect to ú and find that

p(xÒ r) =
1
ô
Z 1

0

Z 1

�1
úeú(v+it)k̃n�2q(êÒ úÒ r + v) dú dv(5.14)

We substitute k̃n�2q = ũt�1
n�2q, where (see Eq. (4.9) of section 4):

ũt�1
n�2q(êÒ úÒ r) =

jújn� 1
2

ôn

Z 1

0

1p
2ôs

nY
j=1

aj

sinh(ajs)
es(n�2q) sgn(ú)� júj

2 s� r2
2s júj�ç(sÒê)júj dsÒ(5.15)

with ç(sÒ ê) =
Pn

j=1 ajjê jj2 coth(ajs), into (5.14) and obtain

p(xÒ r)

=
1p

2ôn+ 3
2

Z 1

0

Z 1

0
s�

1
2

nY
j=1

aj

sinh(ajs)

ð Z 1

�1
újújn� 1

2 exp

8<
:ú(v + it) + s(n � 2q) sgn(ú) �

2
4 s

2
+

(r + v)2

2s
j + ç(sÒ ê)

3
5 júj

9=
; dú ds dv

We calculate the integral with respect to ú first and obtain:

Z 1

�1
újújn� 1

2 exp

8<
:ú(v + it) + s(n � 2q) sgn ú �

2
4 s

2
+

(r + v)2

2s
+ ç(sÒ ê)

3
5 júj

9=
; dú

=
Γ
�
n + 3

2

�
e(n�2q)s

hç(sÒ ê) � it � v + s
2 + (r+v)2

2s

in+ 3
2

� Γ
�
n + 3

2

�
e�(n�2q)s

hç(sÒ ê) + it + v + s
2 + (r+v)2

2s

in+ 3
2
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This yields that

p(xÒ r) =
Γ
�
n + 3

2

�
p

2ôn+ 3
2

Z 1

0

Z 1

0
s�

1
2

nY
j=1

aj

sinh(ajs)

ð
8>><
>>:

e(n�2q)s

hç(sÒ ê) � it � v + s
2 + (r+v)2

2s

in+ 3
2

� e�(n�2q)s

hç(sÒ ê) + it + v + s
2 + (r+v)2

2s

in+ 3
2

9>>=
>>; ds dv

Simplify the above equation by replacing s by �s for the second part of s-integration,
we obtain

p(xÒ r) =
Γ
�
n + 3

2

�
p

2ôn+ 3
2

Z 1

0

Z 1

�1

nY
j=1

aj

sinh(ajs)
e(n�2q)ssn+1 ds dvh�ç(sÒ ê) � it � v

�
s + s2

2 + (r+v)2

2

in+ 3
2

(5.16)

We can also write (5.16) in terms of the complex distance g(sÒ x) and volume element
ó(s) which have been defined in (4.12):

p(xÒ r) =
Γ
�
n + 3

2

�
2nôn+ 3

2

Z 1

0

Z 1

�1

e2(n�2q)ssn+1ó(s)h�
g(sÒ x) � v

�
s + s2 + (r+v)2

4

in+ 3
2

ds dv(5.17)

Some simple calculation will yield that utúp(xÒ r) = 0 for all x 2 HnÒ r Ù 0.
The following theorem summarizes our solution to the problem (5.1).

THEOREM 5.2.

U =
Z

HnðR+

h
kn�2q( y�1 Ð xÒ r + ö) + kn�2q( y�1 Ð xÒ r � ö) + p( y�1 Ð xÒ r + ö)

i
f ( yÒ ö) dy dö

will solve the problem utúU = f in Un with Z̄n+1UjbUn = 0, where kn�2q(xÒ r) is given
by (5.6) and p(xÒ r) is given by (5.17).

6. The Associated Heat Equation. In this section, we consider the heat equation
for the ]̄ -Neumann problem. This problem is analogue of some classical problems in
differential geometry.

We fix q, 0 � q � n, and work on the (0Ò q) forms on Ūn. Let Λ(0Òq)
0 (Ūn) denote the

C1 (0Ò q) forms on Un which can be extended to compactly supported (0Ò q) forms on
Cn+1, Λ(0Òq)

0 the C1 (0Ò q) forms with compact support in Un, and L(0Òq)
2 (Ūn) the square

integrable (0Ò q) forms on Un.
Let F(ÐÒ s) 2 L(0Òq)

2 (Ūn) for all s 2 R+ and suppose that the coefficients of F are
differentiable in s. F(zÒ tÒ rÒ s) solves the heat equation for the ]̄ -Neumann problem if for
fixed s,  

]

] s
+ ut

!
F = 0 and F(zÒ tÒ rÒ s) 2 Domut(6.1)

The initial value problem for the heat equation (6.1) is to find a solution F(ÐÒ s) of (6.1)
with specified initial value f 2 Λ(0Òq)

0 (Ūn), i.e.,

lim
s!0+

F(ÐÒ s) = f in L(0Òq)
2 (Ūn)(6.2)
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A fundamental solution of the heat equation is a one-parameter family of bounded
operator Hs, s 2 R+, on L(0Òq)

2 (Un) such that for f 2 Λ(0Òq)
0 (Un):

 
]

] s
+ ut

!
Hs( f ) = 0ÒHs( f ) 2 Domut with lim

s!0+
Hs( f ) = f in L(0Òq)

2 (Ūn)

Stanton [21] proved the existence and uniqueness of the fundamental solution for the
Siegel domain. Her proof can be extended to our domain. Furthermore, she proved that
Hs is the semi-group generated by �ut and can be written as the convolution operator on
Hn ð R. For each s 2 R+, Hs is self-adjoint and positive.

Similarly to the corresponding ]̄ -Neumann problem, since the ]̄ -Neumann boundary
conditions and ut act diagonally on (0Ò q) forms, the heat equation can be split into a pair
of problems:

 
]

] s
+ utó

!
Fó = 0 with Fójr=0 = 0 and lim

s!0+
Fó(ÐÒ s) = f in L(0Òq)

2 (Ūn)(6.3)
 

]

] s
+ utú

!
Fú = 0 with Z̄n+1Fújr=0 = 0 and lim

s!0+
Fú(ÐÒ s) = f in L(0Òq)

2 (Ūn)(6.4)

6.1. The interior problem. Following the classical method of reduction to the boundary,
we break the problem into two parts. First, we will use the Laguerre calculus to find the
kernel kãs (xÒ r) = expf�sutãg such that

(Kã
s f )(xÒ r) =

Z
HnðR

kãs ( y�1 Ð xÒ r � ö) f ( yÒ ö) dy dö

solves the initial value problem:
 

]

] s
+ utã

!
(Kã

s f )(xÒ r) = 0Ò lim
s!0+

Kã
s f = f for f 2 C1

0 (Ūn)(6.5)

We call (6.5) the interior problem. From kãs (xÒ r), we can construct the solutions of (6.3)
and (6.4).

We shall first compute k̂ãs (êÒ úÒ ò) = expf�sûtãg. Eq.(4.3)

ûtã(êÒ úÒ ò) =
1X

jkj=0

2
4 nX

j=1
(2kj + 1)ajjúj � ãú +

1
2

(ú2 + ò2)

3
5 nY

j=1
ajÍ̃(0)

kj
(
p

aj ê jÒ ú)

and Theorem 3.2 imply that

k̂ãs (êÒ úÒ ò) =
1X

jkj=0
e
�s

�
nP

j=1

(2kj+1)aj júj�ãú+
1
2 (ú2+ò2)

½
nY

j=1
ajÍ̃(0)

kj
(
p

aj ê jÒ ú)

= eãús�
s
2 (ú2+ò2)

1X
jkj=0

nY
j=1

2jújaj

ô e�jújs(2kj+1)aj�aj júj jê jj2 L(0)
kj

(2ajjúj jê j j2)

=
jújn
ôn

eãús�
s
2 (ú2+ò2)

nY
j=1

2aje
�ajjújs�aj júj jê j j2

1X
kj=0

e�2jújskjaj L(0)
kj

(2ajjúj jê j j2)
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We now sum up this series via the generating function for the Laguerre polynomials
and obtain:

k̂ãs (zÒ úÒ ò) =
jújn
ôn

eãús�
s
2 (ú2+ò2)

2
4 nY

j=1

aj

sinh(ajjújs)

3
5 exp

²
�júj

nX
j=1

ajjê jj2 coth(ajjújs)
¦

=
jújn
ôn

2
4 nY

j=1

aj

sinh(ajjújs)

3
5 exp

²
ãús � s

2
(ú2 + ò2) � jújç(jújsÒ ê)

¦


We then take the inverse Fourier transform with respect to ò by applying the Gaussian
integral

1
2ô

Z 1

�1
e�

s
2 ò

2+irò dò =
1p
2ôs

e�
r2

2s Ò
and this yields

k̃ãs (êÒ úÒ r) =
jújne�

r2

2s

ôn
p

2ôs

nY
j=1

aj

sinh(ajjújs)
exp

(
ãús � 1

2
sú2 � jújç(jújsÒ ê)

)
(6.6)

Next we take the inverse Fourier transform with respect to ú and find the heat operator:

kãs (xÒ r) =
e�

r2

2s

2
3
2ôn+ 3

2 s
1
2

Z 1

�1

nY
j=1

ajjúj
sinh(ajjújs)

exp
(

itú + ãús � 1
2

sú2 � jújç(jújsÒ ê)
)

dú

Substitute ú by úÛs in the above equation, we have

kãs (xÒ r) =
e�

r2

2s

2
3
2 (ôs)n+ 3

2

Z 1

�1

nY
j=1

ajjúj
sinh(ajjúj) exp

8<
: it

s
ú + ãú � ú2

2s
� júj

s
ç(jújÒ ê)

9=
; dú

Since
nY

j=1

ajjúj
sinh(ajjúj) =

nY
j=1

ajú
sinh(ajú) and júj coth(ajjúj) = ú coth(ajú)Ò

we can simplify the above equation and obtain the heat kernel:

kãs (xÒ r) =
e�

r2
2s

2
3
2 (ôs)n+ 3

2

Z 1

�1

nY
j=1

ajú
sinh(ajú) exp

8<
: it

s
ú + ãú � ú2

2s
� ú

s
ç(úÒ ê)

9=
; dú(6.7)

We can also write (6.7) in terms of the volume ó(ú) and complex distance g(úÒ x) (see
Eq. (4.12)) by replacing ú by 2ú in Eq. (6.7):

kãs (xÒ r) =
e�

r2

2sp
2(ôs)n+ 3

2

Z 1

�1
únó(ú) exp

8<
:2ãú � 2ú2

s
� 2ú

s
g(úÒ x)

9=
; dú(6.8)

Now we compare our formula with Stanton’s results. If we set aj = 1 for all j =
1Ò 2Ò    Ò n and substitute ú by �ú in (6.7), then we obtain

kãs (xÒ r) =
e�

r2

2s

2
3
2 (ôs)n+ 3

2

Z 1

�1

ún

sinhn(ú) exp

8<
:�i

s
t
ú � ãú � ú2

2s
� ú

s
jêj2 coth(ú)

9=
; dú

This is N. K. Stanton’s formula (1.8) of [23].
We summarize the solution to the interior problem (6.5) in the following theorem:
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THEOREM 6.1. The convolution operator Kã
s f = f Ł kãs on Hn ð R with kãs given

by (6.8) solves the initial problem: 
]

] s
+ utã

!
(Kã

s f )(xÒ r) = 0 with lim
s!0+

Kã
s f = f for f 2 C1

0 (Ūn)

As an application of the heat kernel, we consider the operator

Hã
s (xÒ r) = ut� 1

2
ã expf�sut 1

2
ãgé0(xÒ r) s Ù 0(6.9)

This operator will give the solution of the corresponding wave equation by analytical
continuation s Ù 0 to is with s 2 R. Here we just consider Hã

s (xÒ r) for s Ù 0 and
will consider its analytical continuation in a future publication. Using the subordination
identity:

A�1e�sA = ô� 1
2

Z 1

0
e�s2Û4ññ� 1

2 e�ñA2
dñ(6.10)

with A = ut 1
2
ã , we get

Hã
s (xÒ r) = ô� 1

2

Z 1

0
e�s2Û4ññ� 1

2 expf�ñutãg dñ(6.11)

We substitute Eq. (6.8) into Eq. (6.11),

Hã
s (xÒ r)(6.12)

=
1p

2ôn+2

Z 1

0

e�
s2
4ñ�

r2
2ñ

ñn+2

Z 1

�1
únó(ú) exp

8<
:2ãú � 2ú2

ñ � 2ú
ñ g(úÒ x)

9=
; dú dñ

We change the order of the integrations:

Hã
s (xÒ r) =

1p
2ôn+2

Z 1

�1
e2ãúúnó(ú) Z 1

0
e�
�

s2
4 + r2

2 +2ú2+ 2ú
g (úÒx)

�
1
ñ

dñ
ñn+2

dú(6.13)

Next substituting ñ by 1Ûñ in (6.13) yields:

Hã
s (xÒ r) =

1p
2ôn+2

Z 1

�1
e2ãúúnó(ú) Z 1

0
ñne

�
h

s2

4 + r2

2 +2ú2+2úg(úÒx)
i
ñ

dñ dú

=
n!p

2ôn+2

Z 1

�1

e2ãúúnó(ú)h
s2

4 + r2

2 + 2ú2 + 2úg(úÒ x)
in+1 dú

In conclusion, we find

Hã
s (xÒ r) =

n!p
2ôn+2

Z 1

�1

e2ãúúnó(ú)�
s2

4 + r2

2 + 2ú2 + 2úg(úÒ x)
½n+1 dú(6.14)

We now integrate Hã
s (xÒ r) with respect to time s, formally, this should give us the

fundamental solution kã(xÒ r) of the operator utã (see Eq. (4.13)). We will see that this is
indeed true. We carry out the calculations formally:

kã(xÒ r) =
Z 1

0
Hã

s (xÒ r) ds =
n!p

2ôn+2

Z 1

0

Z 1

�1

e2ãúúnó(ú) dú dsh
s2

4 + r2

2 + 2ú2 + 2úg(úÒ x)
in+1 (6.15)
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Exchange the order of the integrations in Eq. (6.15):

kã(xÒ r) =
n!p

2ôn+2

Z 1

�1
e2ãúúnó(ú) Z 1

0

dsh
s2

4 + r2

2 + 2ú2 + 2úg(úÒ x)
in+1 dú(6.16)

Let Λ(úÒ xÒ r) = 2ú2 + r2Û2 + 2úg(úÒ x), and then apply the integral formula

Z 1

0

ds
(s2 + a2)n+1

=
(2n � 1)!!

(2n)!!
Ð ô

2a2n+1

to Eq. (6.16), we get

kã(xÒ r) =
n!p

2ôn+2

Z 1

�1
e2ãúúnó(ú) Z 1

0

dsh
s2

4 + Λ
in+1 dú

=
4n+1n!p

2ôn+2

Z 1

�1
e2ãúúnó(ú) Z 1

0

dsh
s2 + 4Λ

in+1 dú

=
4n+1n!p

2ôn+2

Z 1

�1
e2ãúúnó(ú) (2n � 1)!!

(2n)!!
Ð ô

2(2Λ 1
2 )2n+1

dú

=
4n+1n!p

2ôn+2
Ð (2n � 1)!!

(2n)!!
Ð ô

22n+2

Z 1

�1

e2ãúúnó(ú)
Λn+ 1

2

dú

=
Γ
�
n + 1

2

�
p

2ôn+1Γ
�

1
2

� Z 1

�1

e2ãúúnó(ú)
Λn+ 1

2

dú

Then the definitions of Λ and Γ
�

1
2

�
=
pô lead to

kã(xÒ r) =
Γ
�
n + 1

2

�
p

2ôn+ 3
2

Z 1

�1

e2ãúúnó(ú)h
2ú2 + r2

2 + 2úg(úÒ x)
in+ 1

2

dú(6.17)

This coincides with (4.13). Of course, the above calculations are purely formal. To carry
out the integration rigorously, we need estimates on the Hã

s (xÒ r) for large time s. N.
Stanton proved the estimates for the case of aj = 1 for all j = 1Ò 2Ò    Ò n. I will carry out
the estimates for our problem in future publication.

6.2. The solution of the heat equation. We will solve the heat equation for the ]̄ -
Neumann problem. In the beginning of this section, we reduced this problem to a pair of
problems: 

]

] s
+ utó

!
Fó= 0 in Un with FójbUn = 0 and lim

s!0+
Fó(ÐÒ s) = f(6.18)

 
]

] s
+ utú

!
Fú= 0 in Un with Z̄n+1Fú jbUn = 0 and lim

s!0+
Fú(ÐÒ s) = gÒ(6.19)

where utú = Ín�2q � 1
2

�
] 2

] t2 + ] 2

] r2

�
and utó = Ín�2(q�1) � 1

2

�
] 2

] t2 + ] 2

] r2

�
with Íã =

� 1
2
Pn

j=1(Z̄jZj + ZjZ̄j) + iãT.
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Recall that utú = utn�2q and utó = utn�2q+2.
The problem (6.18), involving the normal component, is essentially the Dirichlet

problem. From the solution of the interior problem (6.5), we can easily construct Green’s
operator. For (6.18), we set ã = n � 2q + 2 in the interior problem.

kn�2q+2
s (xÒ r) =

e�
r2

2sp
2(ôs)n+ 3

2

Z 1

�1
únó(ú)e2(n�2q+2)ú� 2ú2

s � 2ú
s g(úÒx) dú(6.20)

is even in r. We set

Gó
s (xÒ yÒ rÒ ö) = kn�2q+2

s ( y�1 Ð xÒ r � ö) � kn�2q+2
s ( y�1 Ð xÒ r + ö)(6.21)

Then the operator Gó
s , defined by

(Gó
s f )(xÒ r) =

Z
HnðR+

Gó(xÒ yÒ rÒ ö) f ( yÒ ö) dy dö(6.22)

is Green’s operator for ( ]
] s + utó); that is

(6.23) 
]

] s
+ utó

!
Gó

s ( f ) = 0 in UnÒGó
s ( f )jbUn = Gó

s ( f )jr=0 = 0 and lim
s!0+

Gó
s ( f ) = f 

The proof of (6.23) is quite simple. Indeed, we let

f1(xÒ r) =
²

f (xÒ r) if r ½ 0
0 otherwise

and f2(xÒ r) =
²

f (xÒ �r) if r � 0
0 otherwise.

Then we can write (6.22) in the following form:

Gó
s f (xÒ r) = f1 Ł kn�2q�2

s (xÒ r) � f2 Ł kn�2q+2
s (xÒ r)

kn�2q+2
s (xÒ r) = kn�2q+2

s (xÒ �r) implies Gó
s ( f )jr=0 = 0. And since kn�2q+2

s (xÒ r) is the corre-
sponding kernel of the solution of the interior problem, it yields 

]

] s
+ utó

!
Gó

s ( f ) = 0 for r Ù 0 and lim
s!0+

Gó
s ( f ) = f1 � f2 = f 

Hence Fó(xÒ rÒ s) = Gó
s ( f )(xÒ r) solves the problem (6.18).

The problem (6.19), involving the tangential part, has the ]̄ -Neumann boundary
condition. First we will also construct the related Green’s operator Gú

s as above but with
Neumann boundary condition. We set ã = n � 2q in the interior problem. The kernel of
the solution for the interior problem is

kn�2q
s (xÒ r) =

e�
r2
2sp

2(ôs)n+ 3
2

Z 1

�1
únó(ú) exp

8<
:2(n � 2q)ú � 2ú2

s
� 2ú

s
g(úÒ x)

9=
; dú(6.24)

Similarly, we set

Gú
s(xÒ yÒ rÒ ö) = kn�2q

s ( y�1 Ð xÒ r � ö) + kn�2q
s ( y�1 Ð xÒ r + ö)(6.25)
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Then the operator Gú
s , defined by

(Gú
s f )(xÒ r) =

Z
HnðR+

Gú
s(xÒ yÒ rÒ ö) f ( yÒ ö) dy dö(6.26)

is the Green’s operator for ( ]
] s + utú) with the Neumann boundary condition; that is

 
]

] s
+ utú

!
Gú

s( f ) = 0 in UnÒ ]

] r
Gú

s( f )jr=0 = 0 and lim
s!0+

Gú
s( f ) = f (6.27)

The proof of (6.27) is similar to that of (6.23).
Next we write the solution of (6.19) as

Fú(xÒ rÒ s) = Gú
s( f ) + Ps( f )Ò(6.28)

where Ps( f ) is the correction term so that 
]

] s
+ utú

!
Fú = 0 with Z̄n+1Fú(xÒ rÒ s)jr=0 = 0 and lim

s!0+
Fú = f 

In this way of looking at the problem, f is given and Ps, more precisely its kernel ps(xÒ r),
is to be determined.

If we apply the equation and the boundary condition in (6.19) to (6.28) we find that

(6.29) 
]

] s
+ ut(ú)

!
Ps( f ) = 0; Z̄n+1Ps( f )jbUn = �Z̄n+1Gú

s( f )jbUn and lim
s!0+

Ps( f ) = 0

We assume that Ps is the convolution operator with kernel ps(xÒ r), i.e.,

Ps( f )(xÒ r) =
Z

HnðR+
ps( y�1 Ð xÒ r + ö) f ( yÒ ö) dy dö

and ps(xÒ r) decays very fast as r !1.
The boundary conditions in (6.27) and (6.29) yield that 

]

] r
� i

]

] t

!
Ps( f )jr=0 = i

]

] t
Gú

s( f )jr=0(6.30)

This, in turn, implies that

Z
HnðR+

 
]

] r
� i

]

] t

!
ps( y�1 Ð xÒ r + ö) f ( yÒ ö) dy dö

þþþþþþ
r=0

=
Z

HnðR+
i
]

] t

h
kn�2q

s ( y�1 Ð xÒ r � ö) + kn�2q
s ( y�1 Ð xÒ r + ö)

i
f ( yÒ ö) dy dö

þþþþþþ
r=0



Since we want to find ps(xÒ r) such that (6.28) solves the problem (6.19) for all f taking
from some class of functions (e.g., C1

0 (Hn ð R+)), we obtain, from the above equation,
that  

]

] r
� i

]

] t

!
ps(xÒ r) = 2i

]

] t
kn�2q

s (xÒ r)Ò for all x 2 HnÒ r Ù 0Ò s Ù 0(6.31)
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We will find ps(xÒ r) from (6.31) under the condition limr!1 ps(xÒ r)eúr = 0 for any ú 2 R.
Taking the Fourier transform with respect to t in Eq. (6.31), we obtain

 
]

] r
+ ú

!
k̃n�2q

s (êÒ úÒ r) = �2úk̃n�2q
s (êÒ úÒ r) =) ]

] r
[eúrp̃s] = �2úeúrk̃n�2q

s 

Next we integrate both sides from r to 1, this implies that

p̃(êÒ úÒ r) = 2ú Z 1

0
eúvk̃n�2q

s (êÒ úÒ r + v) dv(6.32)

We now take the inverse Fourier transform with respect to ú and find that

ps(xÒ r) =
1
ô
Z 1

0

Z 1

�1
úeú(v+it)k̃n�2q

s (êÒ úÒ r + v) dú dv(6.33)

We substitute k̃n�2q
s (êÒ úÒ r) (see equation (6.6)):

k̃n�2q
s (êÒ úÒ r) =

jújne�
r2

2s

ôn
p

2ôs

nY
j=1

aj

sinh(ajjújs)
exp

(
(n � 2q)ús � 1

2
sú2 � jújç(jújsÒ ê)

)


into (6.33) to obtain:

ps(xÒ r) =
1p

2sôn+ 3
2

Z 1

0

Z 1

�1
ún+1

nY
j=1

aj

sinh(ajús)

ð exp

8<
:ú(v + it) + (n � 2q)ús � s

2
ú2 � (r + v)2

2s
� ç(úsÒ ê)ú

9=
; dú dv(6.34)

where we set ç(sÒ ê) =
nP

j=1
ajjê jj2 coth(ajs). Next we substitute ú by úÛs in (6.34):

ps(xÒ r) =
1p

2sôn+ 3
2 sn+2

Z 1

0

Z 1

�1
ún+1

nY
j=1

aj

sinh(ajú)

ð exp

8<
: ú(v + it)

s
+ (n � 2q)ú � ú2

2s
� (r + v)2

2s
� ú

s
ç(úÒ ê)

9=
; dú dv(6.35)

Calculating the integral with respect to v first we obtain:

Z 1

0
exp

8<
: úvs � ú2

2s
� (r + v)2

2s

9=
; dv =

p
2se�

r
s ú
Z 1

r�úp
2s

e�ñ
2

dñ(6.36)

(6.34) and (6.36) yield that

ps(xÒ r) =
1

ôn+ 3
2 sn+2

Z 1

�1
ún+1

nY
j=1

aj

sinh(ajú)

ð exp
(

iút
s

+ (n � 2q)ú � ú
s
ç(úÒ ê) � r

s
ú
)0@Z 1

r�úp
2s

e�ñ
2

dñ
1
A dú(6.37)
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Replacing ú by 2ú in (6.37), we can also write (6.37) in terms of the complex distance
g(úÒ x) and volume element ó(ú):

ps(xÒ r) =
4

ôn+ 3
2 sn+2

Z 1

�1
ún+1ó(ú)e[(n�2q)ú� 2ú

s g(úÒx)� r
s ú]
 Z 1

r�2úp
2s

e�ñ
2

dñ
!

dúÒ(6.38)

where g(úÒ x) and ó(ú) are given in (4.12).
In conclusion, we summarize the solutions to (6.18) and (6.19) in the following

theorem:

THEOREM 6.2. kãs (xÒ r) is given by (6.8) and ps(xÒ r) is given by (6.38). Then

Fó =
Z

HnðR+

h
kn�2q

s ( y�1 Ð xÒ r + ö)� kn�2q
s ( y�1 Ð xÒ r � ö)

i
f ( yÒ ö) dy dö

solves the problem
 

]

] s
+ utó

!
Fú = 0 in Un with FójbUn = 0 and lim

s!0+
Fó = f 

Fú =
R
HnðR+ [kn�2q

s ( y�1 Ð xÒ r + ö) + kn�2q
s ( y�1 Ð xÒ r� ö) + ps( y�1 Ð xÒ r + ö)] f ( yÒ ö) dy dö

solves the problem
 

]

] s
+ utú

!
Fú = 0 in Un with Z̄n+1FújbUn = 0 and lim

s!0+
Fú = f 

7. The Laplacian Operator in the Heisenberg Group. Another operator which is
closely related to the Íã is the Laplacian operator

Pã
def
= Íã + ïT2 = �1

2

nX
j=1

(Z̄jZj + ZjZ̄j) + iãT + ïT2 with ï Ù 0Ò

which is closely related to the operators ut+ and ut� introduced in [10]. We can find its
fundamental solution easily by the Laguerre calculus. Since the calculation is similar to
those in Section 4, we omit details here and only list the main steps.

As in Section 4, we start with the Fourier transform with respect to t and obtain

P̃ã = �1
2

nX
j=1

( ˜̄ZjZ̃j + Z̃j
˜̄Zj)� ãú � ïú2

Then, the Laguerre tensor of the convolution operator induced by Pã is

Í(P̃ã) = júj
 � nX

j=1
(2kj � 1)aj � ã sgn(ú) + ïjúj

½
é( p1)

k1
Ð Ð Ð é( pn)

kn

!
Ò(7.1)

and it is invertible as long as

jãj 6=
nX

j=1
(2kj + 1)aj + ïjúj for k = (k1Ò    Ò kn) 2 Nn
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Under this condition, the inverse Laguerre tensor of (7.1) is

Í(P̃�1
ã ) = júj�1

 � nX
j=1

(2kj � 1)aj � ã sgn(ú) + ïjúj
½�1é( p1)

k1
Ð Ð Ð é( pn)

kn

!
(7.2)

We write (7.2) in terms of the Laguerre expansion as follows:

P̃�1
ã =

1
júj

1X
jkj=0

� nX
j=1

(2kj + 1)aj � ã sgn(ú) + ïjúj
½�1 nY

j=1
ajÍ̃(0)

kj
(
p

ajê jÒ ú)(7.3)

Similar to the previous calculation, one applies the generating function formula for
the Laguerre polynomials and obtains

P̃�1
ã =

jújn�1

ôn

Z 1

0
e�[�ã sgn(ú)+ïjúj]s

2
4 nY

j=1

aj

sinh(ajs)

3
5 e�jújç(sÒê) ds

The fundamental solution of Pã is the inverse Fourier transform of P̃�1
ã (úÒ ê) with

respect to ú. We can also write the fundamental solution in terms of the volume element
and complex distance introduced by Beals, Gaveau and Greiner [2].

F(x) =
Γ(n)

2nôn+1

Z 1

�1

e2ãsó(s) dsh
2ïs + g(s; x)

in(7.4)

with

g(s; x) =
nX

j=1
ajjê jj2 coth(2ajs)� it and ó(s) =

nY
j=1

2aj

sinh(2ajs)


The fundamental solution (7.4) also coincides with Stanton’s results if we set aj = 1
for all j = 1Ò 2Ò    Ò n and ï = 1

2 . See [23], Theorem 2.12 for the details.
We make some additional remarks about the assumption aj Ù 0 for j = 1Ò 2Ò    Ò n. We

have expressed all the formulas in terms of the complex distance g(sÒ x) and the volume
element ó(s) (see Eq. (4.12)). But g(sÒ x) and ó(s) depend on jajj only. This implies that
our formulas still hold no matter whether aj, j = 1Ò 2Ò    Ò n, are positive or negative. As
to the assumption about ã, we derived the fundamental solution kã(xÒ r) of utã under the
condition:

jãj Ú
nX

j=1
(2kj + 1)aj +

1
2

0
@júj +

ò2

júj

1
A for k 2 NnÒ ú 6= 0

We can extend kã by analytic continuation to the case:

jãj 6=
nX

j=1
(2kj + 1)aj +

1
2

0
@júj +

ò2

júj

1
A for k 2 NnÒ ú 6= 0

This is the necessary and sufficient condition for the Laguerre tensor Í(ûtã) to be
invertible.
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