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THE STOCHASTIC FILTERING PROBLEM:
A BRIEF HISTORICAL ACCOUNT

BY DAN CRISAN

Abstract

Onwards from the mid-twentieth century, the stochastic filtering problem has caught
the attention of thousands of mathematicians, engineers, statisticians, and computer
scientists. Its applications span the whole spectrum of human endeavour, including
satellite tracking, credit risk estimation, human genome analysis, and speech recognition.
Stochastic filtering has engendered a surprising number of mathematical techniques for
its treatment and has played an important role in the development of new research
areas, including stochastic partial differential equations, stochastic geometry, rough
paths theory, and Malliavin calculus. It also spearheaded research in areas of classical
mathematics, such as Lie algebras, control theory, and information theory. The aim
of this paper is to give a brief historical account of the subject concentrating on the
continuous-time framework.
Keywords: Nonlinear filtering; Kalman–Bucy filter; Wiener filter; stochastic partial
differential equation

2010 Mathematics Subject Classification: Primary 60G35; 93E11; 62M20
Secondary 35R60; 60H15; 97A30

The aim of nonlinear filtering is to estimate the current state of an evolving dynamical
system, customarily modelled by a stochastic process, denoted by X and called the signal
process. The signal process cannot be measured directly, but only via a related process Y ,
termed the observation process. The filtering problem consists in computing πt , the conditional
distribution of the signal Xt , at the current time t given the observation data accumulated up
to that time. More precisely, πt is the (random) probability measure which is measurable with
respect to the observation filtration Yt := σ(Ys, s ∈ [0, t]) so that

E[ϕ(Xt ) | Yt ] =
∫

ϕ(x) πt (dx)

for all statistics ϕ for which both terms of the above identity make sense. Knowing πt enables
us, at least theoretically, to compute any inference of Xt given Yt , which is of interest, by
integrating a suitable function ϕ with respect to πt .

The origins of the filtering problem in discrete time can be traced back to the work of
Kolmogorov and Krein [37, 38, 39, 40]. In the continuous-time case, N. Wiener was the first to
discuss the optimal estimation of dynamical systems in the presence of noise. The Wiener filter
consists of a signal X which is a stationary process and an associated measurement process
Y = X + V , where V is some independent noise. The object is to use the values of Y to
estimate X, where the estimate, X̂t say, is required to have the following three properties.

• Causality: Xt is to be estimated using Ys for s ≤ t .

© Applied Probability Trust 2014
This account is an extended version of the historical notes included in [1, Section 1.3] and was presented at the
2014 Applied Probability Trust Jubilee Lectures in Sheffield.
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A. N. Kolmogorov and N. Wiener

• Optimality: the estimate X̂t should minimise the mean square error E[(X − X̂t )
2].

• Online/concurrent estimation: at any (arbitrary) time t , the estimate X̂t should be
available.

The Wiener filter gives a linear, time-invariant causal estimate of the form

X̂t =
∫ t

−∞
h(t − s)Y (s) ds,

where h(s) is called the transfer function. Wiener studied and solved this problem using the
spectral theory of stationary processes. The results were included in a classified National
Defense Research Council report issued in January/February 1942. The report, nicknamed
‘The Yellow Peril’ (according to Wiener [59] this was because of the yellow paper in which
it was bound), was widely circulated among defence engineers. Subsequently declassified, it
appeared as a book, [58], in 1949.

In the following quotation from [58], Wiener describes the historical relation between his
work and that of Kolmogorov [37] on (almost) the same problem:

. . . The present investigation was initiated in the early winter of 1940 as an attempt to solve
an engineering problem. At that time and until the last week of 1941, by which time the
paper was substantially complete, the author was not aware of the results of Kolmogorov’s
work and scarcely aware of its existence; although Professor Feller of Brown University has
mentioned Kolmogoroff’s research in casual conversation at an earlier period. Mr I. E. Segal
of the Princeton Graduate School brought Kolmogoroff’s work to the author’s attention at
the Christmas meeting of the American Mathematical Society for 1941. Thus it would
appear that the work of Kolmogoroff and that of the present writer represent two entirely
separate attacks on the problem of time series, and that the parallelism between them may
be attributed to the simple fact that the theory of stochastic processes had advanced to the
point where the study of the prediction problem was the next thing on the agenda.

It is important to note that all consequent advances in the theory and practical implementation
of stochastic filtering always adhered to the three precepts enumerated above: causality,
optimality, and online estimation.

The next major development in stochastic filtering was the introduction of the linear
filter. In this case the signal satisfies a stochastic differential equation with linear coefficients
and Gaussian initial condition, and the observation equation satisfies an evolution equation
with linear dependence on the signal. More precisely, let X = (Xi)di=1 be the solution of the
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R. Kalman

linear stochastic differential equation driven by a p-dimensional Brownian motion process
V = (V j )

p
j=1,

Xt = X0 +
∫ t

0
(FsXs + fs) ds +

∫ t

0
σs dVs,

where, for any s ≥ 0, Fs is a d × d matrix, σs is a d × p matrix, and fs is a d-dimensional
vector. The functions s �→ Fs , s �→ σs , and s �→ fs are measurable and locally bounded (that
is, for every time t , the functions are bounded for s ∈ [0, t]). Assume that X0 ∼ N(x0, r0)

is independent of V . Next assume that W is a standard m-dimensional Brownian motion
independent of X, and let Y be the process satisfying the evolution equation

Yt =
∫ t

0
(HsXs + hs) ds + Wt, (1)

where, for any s ≥ 0, Hs is an m × d matrix and hs is an m-dimensional vector (for further
details, see, e.g. [1, Section 6.2]). The linear filter problem can be solved explicitly; in other
words, πt is given by a closed formula. The solution is a finite-dimensional one: πt is Gaussian,
namely, πt = N(x̂t , Rt ), and, hence, completely determined by its mean x̂t and its covariance
matrix Rt . Moreover, it is quite easy to estimate the two parameters. The covariance matrix
does not depend on Y and it satisfies the following deterministic Riccati equation:

dRt

dt
= σ 2

t + 2FtRt − H 2
t R2

t , R0 = r0.

Hence, the covariance matrix can be computed in advance, before the filter is applied online.
The mean satisfies the following linear stochastic differential equation driven by Y , whose
solution can be easily computed:

dx̂t = (Ft x̂t + ft ) dt + RtHt (dYt − (Ht x̂t + ht ) dt), x̂0 = x0.

As a result, the linear filter enjoyed widespread success in the 1960s; for example, it was used
by NASA to get the Apollo missions off the ground and to the moon. R. S. Bucy and R. Kalman
were the pioneers in this field. Kalman was the first to publish in a wide circulation journal. In
[35] he solved the discrete-time version of the linear filter problem.

Bucy obtained similar results independently. Bucy and Kalman worked independently as
the following quote taken from Bucy and Joseph [13] suggests:

. . . Later in the period 1957–1959, Bucy showed that the Follin example was just a special
case of the general theory reported in this book (see Bucy [11]). Independently of this work
Kalman in 1960, synthesizing his state space approach to linear systems and ideas in Doob
[20], obtained a solution of the discrete-time optimal filter (see Kalman [35]).
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In April 1960, Bucy and Kalman became aware of each other’s work and decided to
collaborate on a paper dealing with continuous-time optimal filtering from the state space
point of view and Bucy and Kalman [36] resulted.

Following the success of the linear filter, scientists started to explore different avenues.
Firstly, they extended the application of the Kalman filter beyond the linear/Gaussian frame-
work. The basis of this extension is the fact that, locally, all systems behave linearly. So, at
least locally, one can apply the Kalman filter equation. This gave rise to a class of algorithms
called the Extended Kalman Filter. These algorithms, most of which are empirical and without
theoretical foundation, are still widely used today in a variety of applications.

The development of the modern theory of nonlinear filtering started in the 1960s with
the publications of R. L. Stratonovich, H. Kushner, and A. N. Shiryaev for diffusions, and
W. M. Wonham for pure-jump Markov processes. Stratonovich’s work in nonlinear filtering
theory took place at the same time as the work of Bucy and Kalman. Stratonovich presented
his first results in the theory of conditional Markov processes and the related optimal nonlinear
filtering at the All-Union Conference on Statistical Radiophysics in Gorki (1958) and in a
seminar [53]; they were published as [55].

Nevertheless, there was considerable unease about the methods used by Stratonovich to
deduce the continuous-time filtering equation. His paper [55] appeared with an editorial
footnote indicating that part of the exposition was not wholly convincing. Writing in
Mathematical Reviews, Bharucha-Reid [4] indicated that he was inclined to agree with the
editor’s comment concerning the author’s arguments in the continuous-time case.

Part of the problem was that Stratonovich was using the stochastic integral, which today
bears his name. Stratonovich himself mentioned this misunderstanding in [56, p. 42]. He also
pointed out (ibid., p. 227) that the linear filtering equations were published by him in [54].

On the other side of the Atlantic in the mid-1960s, Kushner [43, 44, 45] derived and
analysed the evolution equation for the conditional distribution of the signal using Itô (and
not Stratonovich) calculus. Separately, Shiryaev [51] provided the first rigorous derivation
of the filtering equation in the case of a general observation process where the signal and
observation noises may be correlated.

The equation satisfied by the conditional distribution of the signal was also obtained in various
forms by other authors, namely, Bucy [12] and Wonham [61]. In 1968, Kailath [26] introduced
the innovation approach to linear filtering. This new method for deducing the filtering equations
was extended in the early 1970s by Frost and Kailath [22], and by Fujisaki, Kallianpur and
Kunita [23]. Fujisaki, Kallianpur, and Kunita exploited a stochastic-integral representation
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R. L. Stratonovich, H. Kushner, and A. N. Shiryaev
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T. Kailath and H. Kunita

theorem in order to enable them to express conditional distributions as functionals of an
‘innovation’ martingale.

The filtering problem spearheaded the analysis of the equivalence between the observation
filtration and that generated by the associated innovation martingale. Contributors to this
direction include D. F. Allinger, V. E. Benes, J. M. C. Clark, A. Heunis, N. Krylov, and
S. K. Mitter (see [15, Chapter 5] for details).

The filtering equation has inspired authors to introduce a rich variety of mathematical
techniques to justify its structure. For example, although the filtering equation is nonlinear,
it admits a linear version whose solution gives an unnormalized form of the condititional
distribution of the signal. This linear evolution equation has been introduced by Duncan,
Mortensen, and Zakai in [21, 46, 63]. Similarly, a lot of work has been done to establish the
existence, uniqueness, and regularity of the solution of the filtering equation. A probabilistic
approach, initially considered formally by Bucy [12], but developed in detail by Kallianpur and
Striebel [33, 34], makes use of a functional form of Bayes formula for processes, now known
as the Kallianpur–Striebel formula. This technique, which is based on a change of probability
measure that makes, at each time, the future observation process independent of past processes,
is effective for filtering problems in which the observation process is of the ‘signal plus white
noise’variety, where the signal is independent of the noise process, but less so for the ‘correlated
case’, that is, for problems in which observed and unobserved components are coupled via a
common noise process.
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E. Pardoux, N. Krylov, and B. Rozovsky

The stochastic partial differential equations associated with the filtering equations were
rigorously analysed and extended in the late 1970s by Pardoux [47, 48, 49] and Krylov and
Rozovsky [41, 42]. Pardoux adopted a functional analytic approach in analysing these stochastic
partial differential equations, whereas Krylov and Rozovsky examined the filtering equations
using methods inherited from classical partial differential equations theory.

There are other formulations of the filtering problem for which the signal process does not
take the form of ‘signal plus noise’. This occurs, for example, when the observation process
is a counting or jump process with a jump rate modulated by the signal process. The study
of the filtering problem for such processes was initiated by Snyder and Grigelionis [24, 52] in
the early 1970s and developed rapidly with contributions from R. Boel, P. Brémaud, A. Segall,
J. H. Van Schuppen, P. Varaiya, E. Wong [5, 6, 16, 50, 57, 60], and others. A comprehensive
source of references in this direction can be found in [7].

Indeed, there are many other approaches to analyse the filtering equations. We note the more
recent work of B. I. Grigelionis and R. Mikulevicius on filtering for signal and observation
processes with jumps [15, Chapter 4], and that of T. Kurtz and G. Nappo on the filtered
martingale problem [15, Chapter 5]

Another important development in filtering theory was initiated by Clark [14] and continued
by Davis [17, 19, 18]. In the late 1970s, Clark introduced the concept of robust or pathwise
filtering, that is, that the filtering distribution admits a version which is a continuous function
of the observation path. This in an important property from a computational point of view.

Given the success of the linear/Gaussian filter, scientists tried to find other classes of filtering
problems where the solution is finite dimensional and/or has a closed form. Beneš [2] succeeded

J. M. C. Clark and M. H. A. Davis
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R. W. Brockett and D. L. Ocone

in doing this by studying a class of filters with a linearly evolving observation process and for
which the signal may have a nonlinear drift as long as it satisfies a certain (quite restrictive)
condition, thenceforth known as the Beneš condition. The linear filter satisfies the Beneš
condition.

Brockett [8, 9, 10] initiated a Lie algebraic approach to the filtering problem. From the
linearized form of the filtering equation (the Zakai equation) one can deduce that ρt lies on
a surface ‘generated’ by two differential operators. One is the infinitesimal generator of X,
generally a second-order differential operator, and the other is a linear zero-order operator.
From a Lie algebraic point of view, the Kalman filter and the Beneš filter are isomorphic,
where the isomorphism is given by a state space transformation. Beneš continued his work in
[3], where he found a larger class of exact filters for which the corresponding Lie algebra is
no longer isomorphic with that associated with the Kalman–Bucy filter. Following Beneš, a
number of authors further developed the Lie algebraic approach. Among the contributors in this
direction are W. L. Chiou, J. Chen, G.-Q. Hu, C. W. Leung, D. L. Ocone, X. Wu, S. S.-T. Yau,
and S. T. Yau. Others, such as F. Daum, S. J. Maybank, C. A. I. Schwartz, and B. W. Dickinson
derived finite-dimensional filters by different techniques.

In contrast to these finite-dimensional filters, results have been discovered which prove that
generically the filtering problem is infinite dimensional. Contributors in this direction include
M. Chaleyat-Maurel, D. Michel, M. Hazewinkel, S. I. Marcus, H. J. Sussmann, and S. K. Mitter
(many of the papers referred to here and earlier can be found in [25]). The general consensus
now is that finite-dimensional filters are the exceptions and not the rule.

The work of Kallianpur has been influential in the field. The papers which contain the
derivation of the Kallianpur–Striebel formula [33] and the derivation of the filtering equation
[23] are of particular interest. Jointly with Karandikar, in a series of papers [27, 28, 29, 30, 31,
32], Kallianpur extended the theory of stochastic filtering to finitely additive measures in place
of countably additive measures.

The area has expanded rapidly in the last twenty years. Among the topics developed in
this period are stability of the solution of the filtering problem, the uniqueness and Feynman–
Kac representations of the solutions of the filtering equations, Malliavin calculus applied to
the qualitative analysis of the filtering distribution, and connections between filtering and
information theory. In addition to the scientists already mentioned, contributions to the subject
in this period were made by A. Bensoussan, A. Budhiraja, M. Chaleyat-Maurel, R. J. Elliott,
B. Grigelionis, I. Gyöngy, M. Hazewinkel, A. Heunis, T. G. Kurtz, R. S. Liptser, D. Michel,
R. Mikulevicius, N. J. Newton, J. Picard, W. J. Runggaldier, and O. Zeitouni.
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Rapid progress continues to be made in both the theory and the application of stochastic
filtering. In addition to work on the classical filtering problem, there is ongoing work on the
analysis of the filtering problem for infinite-dimensional problems and problems where the
Brownian motion noise is replaced by either ‘coloured’ noise, or fractional Brownian motion.
Applications of stochastic filtering have been found in many areas of activity.

The development of numerical methods for the filtering problem has followed a parallel path
with the theory being influenced by both theoretical advances and practical applications. We
do not touch on this subject other than to mention that there is continuing work for developing
both generic/universal numerical methods for solving the filtering problem and methods that
are problem specific (see [1, Chapter 8] and [15, Parts VI–IX] for more detail).
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