CERTAIN TRANSFORMATIONS OF NEARLY-POISED
BILATERAL HYPERGEOMETRIC SERIES
OF SPECIAL TYPE

H. S. SHUKLA

1. Introduction. A few years ago Bailey (1) gave certain transformations
of both terminating and non-terminating nearly-poised hypergeometric series
of the ordinary type and later on he also deduced basic analogues of some of
his transformations. Recently, (3) I gave certain transformations of both
ordinary and basic terminating nearly-poised bilateral hypergeometric series
which generalized Bailey's results. Since transformations of nearly-poised
series have not been systematically studied so far, I deduced in another paper
(4) certain relations of both ordinary and basic bilateral series which involved
either only nearly-poised series or both terminating well-poised and non-
terminating nearly-poised series. In this paper I obtain certain transformations
of non-terminating nearly-poised bilateral series of special types +Hs and sH;
and these transformations are generalizations of Bailey’s known results. In the
sequel the sum of a particular ;H; is also given and is believed to be new.

The following notation is used throughout the paper:

(@n=a@+1)...(a+n—-1);@)o=1;(@)m=(—1)"/A — a)n;
anaz .. ,8;%| _ \® (@1)n(@2)n ... (@) a,
THTI_bly b2, ceey br - n;co (bl)n(b2)n LIRS (br)n o
I‘[al’ Qs . .. ,a,;:l _ T(a)Tl(as) ... TI(a,)
by, boy ..., b, 1 T(B)T(b) ... T(d,) "

Also, idem (a; b) means that the preceding expression is repeated with ¢ and
b interchanged.

2. In a recent paper (4) I have deduced the following relation between M
nearly-poised hypergeometric series of the type »H) with unit argument:

[ag,ag,...,aM,l-—ag,l—as,...,l—aM; ]
b1+ b1 —cpc1+b1—c¢3 .01+ b1 — 1,0, 1 —c1y. .01 —enm
H [Cly C2y .« .y CM—1,Cr5 ]
X aeldag by, c1+ b1 —co ... 61 by — Cy—1, by
as— 1,2 —as,a2—as,...,a2—au,1 +as—a,,...,
1+ auw — as;
2.1 T
( ) + 1+b—anl4+ca+bi—cc—as...,14+c1+ b —cua
— a9, 1+ by —as,as —c1,...,0s — Cxr
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XMHM‘—I+cl—a2,1+62—a2,...,1—l—cM_l—az,l—l—cM—az;
1+b1—(12,1+C1+b1—62—(12,...,
141+ 01— cw—1— a1+ by — a:
+ idem (aq; as ay, . .., ay) = 0.

The transformation (2.1) can be deduced directly from Slater’s transforma-
tion (2, (10)).

If we take M = 4 in (2.1) and then reverse the first 4+H4 series on the left
and put ¢s = 0 we get the following relation between a nearly-poised 4Fs
series of the first kind and three nearly-poised +H series:

I‘[a2’ as, 04,1 — a3, 1 —as 1 — ayg; ]
by, 1+ b1 —co 01+ b1 — 3,051 — 1,1 — €5, 1 — ¢35

X4F3[1—b4,1—b1,1+c2~c1—b1,1+63-—61~b1;]
1—61, 1—62, 1—63

as— 1,2 —as, 1 + a3 —asy 1 + as — az, a2 — a3, a2 — ay;
2.2 T
( ) T [L-l+b1—(12,1+61+b1—62—a2,1+Cx+b1"63—02,—'
14 bs — as, a2 — c1,a2 — €3, @2 — €3, Q2
% JH 14+ci—asl+co—as,ldcs—a,l — as;
* 41+bl—az,1+61+bl—62—02,1+61+b1"‘63—02,
1+b4—a2

+ idem (a2; a3, a4) = 0.

Since the nearly-poised 4F; series of the first kind on the left of (2.2) can
be expressed in terms of two Saalschiitzian ;F, series (1, § 6.5 (1)), we get the
following relation between two Saalschiitzian ;F,; and three nearly-poised
+H, series:

Qs 3 a1, 1 —ag, 1 —as 1 —a42b1+¢1—ca—c3— 1;
b1, ¢1+ b1 — €3, €1+ b1 — €3, s, €1+ by — €2 — ¢35, by — €y, b1—63,J
2—61—61

1'—bl,l+62—01—b1,1+63—61—'b1, ]
X 5F4 14+ 3(bs—c1—b1), 35(1 4 b3 — ¢c1 — b1);

1+b4_cl_b111_%(cl+bl,’%(3—'61—b1)7

l_ 24+c+c—2bi—

@, a3, 04,1 —as, 1 —as 1 —ay, 1+ ca+cs— ¢y — 28y, T
r 3b1+b4+€1'—262"263'—1;
by, c1+ b1 — co,c1+ b1 — ¢35, 04,1 — b1, 1 +¢o — 1 — by,

1+63—‘61—b1,b1+b4—62—63,3b1+61—262—263_
(2.3) Z

c1+ b1 — ca — €3, b1 — ¢q, b1 — 3,
X 5F4 %(31)1 + b4 + c1 — 262 - 263 —_ 1), %(31)1 + b4 + 1 — 262 —_ 263);
2by + ¢y — ¢c2 — €3, b1 4+ by — ¢ — ¢,
3Bby 4+ ¢1 — 2¢2 — 2¢3), (1 4+ 301 + ¢1 — 2¢2 — 2¢3)

+
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+P[Q—dz,az—1,1+aa—02,1+d4—112,02"03,(12—04;
|_1+bl—az,1+61+bl—62—02,1+61+bl—63—02y

1+ by —azas—c1,a2 — €302 — C3,Q
14+c—ayl+ca—ayl+dcs—ayl—a,;
1+bi—ayl4ci+bi—co—asl+dci+ bi— cs— ay
1+b4"‘02

X Hy

+ idem (a.; a3, as) = 0.

If we put bs = a4, 82 = ¢1 + b1 — czand a3 = ¢; 4+ b1 — ¢;3in (2.3), we get
a relation between two Saalschiitzian sFs, two nearly-poised 4F; of the second
kind and a nearly-poised +F; series of the first kind. Also, if in this new relation
weputc; = 1+ ¢; — by + 1, we get a relation between a terminating nearly-
poised +F; series of the second kind and a terminating Saalschiitzian sF4 series
and, after reversing the terminating Saalschiitzian ;F; series, we get

cs—n, 1+ c3 — by, cs —m, -n;:|
(24) ‘F3[b1 —n,14c;—cya8—n

T (as — n)a by—mn, 14+ cs—co, 31 + ¢35 — ay — n),

_ (a4—ca)n ) 14 c5—asbi— ¢y 5(cs —n), 51 +¢5 — n), — n;]
1+ 3(cs —as — n)

which is § 4.5 (1) of Bailey (1).
Again, if we reverse the first 4H, series on the left of (2.3) and then put
a; = 1, we get

F[l—b4,1"'b1,1+(;2"€1‘_b1y1+c3_61_b1;]
479 1—61, 1—62, 1—63
__F[l—61,1—62,1—63,2bl+61—62—63—1;]
B c1+ b1 —co—cC3 b1 —co, b1 —¢€3,2 — b1 — 1
1“b1y1+62“51—b1y1+63“61"bly%(1+b4—61—b1)y
14 3(bs —c1 — b1);
14bs—c1— b, 1 — 3(c1+b1), 338 — 1 — by),
2+Cz+€3—2b1—61
1—‘61,1—62,1—63,1+62+63—'(11—2b1,
3b1+b4+61—262—263—1;
1—0,14+co—c1—b,14¢cs—c1— by, b1+ bs — c2 — c3,
3b1+61—262—263

c1+ b1 — c2— ¢35, by — ¢2, b1 — c3, %(3171 + by + ¢y — 2¢2 — 263)y
X 5F4

X 5F4
(2.5)

+ T

%(351 + by + 1 — 2¢2 — 2¢5 — 1)9
2b1 + Cc1 — C2 — C3, bl + b4 — C2 — Cg, %(3b1 + c1 — 262 b 263),
%(1 + 3b1 + c;p — 262 - 263)

which is (1) of § 6.5 of (1).
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3. In this section, I consider certain transformations of nearly-poised series
of the type sHs. If we take M = 5 in (2.1) and then reverse the first ;H; series
in it and put Cs = 0, we get the following relation between a nearly-poised
5Fy series of the first kind and four nearly-poised ;H series:

s, A3, As, A5, 1 — @9, 1 — a3, 1 — aq, 1 — as;
T by, ci+ b1 —caci+ b1 —cs 614 b1 —cay b5, 1 — 1, 1 — ¢y,
1 —63,1‘—64

1 —b5, 1 — by, 1 +¢co—c1— b1, 1 +¢3—¢c1— by,
X sF4 14¢i—c1— by
1—c¢,1—¢y1—c¢31—cy

(3.1) 2 —ag,a:— 1,14+ a3 — a1l +as— as,1l + as — as,as — as,
a2 — A4, Q2 — Qs;
+ T 14+bi—as, 1 +ci4+0b1—c—asl+4ci+ 01— cs— as,
14 ¢4 b1 — cs — a,
1+b5"'(1«2, as — C1, Qg — C2, A2 — C3, A2 — C4, Q2

14ca—ayldc—asyl+4+cs—ayldca—as,l—as
XsHs|14+bi—asy 1+c1+bi—c¢co—as 14 c14 b1 —c3 — a,,
1+61+bx—64—02,1+bs—d2

+ idem (02; as, Gy, 0«5) = 0.

Now if we first put @2 = ¢1 + &1 — ¢2 in (3.1) and then in the new relation
put ¢1 = 2¢2 — b1 — 1, we get the following relation between a nearly-poised
54 series of the first kind and three nearly-poised ;H series:

T (13,0/4,(15,2—62,].—03,1—04,1—0,5;
b1,262—63—‘1,262‘—64—1,b5,2+b1—262,1—62,1—63,1—64

% F 1 — 05,1 — 51,2 — ¢, 2+ ¢35 — 23, 2 4 ¢4 — 2¢;
5T 24 b — 20,1 —co, 1l —c3 1 —cy

(3.2) 2—03,(13—1,1+d4—d3,1+05—a3,1+dg—62,
az; — A4, @3 — Qas;
+P 1+b1—(13,262—63—03,262-—64—ag,l+b5-—d3,]_+b1J
+ as — 2¢y, a3 — ¢3, a3 — C3, A3 — C4, Q3

2c0 — by —as3, 1 +c2—as, 1 +c3—as 1+ c—as 1 — as;
14+ 01— as,c2—as 2c0— ¢c3 — a3, 2¢2 — ¢4 —as, 1 4 b5 — a3

X SHS[
+ idem (as; a4, as) = 0.

Since the nearly-poised 5F, series of the first kind on the left of (3.2) can be
expressed in terms of two Saalschiitzian 5F; series [cf. (1, § 6.5)], we get the
following relation between two Saalschiitzian 5F, series and three nearly-
poised ;Hs series:
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a3, Q4,05 2 — Co, 1 — a3, 1 —aq, 1 — a5, 22+ b1 — ¢z — ¢4 — 2;
T 61,262—()3—‘1,262—64—'1,b5,1—62,b1—63,b1“'64,
205 —¢c3— ¢4 — 1, 3 — 2¢,

1 —b,24¢c3—20,24¢cs— 2,5 (1405 —2c),1+ 3
X 5F4 (bs — 2¢2);
24 b5 — 2, 1 —cyy 3 — 03,3434 €4 — by — 2¢

as, a4, as, 2 - Co, 1-— a3, 1- Qg, 1- Qas, 262 + b5

+(1 + bs — 2cs) + 26y — 2c3 — 2c4 — 3,2 4+ ¢33+ ¢4 — by — 2¢3;

2(1—02) b1,262—63'—1,262—04—1,65,1—b1,2+63
—2¢0 24+ ¢4 —2¢2,1 — 2, b5+ b1 — c3 — ¢4y
(3.3) 20+ bi—cs—ci— 1)
b1 — 3 b1 — ¢4y 2o —cs—ci— 1, ca+ b1 — ¢s — ¢4
X $Fi + 3G —3),cc+b+3bs—cs—cs—1;
bs+bl—63—64,62+bl—63—64—1,62—'63—64-’-51—%,
|_ 22+ by —c3—cs — 1 _l
I_Q—as,ds"1,1‘|—a4—03,1+d5—03,1+as'—62y
+ Pl as — as, az — as;
1+b1“03,262—63'—'03,262—‘64—a3,1+bs—03,1+b1
4+ a3 — 2¢y, a3 — €2, a3 — C3, @3 — C4, A3

X H 262“"b1—03,1+62—03,1+63—(13,1+C4—‘a3,1—(13;
08 1+bl—a3,62—03,262‘—63—03,262—64—03,1+b5—l13

+ idem (as; a4, as) = 0.

If we take b5 = a5, a4 = 2¢5 — ¢s — 1 and a3 = 2¢; — ¢; — 1 in (3.3), we
get a relation between two Saalschiitzian 5, two nearly-poised ;F4 of the
second kind and a nearly-poised 5F; series of the first kind. Also, if we put
2 4+ ¢3 — 2¢c2 = — n in this new transformation, we get a relation between a
terminating nearly-poised sF,; series of the second kind and a terminating
Saalschiitzian 3 F, series and after reversing the terminating Saalschiitzian 5F,
series, we get

Cg_n,1+’12‘(63“n),1+63_blyc4_n,——n;
(34) 5F4[ t(s—m,b1—n,14+¢c3—cs,a5—mn
_las—c—1—m)(as — cs)n
((15 - n)n

sl wlta—a,l+i(a—n), i d+tea—n, —n
b =1t —c, 3@+ cs—as—n), 1+ 3(c; —as—n)

which is (2) of § 4.5 of (1).
Again, if we reverse the first sH; series in (3.3) and put ¢; = 1, we get the
following relation:
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1 =052 —co 1 —b1,24 c5 — 20,2 4 ¢4 — 2¢93
(3.5) 5F“[ 1 — ¢, 24 b1 — 26,1 —c5,1 — ¢4 ]

=T 2+bl—262,1'—63,1"—64,262+b1—63—“64'—2;

- 61—63,61—64,262—63—C4~1,3'—262

% oF 1 — 01,24 ¢35 —2¢0, 2+ cs — 26, 2(1 + b5 — 2¢5), 1 + 2(b5 — 2¢2); ]
SN2 by — 2, 1 — o, B — oy 345+ o — by — 2

[ 2¢2 + b5 + 261 — 265 — 2¢4 — 3, ]
+MMQEF[2+C3+C4 — b1 — 2¢5,2 + by — 2¢5,1 — 3,1 — ¢4

1 —b1,2+63—262,2+C4—262,
bs+b1—63—64,2(62+b1—63—64— 1)_

[0~ co bi—co 20 —cs—ca— 1, o+ b+ § (bs — 3) ]
X5F"l — eyt bt —c—ca— 1
bs+bi—cs—cy, o+ bi—cs—ca—1, ca+bi—c—c— 3,
204+ b1 —¢c;—ca— 1

which is the generalization of (2) of §4.6 of (1).

4. The sum of a nearly-poised ;H;. Taking M =3 and as = ¢1+ b1 — ¢
in (2.1) and then putting ¢; = 2¢s — b; — 1 in the new transformation, we
get the following relation between two nearly-poised 3H; series:

262 - bl - 1) C2, C3,
4.1 3H3[ bi co — 1, bs :l
e e b ba 24 b — 200, 1 = 6o 1 — g ]
14+ b1 —as1+bs—asl+ b+ as— 2c,a3 —c2,a3 — €3,2 — €

X JH. 2¢c0 — by — a3, 1+ co— a3, 1 4+ ¢c3 — as;
i 1456 —as Cy — Qas, 1+ 065 —as]

If we put b; = a; in (4.1), we get a relation between a nearly-poised ;H3
and a summable nearly-poised ;F, series [cf. § 6.4 (2) of (1)]. Hence, we get

262 - bl - l) Ce, C3;
(4.2) 3H3l: bl, Cy — ]-y as :l

— (1 4+ a3+ c; — 2¢) T
2(1—62)

2b + a3 — ¢z — 2¢2 — 1;
14+ 614+ a3 — 2¢, a3 — c3,
b1 — Cg, 2(171 — 62)

l‘bl, az, 2 4+ b1 — 2¢3, 1 — ¢,

If we put b; = 1in (4.2), we get
(4.3) 3F2[2(02 — 1), cay 63;]

Cy — 1, as

= (14 a5+ ¢ — 20) P[ag’ Pas - 252;],

2+d3—262,(ls_'63
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Again, if we put ¢; = — 7 in (4.3), we get
(44) 3F2[2(C2 - 1)1 C2y — n;:] — (1 + az — 2(;2 — n) (2 + as — 2(:2)71—1
L (@)

which is § 4.5 (1.1) of (1).

Also, if we put a; = 1 in (4.2), we again get the sum of a nearly-poised 3F,
series of the first kind.

It may be remarked that (4.2) can be obtained more easily by using the
identity*

1 .
(4-5) K X 3H3|:1 + 2Ky b) a; ]

IK,1+ K —b, w

b, a; b, a;
=2 — o] 2, |- w -] P

and summing the two oH, series on the right of (4.5).
I am grateful to Dr. R. P. Agarwal for his kind guidance during the prepara-
tion of this paper.

*I am grateful to the referee for pointing this out.
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