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1. Introduction. A few years ago Bailey (1) gave certain transformations 
of both terminating and non-terminating nearly-poised hypergeometric series 
of the ordinary type and later on he also deduced basic analogues of some of 
his transformations. Recently, (3) I gave certain transformations of both 
ordinary and basic terminating nearly-poised bilateral hypergeometric series 
which generalized Bailey's results. Since transformations of nearly-poised 
series have not been systematically studied so far, I deduced in another paper 
(4) certain relations of both ordinary and basic bilateral series which involved 
either only nearly-poised series or both terminating well-poised and non-
terminating nearly-poised series. In this paper I obtain certain transformations 
of non-terminating nearly-poised bilateral series of special types 4^4 and 5H5 
and these transformations are generalizations of Bailey's known results. In the 
sequel the sum of a particular 3#3 is also given and is believed to be new. 

The following notation is used throughout the paper: 

(a)n = a{a + 1) . . . (a + n - 1); (a)0 = 1; (a)_„ = ( - 1 )7(1 - a)n; 

[ai, 

J a i , a2f . . . 
*L*i, ** . . . , br . 

(fll)w(fl2)n • • • (flr)n n. TT I ah «2 , • • • , ar; Z I y > \ai)n\a>2)n • • • \<lr)n n 

LÔ1, #2, • • • , br J n=-œ (b1)n(b2)n • • • (bT)n 

r ( a 1 ) r ( a 2 ) . . . r ( a r ) 
r (* 1 ) r (* 2 ) . . . r (6 r ) * 

Also, idem (a; b) means that the preceding expression is repeated with a and 
b interchanged. 

2. In a recent paper (4) I have deduced the following relation between M 
nearly-poised hypergeometric series of the type MHM with unit argument: 

pi - 2 , #3, • • • , AM» 1 — #2, 1 — 03» • • • > 1 ~ aM\ 
C\ + #1 — c2, Ci + bi — c3, . . . ,Ci + bi — cM-u bM, 1 — ch . . . ,1 — cM L01, i 

jy £1, C2, . • • , CM-I, CM] 

M MLbh C\ + bi — c2f . . . , Ci + bi — cM-i, bMJ 

(2.1) + r 

a2 ~ 1, 2 — a2, a2 — 0,3, . . . , a2 — aM, 1 + a3 — a2, . . . , 
1 + aM — a2; 

1 + bt — a2, 1 + ci + bi — c2 — a2l . . . , 1 + cx + bx — cM-i 
— a2, 1 + bM — d2, a2 — ch . . . ,a2 — cM 
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X MH A 
1 + ci — a2, 1 + c2 — a2y . . . , 1 + cM-i — ^2, 1 + cM — #2; 
1 + i i - a2, 1 + Ci + i i - c2 - a2, . . . , 

1 + Ci + i i — cM-i — d2, l + bM — a>2 

+ idem (a2; a3, a4, . . . , aM ) = 0. 

T h e transformation (2.1) can be deduced directly from Slater ' s t ransforma­
tion (2, (10)). 

If we take M = 4 in (2.1) and then reverse the first AHA series on the left 
and p u t £4 = 0 we get the following relation between a nearly-poised 4^3 
series of the first kind and three nearly-poised 4H4 series : 

a2, a3, aAj 1 — a2, 1 — a3, 1 — a4; 

Li i , ci + i i — £2, Ci + i i - £3, i4, 1 — £1, 1 — £2, 1 — c3J 

[~1 - i4 , 1 - i i , 1 + c2 - £1 - i i , 1 + c3 - ci - bi'A 
X 4^3 -, -, ! 

L 1 — ch 1 — C2, 1 — £3 J 

(2.2) + r 

x 4a 

i4 , 1 — i i , 1 + c2 — Ci — i i , 1 + c3 — Ci — bi\ 

1 — ci, 1 — c2, 1 — £3 

a2 — 1, 2 — a2, 1 + a3 — a2, 1 + a4 — a2, a2 — a3, a2 — a4; 
1 + i i — a2, 1 + £1 + i i - c2 - a2, 1 + £1 + i i - c3 - a2} 

1 + bi — a2, a2 — Ci, a2 — c2, a2 — c3, a2 

1 + ci — a2, 1 + £2 — a2, 1 + £3 — «2, 1 — a2; 
1 + i i - a2, 1 + ci + i i - c2 - a2, 1 + cx + i x - c3 - a2, 

1 + i4 — a2 

+ idem (a2; a3, a4) = 0. 

Since the nearly-poised 4^3 series of the first kind on the left of (2.2) can 
be expressed in te rms of two Saalschutzian 5J^4 series (1 , § 6.5 (1)) , we get the 
following relation between two Saalschutzian 5^4 and three nearly-poised 

4i?4 series: 

a2, a3, a4, 1 — a2, 1 — a3, 1 — a4, 2 i i + Ci — c2 — cz — 1; 
i i , Ci + i i — c2, Ci + i i — £3, i4, Ci + bi — c2 — c3, i i — c2, i i — £3, 

2 - i i - ci 

1 - i i , 1 + c2 — ci — i i , 1 + c3 - £1 — i i , 

1 + i ( i 4 ~ ci - i i) , i ( l + i4 - ci - i i ) ; 
1 + i4 - ci - ii, 1 - Wi + i i ) , i (3 - ci - i i) , 

2 + c2 + c3 — 2 i i — £1 

a2, a3, a4, 1 — a2, 1 — a3, 1 — a4, 1 + c2 + c3 — ci — 2i i , 
3 i i + i 4 + ci — 2c2 — 2c3 — 1 ; 

i i , Ci + i i — c2, ci + i i — cz, i4 , 1 — i i , 1 + c2 — cx — bh 

1 + c3 — Ci — i i , i i + i 4 — c2 — c3, 3 i i + Ci — 2c2 — 2c3J 

Ci + i i — c2 — c3, i i — c2, i i — c3, 

J ( 3 i i + i 4 + ci - 2^2 - 2c3 - 1), i ( 3 i i + i 4 + d - 2c2 - 2c*); 
2 i i + Ci — c2 — c3, i i + i 4 — c2 — c3, 

* (3 i i + ci - 2c2 - 2c8), K l + 3 i i + d - 2c2 - 2c3) 

(2.3) 

X 5^4 

+ r 

X 5 ^ 
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+ r 

XJI4 

2 — 0,2, &2 — If 1 "t" #3 — #2> 1 + #4 ~~ #2, #2 "~ #3> #2 ~™ #4Î 

1 + 6i — <z2, 1 + c\ + h — c2 — a2, 1 + c\ + 61 — c3 — a2, 
1 + 4̂ — o2, #2 — Ci, a2 — C2, #2 ~ Czy a2 

1 + c\ — a2, 1 + c2 — a2, 1 + cz — a2l 1 — a2\ 
1 + bi — a2, 1 + Ci -\- b! — c2 — a2, 1 + ci + b! — cz — a2, 

1 + bi — a2 

+ idem (a2; a3, a4) = 0. 

If we put &4 = a4, a2 = Ci + bi — c2 and a3 = £i + bi — c3 in (2.3), we get 
a relation between two Saalschutzian 5^4, two nearly-poised 4F3 of the second 
kind and a nearly-poised 4F3 series of the first kind. Also, if in this new relation 
we put c\ — 1 + cz — b\ + n, we get a relation between a terminating nearly-
poised 4^3 series of the second kind and a terminating Saalschutzian 5̂ 4 series 
and, after reversing the terminating Saalschutzian 5̂ 4 series, we get 

(2.4) 
„ Xcz — n, 1 + cz — bh c2 — n, — n'A 

*Lbi — n, 1 + cz — c2, a4 — n J 

(a4-cz)n 
(a4 - n)n 

5-F4 

+ cz — bh c2 — n, -
+ £3 "" C2, O4 

1 + cz — a4, bi — c2, \(cz — n), | ( 1 + c3 — n), — n; 
bi — n, 1 + cz - c2, i ( l + cz — a4 - «), 

1 + i(cz — a* — n) 

which is § 4.5 (1) of Bailey (1). 
Again, if we reverse the first 4iJ4 series on the left of (2.3) and then put 

a2 = 1, we get 

*F[1 CI — bi 

= r 

X 5^4 

1 + ci - c2 — cz - 1 ; I 
2, £1 — cz, 2 — bx — cil 

(2.5) 

+ r 

X 6F, 

bif 1 - bi, 1 + c2 - ci — bh 1 + cz 
1 — Ci, 1 — c2, 1 — cz 

1 — ci, 1 — c2, 1 — c3, 2ôi 
l_£i + bi — c2 — £3, bi — c2, 

1 - 61, 1 + c2 — cx — bx, 1 + cz — ci - fa, | ( 1 + bi — ci — bx), 
1 + H 6 4 - C 1 - ^ ) ; 

1 + b4 - ci - bx, 1 - ifci + bx), | ( 3 — ci — èi), 
2 + £2 + £3 ~ 2bi — Ci 

Ci, 1 — c2, 1 — Cz, 1 + c2 + cz — Cx — 2bh 

36i + 64 + ci - 2c2 - 2cz - 1 ; 
1 — 61, 1 + £2 — £1 — 61, 1 + Cz — Cx — 6i, bx + b± — c2 — Cz, 

Zbx + cx- 2c2 - 2cz 

Cx + bx — c2 — Cz, bx ~ c2, bx — cs, i(3&! + bA + cx — 2c2 — 2c3), 
ïQh + h + a - 2c2-2cz- 1); 

2bx + cx — c2 — Cz, bx + bi — c2 — Cz, h(?bx + Cx — 2c2 — 2c3), 
* ( l + 3 6 i + c i - 2 c 2 - 2^3) 

1 

which is (1) of § 6.5 of (1). 
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3. In this section, I consider certain transformations of nearly-poised series 
of the type 5iJ5. If we take M = 5 in (2.1) and then reverse the first 5#5 series 
in it and put C5 = 0, we get the following relation between a nearly-poised 
5̂ 4 series of the first kind and four nearly-poised 5H5 series: 

#2, #3, a4, #5, 1 — a2, 1 — a3, 1 — a4, 1 — #5; 
h, Ci + bi — c2, Ci + bi — c3, Ci-\r bi — c4, 65, 1 — Ci, 1 — c2, 

1 — c3, 1 — 4̂ 

X 5^4 

1 — 65, 1 — 61, 1 + c2 — c\ — bi, 1 + Cz — C\ — bi, 
1 + c4 - ci — bi; 

1 — C\j 1 — C2j 1 ~~ C3, 1 — £4 

(3.1) 2 — #2,^2 "~ 1> 1 + #3 — #2, 1 + #4 — #2, 1 + #5 — #2, #2 — #3, 

a2 — ÛU, #2 — #5; 

+ r | 1 + bi — a2} 1 + ci + 61 — c2 — a2, 1 + c\ + bi — cz — a2, 
1 + C\ + bi — c4 — a2, 

I + 65 — #2, d2 — Ci, d2 — C2, d2 — Cz, d2 — £4, d2_\ 

Vl + ci — a2, 1 + c2 — a2, 1 + c3 — a2, 1 + c4 — a2, 1 — a2; 
X 5i?5 1 + bi — a2, 1 + ci + £i — c2 — a2, 1 + ci + bi — Cz — a2, 

L 1 + ci + bi — c4 — a2, 1 + ô5 — a2. 

+ idem (a2; a3, a4, «5) = 0. 

Now if we first put a2 = d + bi — c2 in (3.1) and then in the new relation 
put C\ = 2c2 — 61 — 1, we get the following relation between a nearly-poised 
5F4 series of the first kind and three nearly-poised 5^5 series: 

|~a3, a4, a5, 2 — c2, 1 — a3, 1 — a4, 1 
|_6i, 2^2 — c3 — 1, 2c2 — c4 — 1, 65, 

— ^ 5 ; 

2 + Ô! 2c< 

X 5^4 
— 65, 1 — 61, 2 - c2, 2 + cz - 2c2j 2 + d - 2c 

2 + 61 - 2c2, 1 - C2, 1 - C3, 1 

, 1 — c2l 1 — c3, 1 — Ci] 

••] 
(3.2) 

+ r 

2 — a3, a3 — 1, 1 + a4 — a3, 1 + a5 — a3, 1 + a3 — c2, 
a 3 — ^4 , &3 — &5Î 

1 + ôi — a3, 2c2 — c3 — a3, 2c2 — c4 — a3, 1 + Z>5 — a3, 1 + b\ 
+ a3 — 2c2, a3 — c2, a3 — c3, a3 — c4, a3 

TT[2C2 - bi — az, I + c2 - a3, 1 + c3 - a3, 1 + ^4 - a3, 1 - a3;"j 
5|_1 + i i — a3, c2 — a3, 2c2 — £3 — a3, 2c2 — c± — a3, 1 + £5 — a3J 

+ idem (a3; a4, a5) = 0. 

Since the nearly-poised 5̂ 4 series of the first kind on the left of (3.2) can be 
expressed in terms of two Saalschutzian 5̂ 4 series [cf. (1, § 6.5)], we get the 
following relation between two Saalschutzian 5̂ 4 series and three nearly-
poised 5H5 series: 
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#3, a4, a5, 2 — c2, I — az, 1 — a4, 1 — a5, 2c2 + 6i — c3 — d — 2; 
6i, 2c2 — £3 — 1, 2c2 — c4 — 1, 65, 1 — c2, #i — cz, bi — cit 

2c2 — c% — £4 — I» o — 2^2 

X 5F4 

"1 - bu 2 + cz - 2c2, 2 + a - 2c2, I (1 + h - 2c2), 1 + \ 
(4B - 2c2); 

2 + £5 — 2c2, 1 — c2, f — £2, 3 + Cz + d — bi — 2c2 

. (1 + 4s - 2c2) 
^ 2(1 - c2)

 X| 

(3.3) 

X 5 ^ 

+ r 

a3, a4, as, 2 — c2, 1 — #3, 1 — a4, 1 — a$, 2c2 + &5 
+ 2bi - 2c3 - 2c4 - 3, 2 + £3 + Ci - bi - 2c2; 

61, 2̂ 2 — Cz — 1, 2c2 — c4 — 1, &5, 1 — 6ii 2 + Cz 
— 2c2, 2 + d — 2c2, 1 — c2, b*> + bi — c3 — Ci, 

. 2(c2 + h — Cz — Ci — 1) 

b\ — Cz, b\ — Ci, 2c2 — Cz — Ci — 1, c2 -\- b\ — Cz — Ci 
+ h (*B - 3), c2 + bi + \ bh - cz - Ci - 1; 

£5 + bi — cz — Ci, c2 + b\ — Cz — Ci — 1, c2 — Cz — Ci + b\ — \, 
2c2 + b\ — cz — Ci — 1 

2 — a3, a3 — 1, 1 + a4 — a3, 1 + a5 — az, 1 + a3 — c2, 
Q>z — #4 , &z — #5Î 

1 + bi — az, 2c2 — Cz — a3, 2c2 — c4 — a3, 1 + 65 — a3, 1 + bi 
+ a3 — 2^2, #3 — c2, az — cz, a3 — d, a3 

y H ï2°2 ~ ^i ~" a3» ! + c2 — as, 1 + cz - az, 1 + Ci - a3, 1 - a3 ; l 
5[_1 + 5i — a3, c2 — az, 2c2 — Cz — az, 2c2 — d — az, 1 + bb — a3J 

+ idem (a3; a4, aB) = 0. 

If we take 65 = a$, ai — 2c2 — d — \ and a3 = 2^2 — Cz — 1 in (3.3), we 
get a relation between two Saalschutzian 5^4, two nearly-poised 5̂ 4 of the 
second kind and a nearly-poised 5̂ 4 series of the first kind. Also, if we put 
2 + Cz — 2c2 = — n in this new transformation, we get a relation between a 
terminating nearly-poised 5̂ 4 series of the second kind and a terminating 
Saalschutzian §Fi series and after reversing the terminating Saalschutzian 5F4 

series, we get 

(3.4) Actr(
n'l\^~n)\l 

L h (£3 - n), bi - n, 1 -
= (fl6 — £3 — 1 — ri) (a5 - gs)n-i 

(a6 - n)n 

+ cz — bi, d — n, — n\ 
+ Cz — Ci, #5 — n '] 

X *F< 
Vbi — d, 1 
L^i — », 1 

+ cz - a6, 1 + \ (cz — ri), \ (1 + cz — ri), — n; 
+ cz — Ci, I (3 + cz — a5 — ri), 1 + J (c3 — a5 — »)_ 

which is (2) of § 4.5 of (1). 
Again, if we reverse the first 5^5 series in (3.3) and put a3 = 1, we get the 

following relation: 
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(3.5) 
J ~ l - h , 2 - c2, 1 - h, 2 + cz - 2c2, 2 + c4 - 2c2;l 

4|_ 1 — c2, 2 + 6i — 2c2, 1 — c3, 1 - Ci J 

_ [~2 + i i — 2c2, 1 — c3, 1 — c4, 2c2 + i i — c3 — C4 — 2; 1 
|_ii — a, i i — C4, 2c2 — cz — d — 1, Z — 2ct J 

1 - Ji, 2 + c, - 2c2, 2 + a - 2c2, | ( 1 + h - 2c»), 1 + H** - 2c,);"| 
X 5^4 [ 
+ 

(1 + h - 2c2) 
2(1 - c2) 

X 5 ^ 

2 + is — 2c2, 1 — c2, f — c2, 3 + c3 + <̂4 — i i — 2c2 

2c2 + i5 + 2h - 2cz - 2c, - 3, 
2 + cz + et — bi — 2c2, 2 + bi — 2c2, 1 — c3, 1 — CA\ 

1 - iL, 2 + et - 2c2, 2 + d - 2c2, 
bb + h — Cz — d, 2(c2 + bi — Cz — d — 1) J 

bi — c3, i i — ^4, 2c2 — Cz — d — 1, c2 + bi + % (is — 3) 
— c3 — C4, ci + 6i + 2^5 — Cz — et — 1; 

is + i i — Cz — c^ c2 + i i — Cz — Ci — 1, Ci + i i — c3 — £4 — J, 
2c2 + i i — Cz — Ci — 1 

which is the generalization of (2) of §4.6 of (1). 

4. The sum of a nearly-poised 3 i l3 . Taking M = 3 and a2 = ci + i i — c2 

in (2.1) and then putting C\ — 2c2 — b\ — 1 in the new transformation, we 
get the following relation between two nearly-poised 3i73 series: 

(4.i) ^r 2 ^^* 1 " 1 ^^] 
L iii £2 - 1, is J 

_ r[~l + «3 — c2, i i , 63, 
XLl + i i - a 3 , 1 + i 

r"2^2 - i i - a8 ,1 
L 1 + i i - a3, 

2 + i i — 2c2, 1 — c2, 1 — c3; 
i 3 — a3, 1 + i i + a3 — 2c2, a3 — c2, a3 — c3, 2 — C2J 

+ c2 - a8 ,1 + 3̂ -
c2 — a3, 1 + &3 

a3n 
a3J' 

If we put i3 = a3 in (4.1), we get a relation between a nearly-poised 3#3 
and a summable nearly-poised zF2 series [cf. § 6.4 (2) of (1)]. Hence, we get 

(4.2) 3^[ 2 ' 2 " 6 l " 1
1 , ' 2 , ' 3 ; l 

|_ 61, C2 — 1, dz J 

_ (1 + az + c% ~ 2c2) 
2(1 - c2) 

i i , a3, 2 + i i - 2c2, 1 - c3, 
2ii + a3 — c3 — 2c2 — 1; 

1 + bi + dz — 2c2, dz — cz, 
i i — cz, 2(i i — c2) 

If we put i i = 1 in (4.2), we get 

(4.3) , F J " 2 ( * ~ l \ C2' '"I L ct - 1, a3 J 

= (1 + o, + C 3 - 2 C 2 ) r K 1 + a 3 - C 3 - 2 c 2 ; l . 
[_2 + a3 — 2c2, a3 - c3J 

https://doi.org/10.4153/CJM-1958-022-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1958-022-1


NEARLY-POISED HYPERGEOMETRIC SERIES 201 

Again, if we put cz = — n in (4.3), we get 

(A A\ E . |2 (C2 - 1), c2f - »; 1 ( l + a a — 2c2 — »)(2 + ga — 2c2)n-i 
L c2 — 1, a3 J w)« 

which is §4.5 (1.1) of (1). 
Also, if we put a3 = 1 in (4.2), we again get the sum of a nearly-poised $F2 

series of the first kind. 
It may be remarked that (4.2) can be obtained more easily by using the 

identity* 

(4.5) * x 4 j + } ^ % J 
- 2(K - J) Jl[£l\„] -(K- 2») , * ( , + \ ° ; _ ^ „ ] 

and summing the two 2H2 series on the right of (4.5). 
I am grateful to Dr. R. P. Agarwal for his kind guidance during the prepara­

tion of this paper. 

*I am grateful to the referee for pointing this out. 
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