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A COUNTEREXAMPLE IN Lp

APPROXIMATION BY HARMONIC FUNCTIONS

JOAN MATEU

ABSTRACT. For n
n�2 � p Ú 1 we show that the conditions C2,q(G n

Ž

X) ≥
C2,q(G n X) for all open sets G, C2,q denoting Bessel capacity, are not sufficient to

characterize the compact sets X with the property that each function harmonic on
Ž

X and
in Lp(X) is the limit in the Lp norm of a sequence of functions which are harmonic on
neighbourhoods of X.

1. Introduction. Let X ² Rn be compact and let Lp(X), 1 Ú p Ú 1, be the usual
Lebesgue space with respect to n-dimensional Lebesgue measure. Set

hp(X) ≥ ff 2 Lp(X) : f is harmonic on
Ž
Xg

and denote by Hp(X) the closure in Lp(X) of the set (of restrictions to X) of functions
that are harmonic on some neighbourhood of X. Clearly Hp(X) ² hp(X) for any X. Many
authors have considered the problem of characterizing those X such that

(Ap) Hp(X) ≥ hp(X),

which we call the problem of Lp approximation by harmonic functions.
Polking [P, Theorem 2.6, p. 1237] considered and solved the special case of nowhere

dense sets X using the Bessel capacity C2,q, q being the dual exponent of p. See Section 2
below for the definition of Bessel capacities Cã,q. In particular Polking [P, Theorem 1.1,
p. 1233 and Theorem 2.7, p. 1238] showed that for a general compact set X the condition

(1) C2,q(G n
Ž
X) ≥ C2,q(G n X), for each open set G,

is necessary for (Ap).
In the other direction, Hedberg [H3, Theorem 6.4, p. 76] pointed out the relevant role

played by spectral synthesis for Sobolev spaces in the problem of Lp approximation by
harmonic functions. Concretely, he showed that once one knows that all closed sets in
Rn admit (2, q) spectral synthesis then condition (1) and

(2) C1,q(G n
Ž
X) ≥ C1,q(G n X), for each open set G,
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are sufficient for (Ap). Some years later it was shown, using deep results on nonlinear
potential theory, that all closed sets admit spectral synthesis [H4, Theorem 1.1, p. 237;
HW, Theorem 5, p. 166].

It is worth mentioning that Bagby [Ba, Theorem 2.1, p. 764], adapting the constructive
methods of Vitushkin [G, Chapter 8] to the Lp case, was able to give necessary and
sufficient conditions for (Ap) in terms of a family of polynomials capacities. However,
some of these capacities are very difficult to handle and, in particular, they cannot be
described in terms of more familiar quantities such as Bessel capacities.

It is not difficult to show, considering an appropriate Swiss cheese [G, p. 25] that (2)
does not follow from (Ap).

We can now ask whether (1) alone is sufficient for (Ap). In this respect, given p,
p ½ n

n�1 , Hedberg [H3 Example 6.6, p. 77; AH, Theorem 11.5.5, p. 321] constructed
a compact set X in Rn such that Hp(X) Â≥ hp(X). If p Ú n

n�2 , then condition (1) holds
because C2,q is trivial in that range, and therefore we have an example in which (Ap)
does not follow from (1). When p ½ n

n�2 , is not known whether condition (1) is satisfied
for that set. Hence, it is not known if (Ap) follows from (1) for p ½ n

n�2 .
The main goal of this paper is to present a construction, for p ½ n

n�2 , different from
that of Hedberg, of a compact X satisfying (1) but not (Ap).

THEOREM 1. Given p, n
n�2 � p Ú 1, there exists a compact X ² Rn such that

Hp(X) Â≥ hp(X) and (1) holds.

Our construction of X will give easily

(3) C2,q

�
B(x, r) n

Ž
X
�
� C C2,q

�
B(x, r) n X

�
for all open balls B(x, r) with center x 2 ∂X and radius r � r0. Here r0 is a small positive
number and C some constant independent of x and r. In the process of showing (1) from
(3) we obtain the following result, which seems to be of independent interest.

THEOREM 2. Let X ² Rn be compact and n
n�2 � p Ú 1. The following are equiva-

lent.
(i) Mp(X) ≥ Hp(X).

(ii) C2,q(B n
Ž
X) � C C2,q(B n X) for all open balls B(x, r), x 2 ∂X, r � r0.

(iii) C2,q(G n
Ž
X) ≥ C2,q(G n X) for all open sets G.

Here we have denoted by Mp(X) the closure in Lp(X) of the linear span of the set
of functions of the type f ≥ jxj�(n�2) Ł ñ, where ñ is a positive measure supported on

Rn n
Ž
X and f 2 Lp(Rn). For p ≥ n

n�2 the definition of Mp(X) must be modified replacing
“f 2 Lp(Rn)” by “f 2 Lp(Ω)” where Ω is any ball such that dist(Rn n Ω, X) ½ 1. This is
due to the fact that jxj�(n�2) Ł ñ is not in LnÛn�2 at 1 (unless ñ � 0).

The statement of the above theorems can be extended to the case of a gen-
eral homogeneous elliptic operator L with constant coefficients. Let hp(X, L) ≥
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ff : Lf ≥ 0 on
Ž
Xg \ Lp(X) and let Hp(X, L) be the closure in Lp(X) of the set of re-

strictions to X of functions f satisfying Lf ≥ 0 on some neighbourhood of X. Polking [P,
Theorem 2.7, p. 1238] has shown that a necessary condition for hp ≥ Hp is

(4) Cr,q(G n
Ž
X) ≥ Cr,q(G n X), for all open sets G,

where r denotes the order of L. In the other direction, Hedberg and Wolff [H3, Theo-
rem 6.4, p. 76; HW, Theorem 5, p. 166] proved that the conditions

Cj,q(G n
Ž
X) ≥ Cj,q(G n X), for all open sets G, 1 � j � r,

are sufficient for Hp(X, L) ≥ hp(X, L). For n
n�1 � p Ú n

n�r is known that Hp(X, L) ≥
hp(X, L) does not follow from (4) [H3, Example 6.6, p. 77]. We are able to prove the
following extension of Theorem 1.

THEOREM 3. Let L be a homogeneous elliptic operator with constant coefficients.
Given p, n

n�r � p Ú 1, there exists a compact X ² Rn such that Hp(X, L) Â≥ hp(X, L)
and (4) holds.

The construction of the compact set in the statement of Theorems 1 and 3 is based on a
combination of previous examples due to O’Farrell and Hedberg [O, Section 20, p. 203;
H3, Example 6.6, p. 77]. Our idea turns out to be useful also in Hölder approximation by
solutions of elliptic operators (see [MNOV]).

In Section 2 we collect some background information, definitions and auxiliary re-
sults. The proof of Theorem 1 can be found in Section 3. In Section 4 we will show the
result of approximation in the space Mp(X), Theorem 2. Finally, Section 5 is devoted to
the case of more general elliptic operators and contains the proof of Theorem 3.

2. Preliminary results.
2.1. Capacities. Let 1 Ú p, q Ú 1, 1

p + 1
q ≥ 1 and ã be a positive real number.

Following Hedberg [H2] we define the (ã, p)-Riesz capacity of a subset A of Rn as

Ṙã,p(A) ≥ inffkfkp
p : f 2 Lp, f ½ 0 and Iã Ł f ½ 1 on Ag,

where Iã(x) ≥ 1
ç(ã)

1
jxjn�ã is the Riesz potential and ç(ã) ≥ ônÛ22ãΓ(ãÛ2)ÛΓ( n

2 �
ã
2 ).

For an arbitrary Borel set A ² Rn we also define a capacity Rã,p(A) by

Rã,p(A) ≥ sup
ñ
ñ(A)

where the supremum is taken over all positive measures supported on A such that
kIã Ł ñkq � 1.

As Meyers noted [Me], for a Borel set A one has

�
Ṙã,p(A)

�1Ûp
≥ Rã,p(A).

https://doi.org/10.4153/CJM-1997-026-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-026-3


A COUNTEREXAMPLE IN Lp 571

Let Gã be the Bessel kernel of order ã. Gã is most conveniently defined in terms of
its Fourier transform by dGã(ò) ≥ (1 + jòj2)�ãÛ2. If A ² Rn, the Bessel (ã, p) capacity is
defined by

Ċã,p(A) ≥ inffkfkp
p : f 2 Lp, f ½ 0 and Gã Ł f ½ 1 on Ag

and
Cã,p(A) ≥ supfñ(A) : ñ ½ 0, sptñ ² A and kGã Ł ñkq � 1g.

As a consequence of the mini-max theorem one obtains that for all Borel sets A ² Rn

Cã,p(A) ≥
�
Ċã,p(A)

�1Ûp
.

The relation between Bessel and Riesz capacity is given by the following:

PROPOSITION A [e.g., AH, PROPOSITION 5.1.4, P. 131]. Let ãp Ú n. Then the fol-
lowing holds.

(a) For all A ² Rn

Rã,p(A) � Cã,p(A).

(b) For each R Ù 0 there is C (R) such that

Cã,p(A) � C Rã,p(A)

for all A ² Rn with diameter at most R.

Some of the set functions introduced above might vanish identically. More precisely,
Rã,p(A) ≥ 0 if ãp ½ n. To circumvent this undesirable situation we will introduce ca-
pacities with respect to a region G.

DEFINITION. If G is an open bounded set in Rn and A ² G a Borel set such that
Ā ² G, define

Rã,p(A, G) ≥ supfñ(A) : ñ ½ 0, sptñ ² A and kIã Ł ñkq,G � 1g.

We then have
K1Rã,p(A, G) � Cã,p(A) � K2Rã,p(A, G).

A property which holds for all points outside a set A with Cã,p(A) ≥ 0 is said to hold
(ã, p)-quasi everywhere or (ã, p)-q.e.

2.2. Quasicontinuity and Kellogg property. Let the function f be defined Cã,p-quasi
everywhere on Rn or on some open set. Then f is said to be Cã,p-quasi continuous, if for
every ¢ Ù 0 there is an open set G such that Cã,p(G) Ú ¢ and f jGc is continuous in Gc.

It is well known that if f 2 Wã,p(Rn), the Sobolev space of functions whose distribu-
tion derivatives up to orderã are functions in Lp, then f can be represented as f ≥ GãŁg,
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g 2 Lp. So, if g 2 Lp(Rn), 1 Ú p Ú 1, then the potential Gã Ł g, ã Ù 0 is (ã, p)-
quasicontinuous.

In classical potential theory and in non-linear potential theory there are several equiv-
alent definitions of thin sets, see [Br,H1]. We adopt here the following one as suitable
for our purposes.

DEFINITION. Let A ² Rn and let 1 Ú p � nÛã. Then A is (ã, p)-thin at a point
a 2 Rn if Z 1

0

 Cã,p

�
A \ B(a, r)

�
rn�ãp

!q�1 dr
r
Ú 1,

where 1
p + 1

q ≥ 1.

If A is not (ã, p)-thin at a it is said to be (ã, p)-thick there. The set of points where A
is (ã, p)-thin is denoted by eã,p(A).

There is a known an useful result which says that given a set A ² Rn, Cã,p quasi-every
x 2 A, x is (ã, p)-thick in A. More precisely, one has the following

THEOREM (KELLOGG PROPERTY). Let 1 Ú p � nÛã and let A ² Rn. Then
Cã,p

�
eã,p(A) \ A

�
≥ 0.

In potential theory it is convenient to define the (ã, p) fine topology associated to the
concept of (ã, p)-thinness.

DEFINITION. A function f that is defined on a set F is finely continuous at a point
x 2 F if the set fy 2 F; jf (y) � f (x)j ½ ¢g is thin at x for all ¢ Ù 0.

In the proof of Lemma 2 in Section 4 we will use the following.

PROPOSITION B. An (ã, p)-quasicontinuous function is (ã, p)-finely continuous
(ã, p)-quasi everywhere.

In [AH, Chapter 6] one can find more information on the continuity of Bessel and
Riesz potentials of Lp functions.

2.3. Hausdorff content. A measure function is a non-decreasing function h(t), t Ù 0,
such that lim

t!0
h(t) ≥ 0. The Hausdorff content Λh

1 related to a measure function h is

defined for A ² Rn by

Λh
1(A) ≥ inf

X
i

h(öi),

where the infimum is taken over all countable coverings of A by open balls B(xi, öi).
When h(t) ≥ tã, ã Ù 0, Λh

1(A) ≥ Λã
1(A) is called the ã-dimensional Hausdorff content

of A.
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3. Proof of Theorem 1. First we will consider the non integer case. Let 1 Ú q Ú 1
be a non integer such that n� 2q ½ 0, d ≥ [n� q] and s ≥ (n� q)� d. Then 0 Ú s Ú 1.
Let ¢ be a positive real number satisfying 0 Ú s + ¢ Ú 1, and let Ei, 1 � i � n, be the
linear manifold of dimension i in Rn given by Ei ≥ f(x1, . . . , xn) : xj ≥ 0 if j Ù ig. We
claim that there exists a compact set Γ satisfying the following conditions:

(a) Γ ² Ed+1 ² En�1, with Λd+s+¢
1 (Γ) Ù 0 and Γ ² B(0, 1Û2).

(b) There exists a family of balls Bjk ≥ B(ajk, éj), ajk 2 Ed+1, almost disjoint, such
that Sj ≥ [kBjk and Sj 7�! Γ in the Hausdorff metric.

(c) If n � 2q Ù 0, there is a constant C such that for all x 2 Γ and 1
2 Ù r Ù 0 one

has C2,q

�
[jSj \ B(x, r)

�
½ C rn�2q. (If n� 2q ≥ 0, the right hand side of the last

inequality must be replaced by C
�
log( 1

r )
�1Û(1�p)

).
(d)

P
k
éd+s

j Ú 2�j.

(e) Set S̃j ≥ [kB(ajk, 2éj). Then S̃j \ S̃j0 ≥ ; if j Â≥ j0 and S̃j ² B(0, 3Û4).
Set X ≥ B(0, 1)n[j Sj. First, we will show that condition (1) is fulfilled. By Theorem 2

it is enough to prove that C2,q(B n
Ž
X) � C C2,q(B n X) for each ball B with center x 2 ∂X

and radius r � 1Û2. This inequality is satisfied if x 2 Γ as a consequence of (c), and in
the other case, namely x 2 ∂XnΓ, because x 2 ∂Sj [ ∂B(0, 1) and these are regular sets

(finite union of balls) satisfying the cone condition. So, C2,q(B n
Ž
X) � C C2,q(B n X).

Now, we will prove that the equality (Ap) is not satisfied.
Take ßjk 2 C1

0

�
B(ajk, 2éj)

�
such that

P
k ßjk ≥ 1 in Sj and jrlßjkj �

c
él

j
, l ≥ 0, 1, 2.

Set ß0 2 C1
0

�
B(0, 1)

�
, satisfying ß0 � 1 on B(0, 3Û4).

Put ß ≥ xnß0 � xn
P
j,k
ßjk. Then ß vanishes on [jSj and

�
B(0, 1)

�c
, and so the support

of ß is a subset of X. Moreover, ß ≥ xn in B(0, 3Û4)n [j S̃j. Consequently the function
∂ßÛ∂xn satisfies

(5) ∂ßÛ∂xn � 1 on Γ.

We will see that the distribution T ≥ ∆ß belongs to Lq(X). Clearly the support of T is a
subset of X.

On the other hand, using the definition of ßjk, it is easy to check that j∆(xnßjk)j �
j∂nßjkj + jxnj j∆(ßjk)j � c

éj
. Thus, k∆(xnßjk)kq

q � c
éq

j
én

j ≥ céd+s
j . Consequently,

kTkq
q � 2q

�
k∆(xnß0)kq

q +
Z þþþþX

j,k
∆(xnßjk)

þþþþq dx
�

� C + C
X

j

Z þþþþX
k

∆(xnßjk)
þþþþq dx

� C + C
X

j

X
k
k∆(xnßjk)kq

q � C + C
X

j

X
k
éd+s

j

� C + C
X

j
2�j � C,
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where the second inequality is satisfied because for every j the functions
P

k ∆(xnßjk) are
supported in S̃j and S̃j \ S̃j0 ≥ ; if j Â≥ j0, the third because for a fixed j, the family of
balls Bjk is almost disjoint, and the next to last because of (d). Hence, T is a function in
Lq(X).

We will show that T annihilates Hp(X). Let E be the fundamental solution of the Lapla-
cian and f 2 Hp(X). Since sptß \ spt ∆f ≥ ;, hT, f i ≥ hT Ł E, ∆f i ≥ hß, ∆f i ≥ 0. The
proof will be finished if we can show that T is not orthogonal to hp(X). By property (a)
there exists a compact set Γ satisfying Λd+s+¢

1 (Γ) Ù 0 and d + s +¢ Ù n�q. Thus, follow-
ing [AH, Theorem 5.1.13, p. 137] one has that C1,q(Γ) ½ AΛd+s+¢

1 (Γ) Ù 0. It means that
there exists a positive measure ñ supported on Γ, ñ(Γ) Ù 0, satisfying kI1 Ł ñkp � 1.

Set g ≥ ∂EÛ∂xnŁñ. Then kgkp � CkñŁI1kp � C and ∆g ≥ ∂ñÛ∂xn. Thus g 2 hp(X).
On the other hand, hT, gi ≥ hT Ł E, ∆gi ≥ hß, ∂ñÛ∂xni ≥ �

R ∂ßÛ∂xn dñ ≥
�
R

Γ dñ ≥ �ñ(Γ) Â≥ 0, where the forth equality comes from (5). Consequently g 2
hp(X)nHp(X), and so we get the required result.

When n � q is non integer, the main idea for the construction of Γ comes from [O,
Section 20, p. 203]. Following the example of O’Farrell one can build a curve Γ0 in Ẽ2 ≥
E2\f(x1, . . . , xn) : � 1

2 � xi � 1
2 if i ≥ 1, 2g, as a limit of polygonals Γj

0 also supported in
Ẽ2, satisfying Λ1+s+¢

1 (Γ0) Ù 0 and Λ1+s
1 (Γj

0) ≥ 0. Take now Γ ≥ f(x1, . . . , xn) : (x1, x2) 2
Γ0,� 1

2 � xj �
1
2 if j ≥ 3, . . . , d+1 and xj ≥ 0 if j ≥ d+2, . . . , ng and Γj ≥ f(x1, . . . , xn) :

(x1, x2) 2 Γj
0,� 1

2 � xj � 1
2 if j ≥ 3, . . . , d + 1 and xj ≥ 0 if j ≥ d + 2, . . . , ng.

In fact, Γ and Γj are contained in En�1, because d + 1 � n� 1. An easy computation
gives that Λd+s+¢

1 (Γ) Ù 0. Therefore, since Γj is a finite union of linear manifolds of
dimension d one gets Λd+s

1 (Γj) ≥ 0.
For each Γj one can construct an open set Sj as a finite union of almost disjoint balls

Bjk ≥ B(ajk, éj), ajk 2 Γj , such that Γj ² Sj ≥ [kBjk, S̃j \ S̃j0 ≥ ; if j Â≥ j0, where
S̃j ≥ [kB(ajk, 2éj) ² B(0, 3Û4), and

P
k éd+s

j Ú 2�j. Clearly, by construction, properties
(a), (b), (d) and (e) are satisfied. In order to obtain property (c) we need the following.

LEMMA 1. Let 1 Ú q Ú 1 be a real number and d ≥ [n � q]. Let F ² Rn and
B be a ball of center a and radius r. If there exist a positive measure ñ1 in F \ B, and
constants c1 and c2 such that ñ1(F\ B) ½ c1rd and, ñ1

�
F\ B̃(z, é)

�
� c2éd for all balls

B̃(z, é), then
(a) If n� 2q Ù 0, C2,q(F \ B) ½ c1rn�2q.

(b) If n� 2q ≥ 0, C2,q(F \ B) ½ c1

�
log( 1

r )
�1Û(1�p)

, where 1
p + 1

q ≥ 1.

To obtain (c) applying Lemma 1 we take an open ball B(x, r), r � 1Û2 and consider
j0 (large) such that Γj0 \ B(x, r

2 ) Â≥ ;. Since Γj0 is a finite union of linear manifolds of
dimension d, connecting the two components of the boundary of fy : r

2 Ú ky� xk Ú rg,
one has that Λd

1

�
Γj0 \ B(x, r)

�
Ù c1rd. So, by Frostman Lemma [e.g. C, p. 7], there

exists a positive measure supported on Γj0 \ B(x, r) such that ñ1

�
[Sj \ B(x, r)

�
½ c1rd,

and ñ1

�
[Sj \ B̃(z, é)

�
� c2éd for all balls B̃(z, é). So, by the conclusion of the lemma,

property (c) is fulfilled and the compact set Γ satisfies the properties (a)–(e).
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PROOF OF LEMMA 1. Let’s assume that the hypothesis of the Lemma implies that
for every 1 Ú q0 Ú n

n�d (p0 Ù n
d ) one has

(6) C(n�d),q0(F \ B) ½ R(n�d),q0(F \ B) ½ C rn�(n�d)q0 .

Now we will finish the proof of the Lemma using (6). Let q be a real number such that
q � n

2 and consider ¢ Ù 0 satisfying d Ù n� 2q + ¢. Set q0 ≥ 2q�¢
n�d . Then q0 satisfies

q0 ≥
2q� ¢
n� d

�
n� ¢
n� d

Ú
n

n� d
.

On the other hand q0 ≥ 2q�¢
n�d Ù n�d

n�d ≥ 1. So, applying (6) and using a known result on
comparison of capacities [AH, Theorem 5.5.1, p. 148] one has

(a)
C2,q(F \ B) ½ C

�
C(n�d),q0 (F \ B)

�n�2qÛn�q0 (n�d)

½ C rn�2q if n� 2q Ù 0.

(b)
C2,q(F \ B) ½ C

�
log

A
C(n�d),q0(F \ B)

�1Û(1�p0 )

½ C
�

log
A
r

�1Û(1�p0)
if n� 2q ≥ 0.

To complete the proof of the Lemma it is enough to show (6).
Let M +(F \ B) be the set of all positive measures supported on F \ B. We have

Rn�d,q0 (F \ B) ≥ sup
ñ2M +(E\B)

 
ñ(F \ B)
kIn�d Ł ñkp0

!q0

,

where 1
p0 + 1

q0 ≥ 1.
Using a standard argument, e.g. [AH, Corollary 3.6.3, p. 78], one gets the inequality

C�1kMn�d Ł ñkp0 � kIn�d Ł ñkp0 � CkMn�d Ł ñkp0 ,

where

(Mn�d Ł ñ)(x) ≥ sup
öÙ0

1
ön�(n�d)

Z
B(x,ö)

dñ(y).

We will give an upper bound for kMn�d Ł ñ1kp0 , and so we obtain a lower estimate for
the capacity Rn�d,q0(F \ B).

Set Cj ≥ fx 2 Rn : jr Ú jx � aj Ú (j + 1)rg. For each x 2 Cj, j ½ 1 we have

j(Mn�dŁñ1)(x)j �
ñ1

�
B(a,r)

�
(jr)d � C

jd , and for x 2 C0, j(Mn�dŁñ1)(x)j � sup
öÙ0

1
öd

R
B(x,ö)

dñ1(y) �

C . So,

kMn�d Ł ñ1k
p0

p0 ≥
1X

j≥0

Z
Cj

jMn�d Ł ñ1(x)jp
0

dm(x) � C
Z

B(a,r)

dm(x)

+
1X

j≥1

C
jdp0

jn�1rn � C rn + C rn
1X

j≥0

1
jdp0�n+1

� C rn,
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where the last inequality comes from p0 Ù nÛd. Thus, kMn�d Ł ñ1kp0 � C rnÛp0 , and
consequently

Rn�d,q0(F \ B) ½ C
� rd

rnÛp0

�q0

½ C rn�q0(n�d).

Then, the Lemma follows.
When d ≥ n � q is an integer, it is also possible to construct an example using the

same ideas. In this case one must show that there exist a set Γ and sets Γj , Γj 7�! Γ, in
the Hausdorff metric such that Λd+¢

1 (Γ) Ù 0 for a given ¢ Ù 0, but Λd
1(Γj) ≥ 0. One can

do it because d ½ 2 (since n� 2q ½ 0, d ≥ n� 2q + q ½ 2).

4. Harmonic approximation of potentials of measures.
4.1. Proof of (ii) ) (i). Let g be a function such that ∆g ≥ 0 in a neighbourhood of
X. Regularizing and multiplying by a function with compact support one can consider
that g 2 C1

0 and is harmonic in a neighbourhood of X. Set (∆g)+ ≥ maxf∆g, 0g and

(∆g)� ≥ minf∆g, 0g. Then, they are positive measures supported on Rn n X ² Rn n
Ž
X.

On the other hand (∆g)+ Ł I2 and (∆g)� Ł I2 are in Lp, and so Hp(X) ² Mp(X). Let’s note
that in the case p ≥ n

n�2 the Riesz potentials only need to be locally in Lp.
In order to get the other inclusion, Mp(X) ² Hp(X), we will show that the func-

tions orthogonal to Hp(X) annihilate Mp(X). Since
�
Lp(X)

�Ł
≥ Lq(X), we take a function

g 2 Lq such that spt g ² X and g is orthogonal to Hp(X). Set ß ≥ I2 Ł g. Thus ß ≥ 0 on
Rn n X, because I2(x) ≥ 1

jx�yjn�2 2 Hp(X) if y Â2 X.
We will see that g annihilates Mp(X). Let ñ be a positive measure such that f ≥ I2 Łñ

is a function in Mp(X). Then

hg, I2 Ł ñi ≥ hß,ñi ≥
Z

∂X

ß dñ.

To finish the proof we need the following result.

LEMMA 2. Let 1 Ú p, q Ú 1, 1
p + 1

q ≥ 1, such that n�2q ½ 0 and letß 2 W2,q(Rn)
such that ß ≥ 0 on Rn n X for some compact set X ² Rn satisfying

C2,q(B n
Ž
X) � C C2,q(B n X) for all balls B(x, r), x 2 ∂X, r � 1.

Then the following holds.

(a) ß ≥ 0 on Rn n
Ž
X, C2,q almost everywhere.

(b) If ñ is a positive measure satisfying I2Łñ 2 Mp(X) and E ≥ fx 2 ∂X; ß(x) Â≥ 0g,
then ñ(E) ≥ 0.

Clearly, by the definition of ß, one can check that ß 2 W2,q(Rn), and so, using the
above lemma one obtains Z

∂X

ß dñ ≥
Z
E

ß dñ ≥ 0.
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Thus hf , gi ≥ 0. On the other hand, if fj 2 Mp(X) and aj 2 R, j ≥ 1, . . . , N, then

f ≥
NP

j≥1
ajfj satisfies hf , gi ≥

PN
j≥1 ajhfj, gi ≥ 0. Now, the proof is complete.

PROOF OF LEMMA 2. (a) Without loss of generality ß can be assumed to be (2, q)-
quasicontinuous (see 2.2). Thus, by Proposition B, we have that the function ß is (2, q)-
finely continuous, (2, q)-almost everywhere.

Let x0 2 ∂X be a point where ß is finely continuous. This means that for all ¢ Ù 0,
the set F¢ ≥ fy : jß(x0) �ß(y)j Ù ¢g is thin. Consequently, by definition,

(7)
1Z

0

 C2,q

�
F¢ \ B(x0, r)

�
rn�2q

!p�1 dr
r
Ú 1.

We will show that ß is not finely continuous at (2, q)-almost all x0 2 ∂X satisfying
ß(x0) Â≥ 0. So, ß vanishes on ∂X, C2,q almost everywhere.

Set x0 2 ∂X such that ß(x0) Â≥ 0 and take 0 Ú f¢0 ≥ jß(x0)j. Then, for all 0 Ú ¢ Ú
¢0 ≥ min(1, f¢0), one has F¢ ¦ fy 2 Xc : jß(y) � ß(x0)j Ù ¢g. On the other hand one
can see easily, that each open ball B ≥ B(x0, r) satisfies F¢ \ B ¦ BnX.

Thus
1Z

0

 
C2,q(F¢ \ B)

rn�2q

!p�1 dr
r
½

¢0Z
0

 
C2,q(BnX)

rn�2q

!p�1 dr
r

+
1Z

¢0

 
C2,q(F¢ \ B)

rn�2q

!p�1 dr
r

.

By hypothesis

¢0Z
0

 
C2,q(BnX)

rn�2q

!p�1 dr
r
½ C

¢0Z
0

 
C2,q(Bn

Ž
X)

rn�2q

!p�1 dr
r
≥ 1,

C2,q almost all x0 2 ∂X, where the last equality comes from Kellogg property [see 2.2].
So, by (7), this means thatß is not finely continuous at (2, q)-almost all x0 2 ∂X satisfying
ß(x0) Â≥ 0. Thus, property (a) follows.

(b) Let p Ù n
n�2 and suppose that ñ(E) Ù 0. Then 0 Ú kI2 ŁñjEkp Ú 1. By definition

of the Riesz-capacity, R2,q(E) Ù 0, and moreover, by Proposition A, C2,q(E) Ù 0. So, we
have a contradiction with (a) and property (b) follows. If p ≥ n

n�2 the above argument
also holds if we replace k Ð kp by k Ð kp,Ω and R2,q(E) by R2,q(E, Ω).

Let Gp(X) be the closure in Lp(X) of the linear span of the set of functions f 2 Lp(Rn),

such that (I�∆)f ≥ 0 is a positive measure supported on Rn n
Ž
X and Hp

2(X) is the closure
in Lp(X) of functions f satisfying the elliptic equation (I�∆)f ≥ 0 in a neighbourhood of
X. It is easy to show that the arguments given in this section can be reproduced to obtain
that (ii) implies

(iv) Gp(X) ≥ Hp
2(X).
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4.2. Proof of (i) ) (iii). First we will show that (i) implies

(v) R2,q(G n
Ž
X) ≥ R2,q(G n X) for each open set G.

When p ≥ n
n�2 we replace R2,q(Ð) by R2,q(Ð, Ω).

Let’s consider the case p Ù n
n�2 . To start we will assume that G is an open bounded

set. Let f be a function in Mp(X) such that f ≥ I2 Ł ñ, where ñ is a positive measure,

satisfying kfkp,Rn � 1, sptñ ² Gn
Ž
X and for a fixed ¢ Ù 0, hñ, 1i ½ R2,q(Gn

Ž
X) � ¢.

By hypothesis there exists a family of functions gn, harmonic in a neighbourhood of X,
such that kgn � fkp,X 7�! 0 if n !1. Replacing any function gn by a new function hn

defined as hn ≥ gn in a neighbourhood of X, Un, and hn ≥ f on Uc
n, one has a family of

functions hn, harmonic in a neighbourhood of X, satisfying lim
n!1

khn � fkp,Rn ≥ 0. Thus,

regularizing, we can suppose that hn is in C1
0 .

Let ß 2 C1
0 (G), such that ß ≥ 1 in a neighbourhood of the support of ñ. For a

function h 2 Lp(Rn), 1 Ú p Ú 1, the Vitushkin operator is defined as Tßh ≥ ß∆h Ł I2.
It is known [Ba, Lemma 5.3, p. 773] that this operator has the following property of
boundedness

(8) kTßhkp,Rn � Ckhkp,G.

We have Tßf ≥ ß∆f Ł I2 ≥ ßñ Ł I2 ≥ f . Put fn ≥ Tßhn, then, by (8) we get
(a) kf � fnkp,Rn ≥ kTß(f � hn)kp,Rn � Ckf � hnkp,G and this quantity tends to zero if

n tends to infinity.
(b) lim

n!1
kfnkp,Rn � lim

n!1
kf � fnkp,Rn + kfkp,Rn � 1.

Consequently,

(9) lim
n!1

jh∆fn, 1ij � R2,q(G n X).

On the other hand, we claim that

(10) lim
n!1

h∆fn, 1i ≥ hñ, 1i.

So, from (9) and (10) it is easy to finish the proof in the bounded case because

R2,q(Gn
Ž
X) � ¢ � hñ, 1i ≥ ñ(E) ≥ lim

n!1
h∆fn, 1i � R2,q(GnX). Thus, R2,q(Gn

Ž
X) ≥

R2,q(GnX) for all open bounded sets G.
If G is an open and not bounded set, then there exists a family, GN ≥ G \ B(0, N), of

open bounded sets such that GN ² GN+1 and
S

N2N
GN ≥ G. Using a well known property

of the capacity, e.g. [AH, Theorem 2.3.10 (d), p. 28] and the above case one has

R2,q(Gn
Ž
X) ≥ lim

N!1
R2,q(GNn

Ž
X) ≥ lim

N!1
R2,q(GNnX) � R2,q(GnX).

Consequently, R2,q(Gn
Ž
X) ≥ R2,q(GnX) for all open sets G.

To finish the proof we must show (10).
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Take † 2 C1
0 (G) such that † � 1 in a neighbourhood of the set spt ∆fn[spt ∆f . Then,

if 1
p + 1

q ≥ 1, we can write

j lim
n!1

h∆fn � ñ, 1ij ≥ j lim
n!1

h∆(fn � f ), 1ij

≥ j lim
n!1

h∆(fn � f ),†ij

≥ j lim
n!1

Z
G

(fn � f )∆†j

� lim
n!1

kfn � fkp,G k∆†kq,G ≥ 0,

where the second equality comes from the definition of † and the last from (a). So, claim
(10) is proved.

When p ≥ n
n�2 the above arguments follow replacing k Ð kp,Rn by k Ð kp,Ω.

Now, we have shown that (i) implies (v). Clearly, by Proposition A, one has that (v)
implies (ii), and, as we have noted at the end of Section 4.1, (ii) implies (iv). To finish
we only have to repeat the arguments given in this section to obtain that (iv) implies (iii).

5. Lp-approximation by solutions of elliptic operators. The purpose of this sec-
tion will be to derive the results obtained in Sections 3 and 4 for the case of a homo-
geneous elliptic operator. The ideas to improve these results are simple variants of the
above, and for this reason we will not give all the details of the proofs and we only sketch
some of them. Let L be a homogeneous elliptic operator of order r, r Ú n and 1 Ú p,
q Ú 1, 1

p + 1
q ≥ 1. We define Mp(X, L) as the closure in Lp(X) of the linear span of the

set of functions f 2 Lp(Rn) such that Lf is a positive measure supported on Rn n
Ž
X. For

Hp(X, L), we mean the closure in Lp(X) of functions f such that Lf ≥ 0 in some neigh-
bourhood of X. We come now to the approximation theorem for the space Mp(X, L). For
this purpose we need to introduce a new capacity. Let E be the fundamental solution of
the operator L. For an arbitrary Borel set A

CL,p(A) ≥ sup
ñ

(A)

where the supremum is taken over all positive measures supported on A such that
kE Ł ñkq � 1. For p ≥ n

n�r we consider the corresponding version of Mp(X, L) and
CL,p(Ð).

The generalization of Theorem 2 for an elliptic operator is given in the following
result.

THEOREM 4. Let 1 Ú p, q Ú 1, 1
p + 1

q ≥ 1, L a constant coefficient elliptic ho-
mogeneous operator of order r, such that n � rq ½ 0, and X ² Rn a compact set. The
following are equivalent.

(i) Mp(X, L) ≥ Hp(X, L).

(ii) Cr,q(B n
Ž
X) � C Cr,q(B n X) for each ball B(x, r), x 2 ∂X, r � 1Û2.
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(iii) CL,q(G n
Ž
X) ≥ CL,q(G n X) for each open set G.

PROOF. We will start with (iii)) (ii). Since on compact sets Riesz and Bessel capac-
ities are equivalent, in order to obtain this implication it is enough to get the following:
there is a constant C such that for a Borel set A

(11) C�1Rr,q(A) � CL,q(A) � C Rr,q(A).

These inequalities can be obtained easily, by introducing a decomposition of E in terms
of the Riesz potential of order r and a Calderón-Zygmund operator.

The Fourier transform of the fundamental solution of L has the form

Ê(ò) ≥
c

L(ò)

where L(ò) is the homogeneous polynomial associated to the operator.
Set

m(ò) ≥
jòjr

L(ò)

and write

Ê(ò) ≥ c
m(ò)
jòjr

.

Then, m is a homogeneous multiplier of degree 0 and it is infinitely differentiable on the
sphere, and so by [S, Theorem 6, p. 75] the operator T defined by d(Tf ) ≥ mf̂ is the sum of
a constant times f and the action of a Calderón-Zygmund operator T1 on f . Consequently,
for a positive measure ñ such that E Ł ñ 2 Lp we have the equality

(12) E Ł ñ ≥ C(Ir Ł ñ) + T1(Ir Ł ñ).

Since 1
m is also a homogeneous multiplier of degree 0 and infinitely differentiable on the

sphere, we also have that for a positive measure ñ, such that Ir Ł ñ 2 Lp, the following
equality holds

(13) (Ir Ł ñ) ≥ C(E Ł ñ) + T2(E Ł ñ),

where T2 is a Calderón-Zygmund operator.
Now, we can proceed to prove (11). Let ñ be a positive measure such that sptñ ² A

and kE Ł ñkq � 1. By (13) and the invariance of Lp-spaces under Calderón-Zygmund
operators we have that kIr Ł ñkq � C. So,

Rr,q(A) ½
1
C

CL,q(A).

If we repeat the same argument with (12) we will show the other inequality:

CL,q(A) ½
1
A

Rr,q(A).

Thus, (10) has been obtained and so (iii) ) (ii) has been proved.
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(i) ) (iii) follows using the ideas of (i) ) (iii) in Theorem 2. In this case we must
consider the Vitushkin operator for a general elliptic equation. For the proof of the bound-
edness of this operator on Lp spaces the reader can see [Ba, 5.3, p. 733].

To obtain (ii) ) (i) one can use the arguments of (ii) ) (i) in Theorem 2. The main
difference will be in the proof that for a function g 2 Lp, satisfying that spt g ² X and
such that g is in the orthogonal of Hp(X, L), one has ß ≥ E Ł g 2 Wr,p(Rn). This comes
from (12), since for every multi index ã, jãj � r, ∂ãß ≥ ∂ãIr Ł g + T(∂ãIr Ł g). So, since
g has compact support, it is not difficult to check that k∂ãIr Ł gkp � Ckgkp.

The second part of this section will be devoted to sketch the ideas of the proof of
Theorem 3. Actually, we will prove something more than it is stated. We will show that
for every integer ã0, 0 Ú ã0 Ú r, there exists a compact set X such that hp(X, L) Â≥

Hp(X, L), CL,q(G n
Ž
X) ≥ CL,q(G n X) for all open sets G, and for 0 Ú ã Ú r, ã Â≥ ã0

(14) Cã,q(Bn
Ž
X) � C Cã,q(BnX) for all balls B(x, r), x 2 ∂X, r � 1Û2.

PROOF OF THEOREM 3. Letã0 be an integer such that 0 Ú ã0 Ú r and let 1 Ú q Ú 1
be a noninteger. Set d ≥ [n � ã0q]. One can build a compact set X ≥ B(0, 1)n [j Sj,
where Sj is a union of almost disjoint balls, with the same radius for a fixed j, centered
on a union of linear manifolds of dimension d. The inner boundary of X is a compact set
Γ, of Hausdorff dimension n � ã0q + ¢, 0 Ú ¢ Ú 1, such that n � ã0q + ¢ Ú d + 1. For
more details on the construction of Γ and the properties of X see Section 3.

Now, a slight variant of Lemma 1 can be easily proved.

LEMMA 3. Let 1 Ú q Ú 1 be a real number, ã0 an integer, and d ≥ [n� ã0q]. Let
F ² Rn and let B be a ball of center a and radius r. If there exist a positive measure ñ1

in F\B, and constants c1 and c2 such that ñ1(A\B) ½ c1rd and, ñ1

�
F\ B̃(z, é)

�
� c2éd

for each ball B̃(z, é), then for any ã such that ã Ù ã0 the following holds.
(a) If n� ãq Ù 0, then Cã,q(F \ B) ½ c1rn�ãq.

(b) If n� ãq ≥ 0, then Cã,q(F \ B) ½ c1

�
log( 1

r )
� 1

(1�p) , where 1
p + 1

q ≥ 1.

Therefore, by the above lemma, one has for every ã; ã Ù ã0, Cã,q(BnX) ½ rn�ãq

for each ball B(x, r), x 2 Γ, r � 1Û2. Moreover, since Sj has the cone property, (14) is
satisfied forã Ù ã0. Take nowã Ú ã0, then Cã,q(Γ) ≥ 0, since the Hausdorff dimension
of Γ is smaller than d + 1. So, (14) is satisfied, because

Cã,q(Bn
Ž
X) ≥ Cã,q

�
(BnX) [ (B \ ∂Si) [ (B \ Γ)

�
� Cã,q

�
(BnX) [ (B \ ∂Si)

�
� C Cã,q(BnX).

To show that hp(X, L) Â≥ Hp(X, L) one only needs to slightly modify the arguments in
Section 3.
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