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THE PRODUCT OF TWO (UNBOUNDED) DERIVATIONS 

BY 

STEEN PEDERSEN 

ABSTRACT. We characterize when the product of two (unbounded) 
derivations of a C"-algebra is a derivation. 

1. Introduction. The purpose of this note is to show that if <$i, 82 and 8x82 are 
derivations, defined on a dense subalgebra of a C*-algebra, then 8182 = 0. To achieve 
this we need to impose a technical condition on 6\, that 8\ generate a strongly con
tinuous group of automorphisms of A will suffice. Other sufficient conditions may be 
found in section 3. In [4] Mathieu proved the theorem for bounded derivations, using 
(/) a stronger result [6], valid for derivations of prime rings, and (//) that bounded 
derivations are inner [5] in the double dual. These results are not available for un
bounded derivations, although the result in section 2 below imply a version of (/). 
The main technical tool used in this note is a result, due to Fong and Sourour, about 
elementary operators on B(H) [2], [3]. We refer to [1] for background material about 
unbounded derivations, and to [5] for the theory of C*-algebras. 

2. The characterization. We show how information about elementary operators 
on B(H) (from [2]) can be patched together to obtain a global result via the (reduced) 
atomic representation. 

THEOREM. Let 8\ and 82 be derivations of a C*-algebra A. Assume that D is a 
subalgebra of A and that D is a subset of the domains of 6\, 82 and 8182- If 8182 is 
a derivation, then there exist unique orthogonal central projections e\, 2̂ and £3 in 
na(A)" (the weak closure of the image of A under the atomic representation) such that 
e\ + £2 + £3 = 1 and 

TTa(8\(b))ei = 0, b e D; na(82(b))ei ^ 0, some b ED 

^a(82(b))e2 = 0, beD; 7ra(8l(b))e2 ± 0, some b G D 

ita(8x{b))e3 = 0, bED; 7ra(82(b))e3 = 0, b G D. 

PROOF. Expanding 8\82(ab) twice, first using that 8182 is a derivation, and secondly 
using that 6\ and 82 are derivations, will lead to 

8l(a)82(b) + 82(a)8l(b) = 0 
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for a and b in D. Substituting ac for a yields 

(1) &i{a)c62{b) + 82(a)c8i{b) = Q 

for a, fr, and c in D. Now let 7r be the (reduced) atomic representation of A, that is 

7r = 0 7 r , o n J / = 0 / / , . 
*eA reA 

It is well known that 7r is faithful, and that 

TT(A)" = J ] «(//,) 
t€A 

See e.g. [5] for more details. From (1) and the density of D in A we get 

(2) (TT^! (a))c(7rt62(b)) + (7Tt6(a))c(7rMb)) = 0 

for a and Z? in D and c in B(Ht). We will apply Theorem 1 of [2] to (2). If irtl)\(b) 
and 7rt62(b) are linearly independent for some b in D, then [2] give 

7Tt8i(a) — 7Ttè2(a) = 0 

for all « in D, a contradiction. Hence irt6i(b) and TTtt)2(b) are linearly dependent for 
all Z? in D. Now take b in D with Txt^i(b) ^ 0 (if possible). Then 

(3) ^i(fc) = Xb7rMb) 

for some complex number Xb, a second application of [1] results in 

(4) 7rtSi(a) = -\bnt&2(a) 

for all a in D. Taking a — b and comparing (3) and (4) yields Aj, = 0; so that 

7Tt8\(a) — 0 

for all a in D by (4). It is now easy to complete the proof. • 

Note we could replace the atomic representation by any faithful direct sum of disjoint 
irreducible representations as in [4]. Also we did not use that D is dense in A, but 
only that 7ra(D) is weakly dense in ira(A)". 

3. Consequences. If 7 is an operator on A with domain D, denote by Y the 
operator on na(A) with domain ira{D) given by 

la(7Ta(b)) = 7Tfl(7(6)) 

for b in D. 
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COROLLARY. 8\82 — 0 provided either (i) e\ is in 7ra(D); (ii)8a
x is (o-weakly) closable 

and e\ is in the domain of the closure; or (Hi) 8\ is a-weakly closable derivation and 
the closure generate a a-weakly continuous one-parameter group of automorphisms 
of -Ka(A)". By the closure of 8\, we understand the closure of the restriction of 8\ to 
7Ta(D). 

PROOF. We will work entirely in the atomic representation, so let us drop the su
perscript designating this. First note that we can take b in the domain of the closure 
of 8\, in the conclusions (that involve 8\) of the theorem. 
If e\ G D, then 

6182(b) = 8i(ei82(b)) = èx(ex)è2(b) + etf^b) 

for b in D. But both terms in this sum are zero by the theorem. This proves (1) and 
(//). Now let us prove (///). Let a denote the automorphism group generated by 8\. 
Then 

(5) at(a) = e2at(a) + (e\ + e3)a 

for a in 7r(A)", because it is true if a is analytic for 8\ by the usual series expansion 
of at(a), in fact 

0 0
 fn , 0 0 n 

cttifl) = Y ) - 6ï(a) = a + e2Y/- Sn
{(a) £-J n\ t-*1 n\ 

since 6\(a) — e2b\(a). By (5) and the theorem 

(6) oct82(b) = e2atS2(b) + exè2(b) 

for b in ir(D), since e^b2if)) — 0. Applying ot-t to (6) yields 

(7) 82{f)) = a-t(e2)82(]b) + a-t(ex62{b)) for b in TT(D). 

It is easy to see that the first term in (7) is zero, indeed take a — e2 in (5) and get 

oc-t(e2)82(b) = e2a-t(e2)ei82(b) = 0 

since 82(b) = e\82(b). Hence (7) reduces to 

at82(b) = 62(b) 

for b e ?r(D). D 
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