
A F I N I T E ANALOGUE O F THE GOLDBACH P R O B L E M 

J . D . Dixon 

( r e c e i v e d S e p t e m b e r 22 , 1959) 

E . Cohen [ l ] , [2] has c o n s i d e r e d an ana logue of the 
famous Goldbach p r o b l e m in c e r t a i n finite r i n g s . In the following 
a n o t h e r ana logue i s c o n s i d e r e d in the r ing J n qf r e s i d u e c l a s s e s 
o v e r the i n t e g e r s modulo n . 

As ' p r i m e s 1 in J n we t ake a l l r e s i d u e c l a s s e s c o p r i m e to 
n. Tha t i s , a l l e l e m e n t s p £ J n which a r e not f a c to r s of z e r o in 
J n . We denote th i s se t by R n . 

We define A { m , n , k ) to be the n u m b e r of s e t s (p]_, p£> • • • >pt-j 
wi th p i s R n which for g iven m sa t i s fy 

m = £ _ P i (mod n) 

w h e r e the o r d e r of the p-x i s t a k e n into accoun t . 

The objec t of th i s p a p e r i s to d e r i v e an expl ic i t e x p r e s 
s ion for A ( m , n , k ) . We c o n s i d e r the ca se k = 2 f i r s t ( th is i s 
the ana logue to the o r i g i n a l Goldbach p rob l em) and then the 
c a s e w h e r e k £ 2 . A l so in the sec t ions 1 and 2 we c o n s i d e r 
only the r e s t r i c t e d c a s e when n i s ' s q u a r e f r e e 1 ( p- (n) £ 0 ) 
and ex tend o u r r e s u l t s to the c a s e of n with mul t ip le f a c t o r s in 
s e c t i o n 3. 

1. When k = 1 it i s i m m e d i a t e tha t 

To if (m,n) > 1 
(1) A ( m , n , l ) = ) 

1 if ( m , n ) = 1. 

P a r t of t h i s w o r k was done whi le the au thor was r e c e i v i n g a 
U n i v e r s i t y R e s e a r c h G r a n t at the U n i v e r s i t y of M e l b o u r n e , 
Austra l ia . 
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Now c o n s i d e r the c a s e k = 2 . We c a n t h e n show 

(2) A ( m , n , 2 ) A ( m , n ! ,2) = A ( m , n n ! , 2 ) 

p rov ided (n ,n ! ) = 1. Tha t i s , A ( m , n , 2 ) i s m u l t i p l i c a t i v e in n . 

The proof i s a s fo l lows . 

Le t m s p^ + P2 (mod n) wi th p^ € R n 

and r n - P i + P2 (mod n !) wi th p^ é R n t 9 

Since (n ,n ! ) = 1 t h e r e e x i s t i n t e g e r s X, v which a r e 
c o p r i m e to n ! and n r e s p e c t i v e l y and such tha t I n + vn1 = 1. 

We t h e n define 

(3) pî1 s vn*p^ + ^ n p [ ( m o d n n 1 ) . 

C l e a r l y p ï + p ^ = ^ n ? ( P l + p 2 ) + Xn(p\ + p^) 

s *n ! (m + an) + A.n(m + bn1) 

= m (mod nn1) 

w h e r e a , b a r e i n t e g e r s and r e m e m b e r i n g tha t vn1 + An = 1. 

F u r t h e r m o r e (3) def ines p; un iquely (mod nn1) in 
t e r m s of P;*P; arid c o n v e r s e l y p£>P; a r e uniquely d e t e r m i n e d 
(mod n) and (mod n1) r e s p e c t i v e l y , by p^ = p[! (mod n) and 
Pi s P*r (mod n ' ) . T h e r e i s , t h e r e f o r e , a o n e - o n e c o r r e s p o n 
dence b e t w e e n the s e t s { p i , p|? } and the p a i r s of s e t s 
{ Pi > P2 i » (P i » P2 Î • S ince it c a n be s e e n tha t (p^ , nn1 ) = 1 
equa t ion (2) fo l lows . 

Under the a s s u m p t i o n tha t n i s l s q u a r e f r e e ! we m a y 
w r i t e n = q ^ 2 • • • ^s w n e r e t n e °4 a r e d i s t i n c t p r i m e n u m b e r s . 
T h e n app ly ing (2) we m a y w r i t e 

(4) A ( m , n , 2 ) = TTq |n A ( m , q , 2 ) . 

By c o n s i d e r i n g the n u m b e r of so lu t ions to p-> == m - pi 
(mod q) in each of the c a s e s w h e r e p^ t a k e s a p a r t i c u l a r va lue 
f rom the set Rq - { 1, 2 , . . . , q - l } it i s s e e n tha t 
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A(m,q,2) = £ p l è j ^ A ( m - P l , q, 1) = £ ^ " = l A ( m - P l , q, 1) 

and that therefore 

(5) A ( m , q , 2 ) = Z ^ Q
 A ( r ' <l» l) ' A(m, q, 1) -

For any pr ime number q (5) and (1) give 

A(m,q,2) = (q - 1) - A(m,q, 1) , 

(q - 2) if q fm 
(6) A(m,q ,2) 

' (q - 1) if q | m 

So substituting (6) in (4) we finally get (remembering that 
n is !squarefree f) 

(7) A(m,n,2) = TT i/ \ (q - l) Tl . // * (q " 2) x ' \ > t i \ lq | (m j n ) Vs! / | l q |n / (m,n) v^ ' 

where the first product is over pr imes dividing both n and m 
and the second over pr imes dividing n but not m. 

2, In the general case of k & 2 but still restr ic t ing 
jx(n) f 0 we find in a s imilar way the following formulae corres

ponding to (4) and (5) . 

(4)* A(m,n,k) = r T q j n A(m, q, k) when ^(n) # 0, 

Zq-1 
A( r ,q ,k -1 ) - A(m,q ,k-1) when q is pr 

We now evaluate A(m,q,k) from the recurrence relation 

Put S(q,3 

from 0 to q - 1 , 
Zq-1 

A ( r , q , k - 1 ) . Summing (5)* over 
r=o 

S(q,k) = q S ( q . k - l ) - S(q,k-1) 

= (q - 1) S (q ,k -1 ) . 

But from (1) S(q, 1) = q - 1 so by induction on k, 
S(q,k) = (q - 1)^ which substituted into (5)* gives 

(8) A(m,q , s ) = (q - l ) 3 " 1 - A(m,q , s -1 ) . 

Summing (8) over s 
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X k (-l)*A(m.q.s) = l V - l l 8 ( 1 - 1 ) 8 " 1 - L ? ( ' l l 8 A , m , q , 8 " 1 ) ' 

So 

X s ^ ( - l ) S A { m , q , s ) - ^ ^ ( - D ^ m . q . s J ^ X g l J t - D ^ q - l ) ' 

and hence 

( - l ) k A(m,q ,k) + A(m,q, 1) = 1 - I { ( - l ) k ( q - l ) k - 1 } . 

Therefore 

(9) A(m.q.k) = - {(q - l ) k - ( - l ) k ) + ( - l ) k ( l - A(m,q, 1)) . 
q 

So applying (1) 

1 {(q - l)k - (_l)k} if q f m 
(10) A(m,q,k) = 

^ { ( q - D * " 1 - ( - D k - M i f q l m 

which is the generalisat ion of (6), 

So for n ' squarefree 1 (4)* and (10) give 

(11) A(m,n,k) 

= U'u , — { ( < i - 1 ) k - 1 - ( - i ) k " 1 } r T . // ^ { ( q - i J M - i ) * } 
1 AqKmjii) q l ] J q |n / (m,n) q 

3. We now remove the res t r ic t ion that n is ' squarefree 1 , 
Write n = hn1 where n1 = T~TQ i n q satisfies ^(n1) i 0. 

Since the 'pr imes 1 of J n a re simply the residue c lasses 
coprime to n1 it is seen that E^ = (p'+rn1 [ p1 € R n i , r * {0, 1, . , h - l j }. 

^ {Pi » P2» • • • » Pk^'*s a s e t °* Pi e -̂ -n w n ^ c n satisfies 

(12) m = £ Pi (mod n) 

we must have 

(13) m = Z Pi (m o d nl) 
i=l 

where pï a p i (mod n1) and p{ £ R^, 
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So 

£=1 Pi + r(m)Il , (mod n) 

for some r(m) • 

And the number of solutions (12) corresponding to each 
solution (13) is the number of sets {r^, r 2 , . . . , r ^ l with 
r^ € { 0 , 1 , . . . , h - l } which satisfy 

r(m)n* = £,._•, r^n1 (mod n) 

and hence 

- , k 
r(m) ss ) r ; (mod h) 

^ i = l x 

since n = n !h . 

But to solve this congruence we may arb i t rar i ly choose 
r l> r 2 ' " ' * r k - l an<^ then r k is determined. Therefore for 
each solution (13) there a re hk-1 solutions (12), 

Therefore we have shown 

(14) A(m,n ,k) = h k " 1 A(m,n 1 ,k) 

where n1 is the largest ^quaref ree 1 divisor of n and h = n/n1 . 

4 . Finally we ask in what cases A(m,n,k) = 0. Since 
the cases with k = 1 are already given by (1) we take k ^ 2. 
Then by (11) A(m,n,k) = 0 if and only if for some prime q |n : 

(i) (q - l)*-~l = (-l)*1"1 w h e n q j m 

or 

or (ii) ( q - l ) k = ( - l ) k w h e n q j m . 

Since the left hand sides of these equations a re both of 
magnitude greater than unity for q ^ 3 we must have q = 2 in 
order that A(m,n,k) = 0. Fur ther we require k to be even 
when 2 \ m and to be odd when 2 ] m. (Cases (ii) and (i) r e s 
pectively) We can therefore say A(m,n,k) is str ict ly positive 
for k ^ 2 except when n is even and m and k have opposite 
parity • 
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