
THE C O R E F L E C T I V E SUBCATEGORY OF SEQUENTIAL SPACES 

S. B a r o n 

Ce r t a in t h e o r e m s of r e c e n t i n t e r e s t [1 , 2] concern ing sequen t i a l 
s p a c e s m a y be deduced f rom the fact that the ca tegory of sequen t i a l 
s p a c e s , £} is a core f lec t ive subca t ego ry of the ca t egory of topologica l 
s p a c e s , J . A space is said to be sequen t i a l if it has the f inest 
topology that p e r m i t s the conve rgence of i ts convergen t s e q u e n c e s . 

THEOREM: A is a co re f l ec t ive subca tegory of J . 

Proof . We define a co re f l ec to r functor R: IT -* A as fo l lows: 

F o r Xe 3" , R(X) is the space with the s a m e under ly ing se t as X 

and whose topology c o n s i s t s of those subse t s O such that e v e r y 
sequence convergen t in X to a point of O is eventual ly in O. 
[3] (Thus R(X) has the f ines t topology that p e r m i t s the conve rgence 
of a l l the s equences convergen t in X . ) F o r fe £(X, Y), R(f) is that 
e l e m e n t of ,5(R(X), R(Y) ) that a g r e e s with f on the under ly ing s e t . 
The co re f l ec t ion m a p e , is the ident i ty of the under ly ing se t . 

It m a y be ver i f ied by cons ide r ing i n v e r s e images of open se t s that 
R(f) ex i s t s and it then follows eas i ly that R is the d e s i r e d co re f l ec to r 
func tor . 

By T h e o r e m A of J . Kennison [4], it follows that S i s c losed 
under d i r e c t s u m s and quot ient s p a c e s , a r e s u l t of S . P . F r a n k l i n [1] , 

COROLLARY 1. Jf C C 4 and_ t* is the full subca tegory of 3* 
whose objec ts a r e al l d i r e c t s u m s of se t s of quot ient objec ts of C, 
then hx C i . 

COROLLARY 2. If in addi t ion C conta ins GO + 1 [ l ] with o r d e r 
topology, then >£' = 4 • 

Proof . By T h e o r e m A [4], /&' is core f lec t ive with 1-1, onto 
core f l ec t ion m a p . Let Xe Jj , . If s : GJ + 1 -»• X, then s = e oR(s) , 

w h e r e R is the co re f l ec to r to fy and e the core f l ec t ion m a p . 
x 

Since a cont inuous m a p f r o m GO + 1 c o r r e s p o n d s to a convergen t 
sequence in image space , it follows that a sequence that is conve rgen t 
to a point with the topology of X , conve rges to the s a m e point with 
the topology of R(X) . Since X has the f ines t topology that p e r m i t s 
the conve rgence of i ts convergen t s equences and R(X) has a topology 
at l e a s t as fine, R(X) and X a r e h o m e o m o r p h i c . ix m u s t be 
r e p l e t e by the way it was defined and i =/£'. 
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From Corollary 2, we obtain Franklin 's characterizations of /$ [1]: 

(1) Category of quotient spaces of metr ic spaces, 

(2) Ca t ego ry of quot ient s p a c e s of f i r s t countable s p a c e s , 

(3) Ca t ego ry of quot ient s p a c e s of d i r e c t s u m s of copies co + 1. 
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