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1. Generalized direct products with amalgamated subgroups were intro­
duced by B. H. Neumann and Hanna Neumann in their joint paper (4). In 
general, we call a given collection of groups with specified subgroups amal­
gamated an amalgam of groups; if all groups are abelian we speak of an 
abelian amalgam. The group freely generated by the amalgam is called the 
abelian free sum of the amalgam provided it contains the amalgam isomor-
phically. The free abelian sum need not exist. Hence one of the problems is 
to find necessary and sufficient conditions for its existence. In (2, § 16, p. 534) 
B. H. Neumann shows that this problem is connected with that of embedding 
an abelian amalgam in an abelian group. It was pointed out by M. F. Newman 
in his thesis (Manchester, 1960) that B. H. Neumann, at the place quoted, 
clearly refers to the unique maximal generalized direct product, i.e. the free 
sum of the amalgam, but omits to state the maximality condition. In fact, 
the abelian free sum of an amalgam exists if and only if a generalized direct 
product (the precise definition is given below) exists. This is, essentially, the 
contents of the following theorem on the embedding of an abelian amalgam 
given in (2) and (3). 

Let A be a given abelian amalgam and P' be the abelian group generated 
by the elements a' = 0'(a), where 0' is the homomorphism of the amalgam 
A into P', a £ A, and a'V = c' whenever a' = 0'(a), V = 6'(b), c' = 6'(c), 
and ab = c. 

THEOREM. / / 0 is a homomorphism of the amalgam A into an abelian group 
P, then there exists a homomorphism <j> of the group Pf into P such that 0 = 0 . 
If 0 is one-to-one, then Bf must be one-to-one. The amalgam is embeddable in an 
abelian group if and only if the homomorphism 0' is one-to-one. 

In this paper we shall adopt another approach to the problem. In fact, our 
result suggests a process that can be used to determine the existence of a 
generalized direct product of a given amalgam in a "step-by-step" manner. 
In deriving the result we introduce a second type of generalized direct product 
in which each amalgam consists of precisely two groups. We shall call this 
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product a generalized direct product of second type. For brevity we shall 
denote the former by GD-product I and the latter by GD-product II . 

In Section 2 we shall briefly recall the definitions of a GD-product I and 
other necessary terms. In Section 3 we shall introduce the concept of GD-
product II and show by means of an example that it may not necessarily exist 
and consequently derive necessary and sufficient conditions for its existence. 
In Section 4 we shall make use of the results of Section 3 to derive necessary 
and sufficient conditions for the existence of a GD-product I. Finally in 
Section 5 we shall apply this result to different cases. In particular, we note 
that Theorem 4.2 enables us to prove the existence of a GD-product I and 
hence of the free abelian sum of any amalgam of cyclic groups satisfying the 
compatibility condition as defined in Section 2 by a much simpler group-theoretic 
argument instead of making use of arithmetical relations as in (6). 

2. DEFINITION 2.1. A group P is a generalized direct product of the groups 
Gi, G2, . . . , Gn amalgamating the subgroups Htj and Hjt with Htj C d (i^j; 
1 < iij K n), if the following conditions are satisfied: 

(i) P is generated by the groups Gi, G2, . . . , Gn. 
(ii) for every i 9e j every element of Gt permutes with every element of Gj, 

(iii) Gt r\ Gj = Htj = Hji. 

Suppose that we are given a set of groups Gi, G2, . . . , Gn together with a 
set of subgroups Htj C Gt and a set of isomorphisms Btj (1 < i, j < n) such 
that Ofj maps Htj isomorphically onto H^. Our problem is to find necessary 
and sufficient conditions for the existence of a GD-product I, P, of this set 
of groups amalgamating the subgroups Htj with Hjt under the isomorphisms 
Bij. It is easy to see that in order for P to exist the subgroups Htj must be in 
the centres of Gz, and Btj must satisfy certain compatibility conditions. 

DEFINITION 2.2. The set of isomorphisms Btj (i ^ j ; 1 < i,j < n) is com­
patible if: 

(i) Bij is the inverse of BjU 

(ii) Btj maps Htj P\ Hik isomorphically onto Hjt Pi Hjk, 
(iii) Bjjc Bij coincides with Bik where it is defined, that is, if htj £ Htj C\ Hikj 

then Bjk Bij(hî3) = Bik{hi3). More generally Bvq. . . Bjk Btj and Buv. . . Brs Bir coin­
cide for those elements for which they are both defined. 

We shall make use of the following notations : 
(Gi X G2 X . . . X Gn)Hij==Hji will denote a group that is a generalized direct 

product of Gi, G2, . . . , Gn amalgamating the subgroups Htj and Hjt under 
the isomorphisms Btj. 

B\H will mean 0 restricted to the subgroup H. 
We shall also make use of the following known result, which is analogous 

to Schreier's result on generalized free products with amalgamated subgroups. 
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THEOREM. The generalized direct product with one amalgamated subgroup 
always exists and is unique to within isomorphisms. 

In our definition of generalized direct products, we restrict ourselves to the 
case of amalgams with a finite collection of groups. The concept can actually 
be extended to infinite collections of groups. We shall restrict ourselves to a 
finite collection of groups. This does not impair the generality of the work 
since R. Bear has shown that an amalgam of an infinite collection of groups 
is embeddable in an abelian group if every subamalgam of a finite collection 
of groups is embeddable in an abelian group. Hence a generalized direct pro­
duct of an amalgam of an infinite collection of groups exists if a generalized 
direct product of every subamalgam of a finite collection of groups exists. 

3. DEFINITION 3.1. A GD-product 11 of the groups G and Gf amalgamating 
the subgroups H4 C G and H/ C G' under the isomorphisms Bx mapping Ht 

onto Hi (1 < i < n) exists if and only if there exists a group P containing 
two subgroups Q and Q' such that: 

(i) P is generated by Q and Qf; 
(ii) every element of Q permutes with every element of Qf; 

(iii) there exist isomorphisms <t> and <t>f mapping G and G' onto Q and Qf 

respectively; 
(iv) if K is the subgroup of G generated by the subgroups Ht (1 < i < n) 

and K' the corresponding subgroup of G' generated by the subgroups H/t 

then <t>(K) = <t>'(Kf) = Q H Q'; 
(v) if hi e Hu then 4>(hl) = <t>'Bi(hl). 

As in the case of a GD-product I the necessary conditions for a GD-pro­
duct II to exist are: (a) the subgroups Ht and Hi must be contained in the 
centres of G and G' respectively; (b) the isomorphisms B{ must satisfy certain 
compatibility conditions : 

(i) Bi maps Ht C\ Hù isomorphically onto H/ P\ H/; 
(ii) di coincides with 6j where both are defined, that is, if h £ Ht Pi Hjf 

then Biih) = Bj(h). 
Again as in the case of a GD-product I these conditions are not sufficient 

to ensure the existence of a GD-product II. The following example will illus­
trate the non-existence of such a product although the above conditions are 
satisfied. 

Example. Let G be the abelian group freely generated by the elements a, b, 
c, d, and let Gt be another abelian group freely generated by the elements 
a, u, v. Let Hi = {a, be-1}, Hi = {a, au} where 0i(a) = a and Bi{bc~l) = au> 

H2 = {a, cd"1}, Hz = {a, u~lv) where d2(a) = a and B^Çcd-1) = u~lv, 

Hz = {a, db"1}, H* = {a, v~l) where Bz(a) = a and Bz{db~l) = tr1. 

It is clear that the 0/s are compatible. But in forming a GD-product II, we 
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need to identify bc~l with au, cdr1 with u~lv, and db~l with v1. But such 
identification will give 

1 = bc~l - cdr1 - db~l = au-u~lv-v~l = a. 

Thus 0 and #' will not be isomorphisms. Hence no GD-product II of G and 
G' can exist. 

THEOREM 3.2. (Reduction Theorem). A GD-product II of G and Gf amal­
gamating Hf and H/ (1 < i < n) exists if and only if a GD-product II of K 
and K' amalgamating Ht and H/ (1 < i < n) exists. 

Proof. In one direction the theorem is trivial since the existence of a GD-
product II of G and G' amalgamating Ht and H/ automatically implies the 
existence of a GD-product II of K and Kf amalgamating Ht and H/. To 
prove the converse, since a GD-product II of K and K' amalgamating H* 
and H/ (1 < i < n) exists, there exists a group P satisfying the conditions 
of Definition 3.1. In fact, in this case we can take <t>(K) = P = <f>'(K'). Since 
the GD-product I amalgamating one subgroup always exists, we can form 
the GD-product I L of P and G amalgamating <t>(K) and K under the iso­
morphism <t>. Similarly, we form 1/ = (G' X P)/r =*'(*')• Since K and K' are 
contained in the centres of G and Gf respectively, this implies that P is in 
the centres of L and L' respectively. Moreover, L C\L' = P. Thus we can 
form the GD-product I, R, of L and V amalgamating P under the identity 
isomorphism. We shall show that R is a GD-product II of G and G'. To prove 
this we note first that R is generated by G and G'. Thus we can take the 
identity isomorphism / to be the <j> and <£' of Definition 3.1. We also note 
that in R every element of G permutes with every element of G'. Moreover, 
Gr\P=P=G'r\P or P QGr\G'. But G r\ G' C L r\ Lf = P. Hence 
G H f f = P = I4>(K) = I<t>'{Kr). Finally, the existence of P implies that 
(t>(hi) = <l>'0i(hi) for all ht G Hu i.e., I<t>(hi) = I<j>fdi(hi). Hence a GD-product 
II of G and G' amalgamating Hx and HI under dt exists. 

Since K and K' are contained in the centres of G and G' respectively, from 
Theorem 3.2, it follows that the problem of finding necessary and sufficient 
conditions for the existence of a GD-product II can be reduced to that of 
finding necessary and sufficient conditions for the existence of a GD-product 
II of two abelian groups generated respectively by the subgroups to be 
amalgamated. Hence, unless otherwise specified, we shall consider this case 
only. 

THEOREM 3.3. Let G and G' be two abelian groups generated respectively by 
their subgroups Hi and H/ (1 < i < n), such that for every i there exists an 
isomorphism 6i that maps Ht onto H/. Then a GD-product 11 of G and G' 
amalgamating Ht and H/ exists if and only if there exists an isomorphism 6 
of G onto G' such that 6\Hi = Bt (1 < i < n). 
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Proof. If a GD-product II of G and G exists, then by Definition 3.1, putting 
G = K and G' = Kf', we have: 

Gi*(G):U'(G')-^U\ 
where I is the identification map defined by I<t>(hi) = <t>'di(hi) for all hi € Hi 
(1 < i < n). Let 0 = <j>'~lI<t>. Then 0 is the required isomorphism mapping G 
onto G' such that d\Hi — 0*. 

To prove the converse: Since 0 is an isomorphism of G onto G' with 0|^ = Bu 

the GD-product I P of G and G' exists. It is clear that P is a GD-product II 
of G and G' amalgamating Ht and if/. 

COROLLARY 3.4. P = G « G''. 

THEOREM 3.5. TTje GD-product II of G and G' amalgamating Hi and H/ 
under the isomorphism 0* (1 < i < n) if it exists, is unique to within isomor­
phisms. 

The proof follows immediately from Theorem 3.3 and the fact that the 
GD-product I of two groups is unique to within isomorphisms. 

4. We shall now derive necessary and sufficient conditions for the existence 
of a GD-product I of a given amalgam A consisting of the set of groups 
Gi, G% . . . , Gn and the subgroups H^ together with the isomorphisms 6i} 

(1 < i, j < n), where the di/s are compatible. 

THEOREM 4.1. A GD-product I P of the amalgam A exists if and only if a 
GD-product I G' of Gi, . . . , Gn-\ amalgamating H^ and Hjt (i 5* j ; 1 < i, 
j < n — 1) exists in such a way that also the GD-product II Q of G' and Gn 

amalgamating Hin and Hni (1 K i K n — 1) exists. 

Proof. If the GD-product I P exists, then certainly a GD-product I G' 
exists. Consider the subgroup K of P generated by Hin (1 < i < n — 1). We 
note that the subgroup K' of Gf generated by Hni (1 < i < n — 1) is the same 
as K with the identification hni = dni(hni), hni Ç Hni. Letting <j> and <t>' of 
Definition 3.1 be the identity maps, we see that all the conditions of the 
definition are satisfied. Combining this with Theorem 3.2, we find that the 
GD-product II Q of Gn and G' amalgamating Hni and Hin ( l < z < n — 1) 
exists. 

Conversely, if G' and Q exist, then Q is a GD-product I of A. For clearly 
Q is generated by Gi, . . . , Gn and every element of Gi permutes with every 
element of Gj for i 7e j . Also in Q, Gt C\Gn = Hin for all 1 < i < n — 1. 
Moreover, by Corollary 3.4 and Theorem 3.2, the subgroup of Q generated 
by Gi, . . . , Gn-i is isomorphic to G'. In fact, the isomorphism is the identity 
map, since <j> and <j>f of Definition 3.1 are identity maps in this case. Thus in 
Q we have Gt P\ Gj = Htj (i ^ j ; l < i, j < n — 1). This completes the proof. 
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Combining Theorems 3.3 and 4.1, we obtain 

THEOREM 4.2. A GD-product I of the amalgam A exists if and only if a 
GD-product I of the subamalgam consisting of the groups Gav . . . , Gan_1 exists, 
and also there exists an isomorphism 0 of the subgroup generated by Haian 

(1 K i K n — 1) onto the subgroup of G«n generated by Hanai ( l < i < w — 1) 
such that 6\Haian = eaian (1 < i < n - 1). 

Theorem 4.2 gives us a process of determining the existence of a GD-
product I of a given amalgam by determining the existence of a GD-product 
I of its subamalgams and the corresponding extension of isomorphisms. It 
might be noted here that the process of extending isomorphisms is not an 
effective process. However, if the amalgam consists of groups characterized 
by some general properties such as an amalgam of cyclic groups, the theorem 
is very useful. 

5. We shall apply the above results to different cases. 

THEOREM 5.1. (6) A GD-product I of an amalgam of three groups satisfying 
the compatibility conditions always exists. 

Proof. Let Gi, G2, and G3 be the groups with subgroups Htj ~ Hjt (i =̂  j ; 
1 < i, j < 3) to be amalgamated. We need only consider the case of Gi 
generated by Htj (i 9e j ; 1 < j < 3). Let G' be the GD-product I of G\ and 
G2 amalgamating the subgroups # i 2 and #21. Let K' be the subgroup of G' 
generated by # i 3 and # 2 3 . Since 0i3 and 023 are compatible, it follows that 
Dr = Hu O #23 is isomorphic to D = #31 r\ #32. Now every element x of 
K' can be expressed as x = a\ a<i d, where #i, a2, not elements of D', are 
elements of #13 and #23 respectively and d G Df. Define 0 on X such that 

4>(x) = <t>(a1a2d) = 6n(a1d)d2s(a2d)du(d-1). 

To show that <t> is well defined, we let y = bi b2 h be another element of Kf 

with bi € #13, b2 e #23, bh b2 $_ D' and h Ç D''. Then 

<t>(x)<t>(y) = (j>{aia2d)<i>{bib2h)} 

= 6>i3(a! ^)^23(a2 d)6lz(d-1)dlz(b1 h)62Z(b2 h)elz(hrl), 

= 6n(di dbi h)62Z(a2 db2 h)du(d-1 h~l), 

= <t>(a\ b\a<i b2 dh), 

= 4>(xy). 

It is not difficult to see that the map <j> is also one-to-one and onto. Moreover, 
<I>\HU = 0i3 and <j>\H2d = 023- Hence, by Theorem 4.2, a GD-product I of Gi, 
G2, and G3 exists. 

COROLLARY 5.2. The GD-product 11 of G and G' amalgamating two subgroups 
satisfying the compatibility conditions always exists. 
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L E M M A 5.3. Let G be a cyclic group generated by the element a, and let K 
and S be subgroups of G such that K and S are generated by ar and as, (V, s) = 1. 
/ / K is generated by the subgroups Hh Hz, . . . , Hn, then the subgroup D—K C\ S 
is generated by the subgroups Ht C\ S (1 < i < n). 

Proof. Let Hi be generated by the elements aai. Since aai 6 K, this implies 
ai = ktr for some integer kt. Moreover, since K is generated by the sub­
groups Hi, this implies (c^, . . . , an) = r, where («i, . . . , an) denotes the 
greatest common divisor of au . . . , an. Bu t this implies (fei, . . . , kn) = 1. 
Let HiC\S = {a^1}, where fii = [aiy s] with [au s] denoting the least com­
mon multiple of at and 5. Clearly rs\/3i for 1 < i < n. We shall show t h a t 
(Piy . . . , fin) = rs. Let (oLU s) = yt. Then ai = y* ôi and 5 = dt yt for some 
integers ôi and dt. This implies fit = ôijidi = ôts. Since r\fiu we have 
ôi = efr for some integer tf. Thus a* = e^y^r = ^ r . Therefore ^^ = e* yt-. 
Hence (ei yi, . . . , en yw) = 1. Also j8< = eiryidi = etrs. This implies 
(/3i, . . . , &i) = PS if and only if ( t i , . . . , en) = 1 . Bu t this is so, for if 
(ei, . . . , tn) ?± 1, then (ei, yi , . . . , en yn) 9e 1. This proves the lemma. 

T H E O R E M 5.4. (5) A GD-product I of any amalgam of cyclic groups satis­
fying the compatibility conditions always exists. 

Proof. According to the remark in Section 2, we need only show the exis­
tence of a GD-product I of an amalgam consisting of only a finite number of 
cyclic groups. Moreover, because of the compatibil i ty conditions, we need 
only consider two cases: (1) an amalgam of infinite cyclic groups; (2) an 
amalgam of finite cyclic groups. 

T h e proof for both cases is the same. We shall begin by induction. Let 
Gi (1 < i < n) be a set of cyclic groups generated by at and let Htj (i F^ j ; 
1 < i,j < n) be the set of subgroups to be amalgamated. Since the G D -
product I of two groups always exists, therefore, by induction we can assume 
t h a t a GD-product I of the groups G\, G2, . . . , Gn-\ amalgamat ing the sub­
groups Hij (i 9e j) 1 < i, j < n — 1) exists. Let P be the maximal such 
GD-produc t I t h a t is the abelian free sum of the amalgam of Gi, . . . , Gw_i. 
We shall show t h a t the GD-product I I of P and Gn amalgamat ing the sub­
groups Hin and Hni ( l < i < « — 1) exists. Again by induction we can 
assume the GD-product I I of P and Gn amalgamat ing the subgroups Hin 

and Hni (1 < i < n — 2) exists. This implies t h a t the subgroup K of P 
generated by the subgroups Hin (1 < i < n — 2) is isomorphic to the sub­
group Kn of Gn generated by Hni (1 < i < n — 2) under the isomorphism 
0 such t h a t <j>\nin = ®™- Since Gn is cyclic, Kn is cyclic. If Kn = 1, then the 
assertion follows trivially. Let Kn 5* 1. By Theorem 3.2, we can assume t h a t 
Gn is generated by Kn and Hnjn__i. Therefore, wi thout loss of generality, we 
can let Kn = {an

T} and Hn,n_i = {an
s} with (r, s) = 1. By Corollary 5.2 we 

need only show tha t <f> and 0n_i,w are compatible. Let D = K C\ Hn^.\yn and 
Dn = Knr\ Hn,n-i. Let x and b generate K and Hn_iiTly respectively. Then 
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D = {xd} = {b1} and Dn = \an
TS). Let Q be the subgroup of D generated by 

the subgroups Qt = Hin r\ Hn-\,n (1 < i < w — 2) and Qn the subgroup of 
Z)w generated by the subgroups Hni C\ Hn,n-i (1 < i < w — 2). Since 
0|G.- = *<n|o,- = On-un\Qi for all 1 < i < » — 2, 0 and 0w_iiW are compatible on 
(), i.e., 0 and 6n-i,n map () isomorphically onto Qn and </>|Q = dn-itn\Q. Let 
<£(>) = a / and 0n-i.n(*) = an

s. Also let Q = {xdQ} = {btQ}. Then, 

that is, 
n rdq _ n stq 

Since Gn is cyclic, a / d = an
st. This implies that 

<t>(xd) = ff.-i.nCi1), 
that is, 

This yields 0(D) = 6n-.i,n(D) C Z>w. But, by Lemma 5.3, J9W is generated by 
the subgroups 

Hni r\ H*,*-! = 4>(Qt) = ft.-i.»((?f), 1 < i < » — 2. 

Since 0 and Qn-i,n are isomorphisms, Z) is generated by Qt G < i < « — 2). 
Hence 0 and 0w_i,w map Z> isomorphically onto Dw and are compatible on D. 
This completes the proof. 
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