
Can. J. Math, Vol. XXII, No. 4, 1970, pp. 773-783 

SUBGROUPS OF CONJUGATE CLASSES 
IN EXTENSIONS 

JOHN E. BURROUGHS AND JAMES A. SCHAFER 

Often in various mathemat ical problems one encounters an extension B of 
the group G by the group w in which one wishes to extract certain information 
abou t B from information given in terms of G, T, the action of ir on G, and 
the class of the extension in H2(T, centre G). An example of this type of 
problem is to determine some intrinsically defined subgroup of B, for instance 
the centre of B, given knowledge of the corresponding subgroup for G and ir, 
and, of course, the usual information concerning the extension. 

In this paper we shall use the fact t h a t any extension is congruent to a 
crossed product extension [2] to investigate a class of subgroups which 
natura l ly generalizes the notion of the centre. T h e definition of this class 
appears in § 3. 

1. Let 
E: 0->G-«>B 1>TT-^1 

by an extension of G by w. We write G and B addit ively and -K multiplicatively 
al though none of the groups are necessarily abelian. I t was shown in [2] t h a t 
any such extension gives rise in a canonical way to a homomorphism 

<£: 7T - • Aut G / In G. 
Given any function 

<t>: 7 r - ^ A u t G , 0(1) = id, 

such t h a t <j> composed with the quot ient map r from Aut G to Aut G/In G 
is \p, there exists a function 

/ I T T X T T - ^ G , f(x, 1) = / ( l , t f ) = 0 V X G T T , 

such t h a t the following identities are valid: 

(1) 4(x)f(y,z) +f(x,yz) = f(x,y) +f(xy,z), 

(2) d>(x)<t>(y) = n[f(x9y)]<Hxy)9 

where /*: G —> In G is the obvious homomorphism. These functions allow one 
to define a group operation on G X T which is given by the formula 

(g, x) + (gi, y) = (g + 4>(x)g! +f(x, y), xy). 

Thi s group is denoted by [G, 0, / , ir] and is called a crossed product . T h e 
exact sequence 
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O - G i U G . ^ / . T l ^ T - l 

is called a crossed produc t extension of G by ir. Th i s new extension is congruent 
to the original extension, i.e., there exists a homomorphism 

p:B-+[G,4>,f,*] 
such t h a t the d iagram 

0 - > G >B > i r - > l 

\ P 

0-*G-^ [G,4>,f,ir]-*UT-+1 

commutes , p is necessarily an isomorphism. However, p is not unique. W e will 
call any such p a congruence homomorphism. 

W e recall briefly how one obta ins <t> and / and w h a t degree of freedom one 
has in choosing them, given a fixed extension E. One method is to choose a 
normalized coset representa t ive; i.e., a function 

u: T —• B, u(l) = 0, a o u = id^. 

Then $, / , and p are uniquely determined by the following formulae: 
(i) 4>(x)g = u(x) + g — u(x), Vg <E G, x <E T, 

(ii)f(x,y) = u{x) + u(y) — u(xy), \/x, y G ÎT, 
(iii) P(b) = (6 - u o a(b), <rb), \/b G B. 

T h e second method is to choose any <j> in the au tomorphism class of \f/ and 
then choose a normalized coset representa t ive in such a way t h a t (i) holds. 
Th is was done in detail in [2]. T h e thi rd method is to fix <j> in the au tomorph i sm 
class of \[/ (0 Ç \[/); then since the extension exists, there is a function 
/ : IT X ir —* G such t h a t the identit ies (1) and (2) are valid and E is congruent 
to the crossed produc t extension [G, 0 , / , IT]. T h e different choices f o r / are in 
a one-to-one correspondence with the factor sets 

h: T X 7T —> centre G 

which are cohomologous to zero, as identi t ies (1) and (2) indicate. Once the 
choice is made, then p must be chosen so t h a t if 

u = p - 1 o p2: 7T —> B, 

then equat ions (i), (ii), and (iii) are satisfied. 

2 . Le t [G, 0, / , 7r] be a crossed produc t group. 

Definition. A sub-crossed produc t of [G, <£, / , w] is a subgroup H of [G, 0, / , 7r] 
of the form [Gf, # ' , / ' , 7r'], where 

G' Ç G, TT' £ 7T, 0(ir ;) £ Au t G', /(a-7 X O C G ;, 0 ' = (AITT7, 

and 
/ ' = / W X TT'. 
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Note that not all subgroups of [G, 0, f, w] have this form. 

Definition. Let A C B be a subgroup of B. We say that A splits with 
respect to [G, 0 , / , 7r] if there exists a sub-crossed product of [G, 0 , / , w], 
[Gf, (f)f,f', ir'], and a congruence homomorphism p such that p\A is an 
isomorphism from A onto [G',• 0', / ' , 7r'], i.e. there is a congruence 
homomorphism p which makes the following diagram commute. 

G >~ -> B - » 

G' > 

G'>- [Mfy] -»*' 

We say that A is absolutely split with respect to [G, 0, / , w] if A is split for 
any choice of congruence homomorphism p. 

It is obvious that if one considers the extension 

£': O-^K-^A) A^aA 1, 

1 

then Ef is congruent to the extension 

0 - * G ' - [ G ' , « ' , / ' , * ' ] - > * 

under the isomorphism p\A, and therefore it follows that if A is split with 
respect to [G, 0 , / , ir] then G' = K _ 1 0 4 ) and irr = ovl. 

The following proposition shows that for any subgroup A oî B, there exist 
0 and / such that A is split with respect to [G, 0, / , 7r] since it is obviously 
always possible to choose a normalized coset representative with u(aA) C A. 

PROPOSITION 1. Let u: ir-* B be a normalized coset representative and let 
<t>u, fui and pu be the uniquely determined functions as in § 1. Then A splits with 
respect to [G, 4>u,fu, n] and pu if and only if u(aA) ÇZ A. 

Proof. Since E: G >-> B -»-» w is congruent to the crossed product extension 
via pu\ B —» [G, 0 , / , 7r], we have that pu o u: ir —» [G, 0 , / , 7r] is the map 
x —> (0, #). Now ii x £ <rA and 4̂ is split with respect to [G, 0 , / , 7r], then 
(0, x) £ p«C<4) and so w(x) = pw

_1(Q» #) G ^4. 
Conversely, if u(aA) C ^4, then since 0w(x) is given by means of conjugation 
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by u(x) and G P\ A is normal in A, we have (j>u\crA: a A —» Aut(/c-1^4) and 
/w: o-̂ 4 X ĉ 4 —>K-1(yl) since /M(x, ;y) = u(x) + ^ ( j ) — w(x^). Finally, 

PuA = [K~iA,<l>',f',aA] 

since if (g, x) £ p*^4, then x Ç £2pM(^4) = <rA and so puu(x) = (0, x) 6 pM^4. 
Therefore (g, 1) Ç pŵ 4 and so g G K_1^4. It follows that 

The opposite inclusion is clear. 

Our aim in this paper is to investigate the following two problems with 
respect to the subgroups of B defined in the next section. One problem is to 
find criterion on <j> and / so that one of the subgroups in question is split or 
absolutely split with respect to [G, </>,/, IT]. We are especially concerned 
with the problem of the existence of an appropria te / when </> is held fixed, 
and in particular, when G is abelian. The other problem is to find some more 
explicit description of \TXA and a A in terms of # , / , G, and T SO that when A 
is split with respect to [G, 0, / , w] it is possible to compute the subcrossed 
product [K~lAy # ' , / ' , a A] and hence determine A. 

We conclude this section with an example that shows that it is not always 
possible, given a fixed </>, to find/ such that the centre of B is split with respect 
to [G, 0 , / , TT]. Let 

E: 0 -+ SL2(Z5) -> GL 2 (Z 5 ) l ! lz 5 * -> 1 

and let <f>: Z5* —» Aut(SL2(Z5)) be the homomorphism which sends the 
generator a of Z5* into conjugation by ($ ?). We know that one can choose 
a normalized coset representative u: Z5* —> GL2(Z5) which realizes the 
homomorphism <j>. Since centre SL2(Z5) = Z2, there are only two possible 
choices for u, namely 

«(0) = (j| j ) or «08) = ("J _J ) , fi 6 Z6*. 

However, in neither case does u map det (centre GL2(Z5)) into centre GL2(Z5) 
and so the centre of GL2(Z5) cannot be written as a sub-crossed product when 
one makes this choice of </> beforehand. 

3. Let a be any infinite cardinal number or 2. We will write \\X\\ for the 
cardinality of the set X. 

Definition. Let G be any group; then 

C(a,G) = {geG\\\hgh-i:he G\\ < « } . 

For example, C(2, G) is the centre of G and C(Xo, G) is the subgroup of G 
consisting of those elements having finitely many conjugates. This last group 
has been studied in [1; 3]. 
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PROPOSITION 2. C(a, G) is a characteristic subgroup of G. 

Proof. Since any group element and its inverse have the same number of 
conjugates and since the conjugate of a product is the product of the 
conjugates, we see t h a t C(a, G) is a subgroup of G. If T: G —> G is any 
automorphism of G, then 

T: {conjugates of h} —» {conjugates of T(h)} 

is a bijection of sets and therefore C(a, G) is characterist ic. Le t 

E: 0 - * G - > £ - + 7 r - > l 

be an extension of G by T and let \j/\ IT —-> Au t G / In G be the associated 
"ac t ion" . Recall t h a t r is the na tura l homomorphism from Au t G to 
A u t G / I n G. In our description of C(a, B) we will need the following subgroups 
of G and IT. 

Definition. 

Fa(G) = {g G G\ \\w(g), \/w G r - V W I I < a], 

ra(7r) = {x G 7r| there exists wx G T~~V0*O such t h a t | | (1 — m ^ ^ l l < «}• 

Remarks, (i) If G is abelian and a = 2, then Fa(G) consists of the fixed 
points of G relative to ^ ( x ) C Au t G. If a = No, then similarly Fa(G) consists 
of the points of G having finite orbits. 

(ii) If G is no t abelian, then if we choose a n y <j> G ^, i.e. any 0: x —» Au t G 
in the automorphism class of x//, then Fa(G) consists of the points of C(a, G) 
whose orbits relative to <j>{ir) have a t most cardinal i ty a. 

(iii) If a = 2, then ra(7r) = kernel \(/. This can be seen as follows. Clearly, 
kernel ^ Ç r2(7r) for we can always choose 2̂  = 1. On the other hand, it is 
clear t h a t x G r«(7r) if and only if there exists an inner au tomorphism n\gx] 
such t h a t | | (1 — fJL[gx]<l>(pc))G\\ < a when <t> £ \p. Therefore if x G r a(7r) , 
then there is an inner automorphism n[gx] such t h a t h = (v[gx]<l>(%))h for all 
h G G, i.e. <j)(x)(h) = /xkx_1](^) so t h a t $(x) is inner and therefore 

\f/(x) = r<j)(x) = 1. 

(iv) If G is abelian, then In G = (1) and so \f/: TT —* Au t G. I t follows t h a t 
the definition of ra(7r) simplifies to 

r«(7r) = {xe i r | | | ( l - i K * ) ) G | | <«}. 

PROPOSITION 3. (1) Fa(G) is a normal subgroup of G C C(a, G). 

(2) ra(7r) is a normal subgroup of TT. 

Proof. (1) If g, h G Fa(G), then 

{wigh'^jW G r_V(7r)} = {w(g)w(h)~1
1w G T~V(TT)} 

c {wfe),w G r V W I X ^ ( A ) - 1 , ^ G r V ( x ) | 
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and therefore \\w(ghrl),w G r~V(^") | | < a since g, h G Fa(G) and inversion 
is a bijection of sets. 

Fa(G) Ç C(a:, G) since T~1^(-K) ~D In G, and finally, Fa(G) is normal in 
G since for fixed h £ G, 

{wQighr1),!» G r V W ) = [w(g),w G r ^ W ) . 

(2) T h a t ra(7r) is a subgroup follows from the following two equat ions : 

(1 - wx)g + wx(l - wy)g = (1 - wxwy)g; 

(1 - wx)g = -wx(l - wx~
l)g. 

liwx G T~l\p{%) a n d ^ G T~ty(;y), then m ^ G ^^(xy) and z ^ r 1 G r _ V O - 1 ) -
T o show t h a t ra(7r) is normal in TT, choose 0 a n d / so t h a t [C7, 0 , / , IT] exists 

and yields an extension congruent to E. Now if y G TT,. 

by (2). B u t 

0 ( 3 0 / 4 / 0 , 3 ;_1)~1] = M M ^ O ) for some X G G. 
t h a t is 

<£(3/x3;-1) = Ai[X]<K:y)<£(x)<K;y-1) f ° r some X G G. 

Therefore 

0 0 ) = 0 ( ^ ) " V [ X - 1 ] 0 ( ^ 3 / - 1 ) 0 ( 3 ' - 1 ) - 1 . 
I t follows t h a t 

1 ~ /*[&]*(*) = 1 ~ Mfe]0(^ )~V[X- 1 ]0 (3 ' ^ - 1 )0 (3 ' - 1 ) - 1 

= -«(y- 1 )^ - viMïiyxy-^iy-1)-1 

for some 7 G G since ^ C y ) - 1 a n d ^ O - 1 ) differ by an inner au tomorph ism of G. 
Therefore, if x G r a(7r) , i.e. there exists fx[gx] such t h a t 

11(1 - n\gxMx))G\\ <a, 

and since y is fixed, we have || (1 — i^[y]<j>{yxy~1))G\\ < a, t h a t is yxy~* G r a(7r) . 

W e now s ta te a lemma giving the conjugation formula in a crossed produc t 
group. T h e proof is s t raightforward b u t tedious. W e will wri te <*h for the 
coniugat ion hghr1. 

L E M M A . In the crossed product group, [G, # , / , ir], 

(go, XoYg-x) = (g + (Kx)go +f(x, xo) -/(*<>*, x) - <j>(x0
x)g, Xox). 

T H E O R E M 1. (i) IT1(C(CL,B)) = FaG. 

(ii) a(C(a, B)) C Ta = Ta(ir) H C(a, TT). 

Proof, (i) By Proposit ion 1 we can assume t h a t C(a, B) is split with respect 
to [G, </>, / , ir] with p a congruence homomorphism. Now 

p(C(arB)) = [ G ' , 0 ' , f , V ] , 
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where Gf = K~1(C(a, B)) and irr = a(C(a, B)), and so it is sufficient to 
determine C(a, [G, 0 , / , ir]). Now suppose that g G G' = K-1C(a, J5) so that 
(g> 1) G p(C(a, B)). We see from the lemma that 

(g, 1)(''*> = (g + <K*)g - 0(1)*, 1). 

Thus ||/x[g]0(x)g for g £ G and x G TT|| < a and therefore g G Fa(G). 
Conversely, if g G Fa(G), then the lemma shows that (g, 1) G p(C(a, B)) 
and so | 6 G'. 

(ii) Let x0 G o-(C(a, 23)) = V , i.e., there exists g £ G such that 

(g,*o) € p[C(a,5)] . 

Using the lemma again we see that 

(g, Xo)(^1} = (g + g - <j>(x0)g, x0). 

Since (g, x0) G p(Cx(a, B)), this last set has cardinality < a for g G G. But 
g - 4>0o)g = /4f]*(*o)(-g) + g; therefore the set {(1 - /4g]0(xo))G} has 
cardinality < a and x0 G ra(7r). On the other hand, if we conjugate (g, x0) 
by any (g, x), we see that the set of conjugates of x0 must have cardinality <a 
since (g, x0) G p(C(<x, 23)) and so x0 G C(a, 7r). 

Let us now suppose that G is abelian and try to find a ' 'lower bound" 
for a(C(a, 23)). This lower bound will depend on the choice of factor set 
representing the extension. 

Definition. Let / : ir X ir —> G be a factor set for the extension E associated 
with 4>\ -K —> Aut G. By B(a,f) we will mean the set 

{xe*\\\f(y,x)-f(xv,y)\\<<* Vy e TT}. 

THEOREM 2. Suppose that G is abelian, and let [G, 0 , / , TT] 6e a/z^ crossed 
product group. If Xo G 7ra, then (0, Xo) G C(a, [G, <£,/, 7r]) if and on/3; !̂f 
Xo G B(a,f). 

COROLLARY 1. B(a,f) H 7ra c o-C(a, 2Q. 

COROLLARY 2. If E is any extension of the abelian group G by the group T 

and if f: ir X TT -^ G is any factor set representing the extension, then for any 
choice of coset representative u: w —» B such that fu — f, we have that if x0 G ?ra, 
then u(xo) G C(a, B) if and only if x0 G B(a,f). 

Proof of Theorem 2. Suppose that x0 G 7ra. The lemma shows that 

(0,*o)( '-x) = (g + *(*)(0) + / ( x , x 0 ) -f(x0*x) - <Kx0
x)g,x0

x). 

Since G is abelian, the first entry is 

g - ^(xo^g + / ( x , Xo) - f(x0
x, x). 

Now since x0 G C(a, 7r), X0 has fi < a distinct conjugates, say {x0, Xi, . . .} . 
Since x0 G ra(7r) and ra(7r) is normal in w, each x7, 7 ^ /3, is in Ta (TT). Therefore 
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for each y ^ /3 the set {(1 — 0(x7))G} has cardinality <a. Since there are f$ < a 
such conjugates, the set {g — 0(xo*)g; g G G, x G TT} has cardinality < a. It 
follows that x0 G B(a,f) if and only if (0, x0) 6 C(a, [G, 0 , / , 7r]). 

Unfortunately the above theorem is false without the hypothesis that G 
be abelian. Even the following more restricted question can be answered in 
the negative without the hypothesis of commutativity for G. 

Let 0 G \p and let / be any factor set associated with 0. Then if 

x0 G 7ra Pi B(a,f), 

does there exist go G G such that 

(go, Xo) G C(a, [G, 0 , / , TT])? 

In terms of extensions and not crossed products, this can be stated as: 
If Xo G B(a,f) P\ 7r«, does there exist u: ir —> B such that / w = / and 

u(x0) G C(a,B)? 

That this question has a negative answer is seen by means of the following 
example in which C(a, B) is the centre of B. 

Let G = D8, the dihedral group of order 8. Let ir = Z2 X Z2 and \f/ = 0. 
Choose 0 6 ^ to be the following homomorphism. 

0 ( - l , 1) = M H , 

0(1, - 1 ) = MÙ8], 

0 ( - l , - 1 ) = M M ] , 

where a and /3 generate D8, a4 = 1, /32 = 1, and /fa = ad/3. Since 0 is a ho
momorphism, the associated factor set / is zero. It follows that the obstruction 
to this abstract kernel vanishes, and therefore the extension exists. It is 
easily seen that w2 r\ B(2,f) — ir, and so we must show that if 1 ^ x0 G 
Z2 X Z2, there does not exist anygo G G such that (go, x0) G centre[G, 0 , / , w]. 
Suppose that we are given x0 G ir such that g0 exists. Then from the conjugation 
lemma we have, taking g = 1, that 0(x)go = go for all x G TT. This implies 
that go = 1 or go = a2. However, 

(1, xo) G Centre <^g0(xo)g_1 = 1 for all g G G 

<^ 0(xo) = id «=> Xo = 1. 

If go = a:2, then (a2, x0) G centre <=> ga20(xo)g -1 = a2 for all g G G. But 
a2 G cen t rées and so this states that g<t>(xo)g~~l = 1 and again we see that 
Xo = 1. We conclude therefore that a (centre) = (1), and so 

ir2r\B(2,f) £ a (centre). 

This example shows again that in the non-abelian case the choice of 0 G ^ 
must be involved in the description of the centre of the extension. Also, this 
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extension was split and so even in this simple case the choice of $ becomes 
crucial. 

Returning now to the abelian case, we combine our previous results into 
the following theorem. 

T H E O R E M 3. Let f.'irXir-^Gbe any factor set associated with the extension 
G >—> B -»->7r, where G is abelian. Then the following are equivalent: 

(a) / splits C(a, B) absolutely, i.e. C(a, B) is split absolutely with respect 
to [G, </>, / , TT]; 

(b) / splits C(a, B); 
(c)<r(C(a,B))ÇB(a,f). 

Proof, (a) => (b) : Trivial . 
(b) ==» (c) . I f / splits C(a, B), then there exists a congruence homomorphism 

p: B —» [G, <£,/, 7r]. Let u: ir —» B be the associated coset representat ive. By 
Proposit ion 1, u(a(C(a, B))) C C(a,B). Therefore, if x0 £ <r(C(a, B)), then 
(0, Xo) G p(C(a, B)). Conjugating by (0, x) shows t h a t x0 £ B(a,f). 

(c) => (a) . If <r(C(a,B)) C B(a,f), then by Theorem 1 and Corollary 1 
to Theorem 2 we see t h a t a(C(a, B)) = ira C\ B(a,f). Therefore if u is any 
coset representat ive such t h a t fu = / , (note t h a t this is equivalent to choosing 
a congruence homomorphism of B to [G, 0 , / , w]), then if x0 G v(C(a, B)) we 
have by Corollary 2 to Theorem 2 t h a t u(x0) G C(a, B). By Proposition 1, 
C(a, 5 ) is split by u, i.e., / splits C(a, B) absolutely. 

Note t h a t from Proposit ion 1 we know t h a t in the abelian case, there 
always exists a n / which splits C(a, B). Theorem 3 s ta tes a condition so t h a t 
spli t t ing / s may be recognized and also s ta tes t h a t for this class of subgroups 
spli t t ing and absolute split t ing are equivalent. 

Under the same hypothesis as in the preceding theorem, we have the 
following result. 

COROLLARY. / / <r(C(a, B)) C B(a,f), then C(a,B) corresponds under any 
congruence homomorphism p: B —» [G, 0 , / , w] to [FaG, <j>',f, ira P\ B(a,/)]. 

Note t h a t if the extension is split ( / = 0) , then C(a,B) corresponds to 

[FaG, </>'',/'', 7r«]. 
W e conclude with two examples in the abelian case. T h e first shows t h a t 

B(a,f) 2 <r(C(a, B)) and therefore i t is not t rue t h a t e v e r y / splits C(a, B). 
T h e second example shows t h a t it is possible for the sub-crossed product 
[F2G, <t>'',/'', o-(C(2, B))] to exist bu t have no congruence homomorphism p 
which splits C(2, B) with respect to [G, <l>,f, TT], 

(1) Le t 

B = 

and let 

a, b, c G Z) 
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'1 0 2x\ 
G = {\0 1 2y 

VO 0 1 J 

x, y Ç Z>. 

Then G o B and a simple calculation shows that 

centre B = 

If x = B/G, then 

be z}. 

a 6 Z,p,y t Z2>; 

define u: w —» B by 

/ l 2a 0\ / l 2a r(/3)\ / l 2a 0\ / l 0 l \ 
w O 1 7 ) = 0 1 r(y)\ if ( 0 1 r H O 1 0 , 

\ 0 0 1/ \ 0 0 1 / \ 0 0 1/ \ 0 0 1/ 

where r: Zi^>Z by r(0) = 0 and r ( l ) = 1; and 

/ I 0 1\ / I 0 1\ 
«10 1 01 = 10 1 2 J. 

\0 0 1/ \0 0 1/ 
If we denote 

by XQ, and /M is the associated factor set to u, then an easy calculation shows 
that 

/ l 2a 1\ 
f(x*,y) ^f(y,x0) iiy = 10 1 0 U i , 

\ 0 0 1/ 

but x0 G o-(centre^) and so cr(centre^) ££ B(2,f) and centre £ does not 
split with respect to / . 

(ii) For this example, we let 

B = 

and 

x, y, z G Z4 / 

6, c 6 Z 4 } . 

Then it is easily seen that 
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centre B = b 6 Z4 

Choose u as in the previous example. An easy calculation shows that 

/ | a (centre B)2: a (centre B)2 -> F2(G) 

and therefore the sub-crossed product [F2(G), <£',/', <r(centre B)] exists. 
However, this is not the centre of B because if it were, this choice of / would 
split the centre of B, and therefore split it absolutely. It follows that u would 
have to map a (centred) into centre I> which it does not. 
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