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Introduction

Let X be an algebraic variety, not necessarily smooth, over a field k of characteristic
zero. We denote by L£(X) the k-scheme of formal arcs on X: K-points of L£(X)
correspond to formal arcs Spec K[[f]] — X, for K any field containing k. In a recent
paper [8], we developed an integration theory on the space L£(X) with values in
M, a certain ring completion of the Grothendieck ring M of algebraic varieties
over k (the definition of these rings is recalled in Section 1.9), based on ideas of
Kontsevich [12]. In the most interesting cases, the integrals we consider belong
to a much smaller ring Mioc[(L — 1)/(L' —1)),5 ], on which the usual Euler
characteristic and Hodge polynomial may be extended in a natural way to an Euler
characteristic Eu and a Hodge polynomial H belonging respectively to Q and
the ring

. uv —1
Z[u, v][(uv)~] ((uv)ii—l>i>1

When X is smooth and one considers the total measure of £(X), these invariants
reduce to the usual Euler characteristic and Hodge polynomial, but in general
one obtains interesting new invariants (see [2,3,5,8,18]).
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When X is a normal variety with at most Gorenstein canonical singularities, one
can use the canonical class to define a measure u9°7(4) for certain subsets 4 of
L(X). Now assume X is the quotient of the affine space A} by a finite subgroup
G of order d of SL,(k). We make the assumption k contains all dth roots of unity.
We denote by £(X), the set of arcs whose origin is the point 0 in X. One of the
main results of the present paper is Theorem 3.6, which expresses uC°"(£(X),) in
terms of representation theoretic weights w(y) of the conjugacy classes of elements
y of G, defined as

W) =Y e/d,
1<i<n
with 1 <e,; < d and &% the eigenvalues of y for i = 1, ..., n, & being a fixed primi-

tive dth root of unity in k. More precisely, the i image of ,LLGOT(E(X )) is equal to that
of > jeconicy L~ "@) in a certain quotient ﬂ/ of M, with L the class of the affine
line. The quotient M ; is defined by requiring that the class of a quotient of a vector
space V' by a finite group acting linearly should be that of V. This condition is mild
enough to guarantee that uS°7(£(X),) and Z[,]ec(,m@ L") have the same image
in KO(CHMk) an appropriate completion of Ky(CHMy), the Grothendieck group
of the pseudo-Abelian category of Chow motives over k, and in particular have
the same Hodge polynomial and Euler characteristic. This result — at least for
the Hodge realization — is due to Batyrev [6] and implies, when X has a crepant
resolution, a form of the McKay correspondence which has been conjectured by
Reid [16] and proved by Batyrev [6].

The aim of the present paper is to present an alternative proof of Batyrev’s result
and also to develop further, some basic properties of motivic integration which were
not covered in [8]. Though Batyrev also uses integration on spaces of arcs, the
approach we follow here, which was inspired to us by Maxim Kontsevich, is some-
what different. One of the main differences is that we are able to work directly
on the singular space X instead of going to desingularizations. This allows us to
have a more local approach, in the sense that we can directly calculate the part
of the motivic integral coming from each conjugacy class. More precisely, for each
element y in the group G, we consider £(X )ﬁ,y, the set of arcs ¢ in L£(X),, which
are not contained in the discriminant and may be lifted in £(A}) to a fractional
arc @(r'/%) such that @(&'/?) =y @(s'/*). We prove that the image of

HET (LX) ) in M/ is equal to that of L™,

Let us now briefly review the content of the paper. In Section 1, we recall some
material on semi-algebraic geometry over k((¢)) from [8]. In fact, we need to
generalize slightly semi-algebraic geometry as developed in [8] to ‘k[f]-semi-algebraic
geometry’ which allows expressions involving ¢, since k[f]-morphisms naturally
appear in Section 2. Fortunately, this is quite harmless, since most proofs remain
the same. This material on k[f]-semi-algebraic geometry might be useful elsewhere.
One of the main technical difficulties of the section is Theorem 1.16 were we extend
the crucial change of variables formula [8] to certain maps which are not birational.
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Section 2 is the heart of the paper, namely the study of the local action of the group G
on arcs. We are then able to deduce the main results in Section 3. In Section 4 we
explain how one can deduce statements at the level of Chow motives and then
realizations, and in Section 5 we express the main results in terms of resolutions
of singularities and we explain the relation with McKay’s correspondence.

Let us remark that k[f]-semi-algebraic sets appear quite naturally in the problem,
since the set £(X )g,y is k[t]-semi-algebraic. Nevertheless, it is possible to avoid
the use of k[f]-semi-algebraic geometry here, by using properties of measurable sets
which are developed in the appendix, in particular the fact, proved in Theorem A.8,
that the image of a measurable set under a k[f]-morphism, for varieties of the same
dimension, is again measurable.

1. Preliminaries on Semi-algebraic Geometry and Motivic Integration

1.1. In the present paper by a variety over k, or variety, we always mean a reduced
separated scheme of finite type over a field k that will be assumed to be of charac-
teristic zero throughout the paper. If X is a variety, we shall denote by Xin, the
singular locus of X.

1.2. For X avariety over k, we will denote by £(X) the scheme of germs of arcs on X.
It is a scheme over k and for any field extension k C K there is a natural bijection

'C(X)(K) = Morkfschemes(K[[t]]v X)

between the set of K-rational points of £(X) and the set of germs of arcs with
coefficients in K on X. We will call K-rational points of £(X), for K a field extension
of k, arcs on X, and ¢(0) will be called the origin of the arc ¢. More precisely, the
scheme L£(X) is defined as the projective limit £(X) := lim £,(X) in the category
of k-schemes of the schemes £,(X) representing the functor

Ri— Mork—schemes(R[t]/thrlR[l]’ X)

defined on the category of k-algebras. (The existence of £,(X) is well known (cf. [8])
and the projective limit exists since the transition morphisms are affine.) We shall
denote by m, the canonical morphism, corresponding to truncation of arcs,
7ty - L(X)—> L,(X). The schemes L£(X) and L,(X) will always be considered with
their reduced structure. If W is a subscheme of X, we set £(X),, = ny'(W).

Since, in Section 2, we shall lift arcs to Galois covers, we also have to consider
‘ramified’ arcs, so we define similarly, for 4 > 1 an integer, the scheme £9(X)
as the projective limit £9(X) := lim E}/ 4(X) in the category of k-schemes of the
schemes L‘}/ 4(X) representing the functor

Ri— Mork*SChCmes(R[tl/d]/t('H_I)/dR[[l/d]’ X)

defined on the category of k-algebras. Of course the schemes L£9(X) are all
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isomorphic to L£(X). We shall still denote by =, the canonical morphism
Ty El/d(X)—>£,11/‘!(X) and for W a subscheme of X, we set El/d(X)W =y ' (W).

The above definitions extend to the case where X is a reduced and separated
scheme of finite type over k[f]. For n in N, one defines the k-scheme L,(X) as
representing the functor

Ri— Mory_schemes(Spec R[7]/" R[1], X),

defined on the category of k-algebras, and one sets £(X) := lim £,(X). The existence
of £,(X) is well known, cf. [7] p. 276, and again the projecti(Ve limit exists since the
transition morphisms are affine. We shall still denote by 7, the canonical morphism
LX) —> Lu(X).

1.3. Let X and Y be k-varieties. A function A: L(Y) — L(X) will be called a
k[t]-morphism if it is induced by a morphism of k[f]-schemes Y ® k[t] —
X ® k[f]. We shall denote by the same symbol a k[¢]-morphism and the correspond-
ing morphism of k[f]-schemes.

1.4. We now introduce the concept of semi-algebraic and k[¢]-semi-algebraic subsets
of the space of arcs £(X). The main motivation for introducing such objects is that in
general being a subset of L£(X) defined by (Boolean combination of) algebraic
conditions is not a property which is conserved by taking images, i.e. Theorem
1.5 and Proposition 1.7 (1) would not remain true when replacing ‘semi-algebraic’
by ‘(Boolean combination of) algebraic’.

From now on we will denote by k a fixed algebraic closure of k, and by k(()) the
fraction field of k[[7]], where ¢ is one variable. Let xi, ..., x, be variables running
over k((7)) and let £y, ..., ¢, be variables running over Z. A semi-algebraic (resp.
k[t]-semi-algebraic) condition O(xi,..., Xu; €1,...,¢,) is a finite boolean com-
bination of conditions of the form

(1) OI‘dIf](X] PIIIS xm) = OI'd,fz(X], ) xm) + L(El, ey KI‘))
(2) ord, fi(x1,...,xn) = L{¢y,...,£) (mod d),

and

() h(@c(fi(xr, ... xm)), .. @c(fuw(x1s ..., X)) = 0,

where f; are polynomials with coefficients in k& (resp. f; are polynomials with
coefficients in k[¢]), & is a polynomial with coefficients in k, L is a polynomial of
degree <1 over Z, d € N, and ac(x) is the coefficient of lowest degree of x in
k((¢)) if x#0, and is equal to 0 otherwise. Here we use the convention that
00 +£¢ =00 and co =¢ modd, for all £ € Z. In particular, the algebraic (resp.
k[t]-algebraic) condition f(xi,...,x,) =0 is a semi-algebraic (resp. k[f]-semi-
algebraic) condition, for f a polynomial over k (resp. k[f]).

A subset of k(())" x Z' defined by a semi-algebraic (resp. k[f]-semi-algebraic)
condition is called semi-algebraic (resp. kl[t]-semi-algebraic). One defines similarly
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semi-algebraic and k[¢]-semi-algebraic subsets of K((¢))" x Z" for K an algebraically
closed field containing k.

A function o : k((1))" x Z" — Z is called simple (resp. k[f]-simple) if its graph is
semi-algebraic (resp. k[f]-semi-algebraic).

We will use in an essential way the following result on quantifier elimination due to
J. Pas [15].

THEOREM 1.5. If 0 is a semi-algebraic (resp. k[t]-semi-algebraic) condition, then
@Ax; € k(D) Ox1, ..., X L1, .., &)

is semi-algebraic (resp. k[t]-semi-algebraic). Furthermore, for any algebraically
closed field K containing k,

3x; € K1) O(x1, -« X3 €1y -5 £y)

is also semi-algebraic (resp. k[t]-semi-algebraic) and may be defined by the same
conditions (i.e. independently of K).

1.6. Let X be an algebraic variety over k. For x € £L(X), we denote by k, the residue
field of x on L(X), and by Xx the corresponding rational point
X € L(X)(ky) = X(k[[2]]). When there is no danger of confusion we will often write
x instead of X. A semi-algebraic family of semi-algebraic subsets (resp.
k[t]-semi-algebraic family of k{t]-semi-algebraic subsets) (for n = 0 a semi-algebraic
subset (resp. k[f]-semi-algebraic subset)) A,, £ € N, of £(X) is a family of subsets
Ay of L(X) such that there exists a covering of X by affine Zariski open sets U with

A, N L(U) = {x € L(UY | Oy (). . .. h(): 5)},

where /iy, . . ., h, are regular functions on U and 0 is a semi-algebraic condition (resp.
k[t]-semi-algebraic condition). Here the /;’s and 0 may depend on U and #;(X)
belongs to k.[[]].

Let 4 be a semi-algebraic subset (resp. k[¢]-semi-algebraic subset) of £(X). A func-
tiona: A x Z" — Z. U {oo} is called simple (resp. k[t]-simple) if the family of subsets
{x e L(X) | a(x, b1, ) = Lo}, (B1, .o 1) e N s a semi-algebraic family
of semi-algebraic subsets (resp. a k[f]-semi-algebraic family of k[f]-semi-algebraic
subsets) of L£(X).

We will use the following consequences of Theorem 1.5.

PROPOSITION 1.7. (1) If X and Y are algebraic varieties overk, f: L(X) — L(Y)is
a k[t]-morphism and A is a k[t]-semi-algebraic subset of L(X), then f(A) is a
k[t]-semi-algebraic subset of L(Y).

(2) If X is an algebraic variety over k and A is a k[{]-semi-algebraic subset of L(X),
then m,(A) is a constructible subset of L,(X).
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Proof. (1) is a direct consequence of Theorem 1.5. The proof of (2) is similar to the
proof of Proposition 2.3 in [8]. O

1.8. By replacing ¢ by ¢!/ in the definition, one defines similarly semi-algebraic (resp.
k[f]-semi-algebraic) subsets of £Y7(X).

1.9. We denote by M the Abelian group generated by symbols [S], for S a variety
over k, with the relations [S]=[S] if S and S are isomorphic and
[S]=[ST+[S\ ST if S is closed in S. There is a natural ring structure on M,
the product being induced by the Cartesian product of varieties, and to any con-
structible set S in some variety one naturally associates a class [S] in M. We denote
by Miee the localization My := M[L™!] with L := [A}(]. We denote by F" Mjq.
the subgroup generated by [S]L ™" with dim S — i < — m, and by M the completion
of M, with h respect to the filtration F°. We will also denote by F' the filtration
induced on M. We denote by M, the image of M, in M.

1.10. In fact, for technical reasons appearing in the proof of Lemma 3.4, we shall
need to consider the following quotient M, of M, which is defined by adding
the relation

[V/Gl =1Vl

for every vector space V' over k endowed with a linear action of a finite group G. We
shall still denote by L the class of the afﬁne line and, replacing M by M, one defines
similarly as above rings Mj,, and M /-

1.11. Let A4 be a k[t]-semi-algebraic subset of L(X). We call 4 weakly stable at level
ne N if 4 is a union of fibers of n,: L(X) — L,(X). We call 4 weakly stable if
it is stable at some level n. Note that weakly stable k[f]-semi-algebraic subsets form
a Boolean algebra. Let X, Y and F be algebraic varieties over k, and let A, resp.
B, be a constructible subset of X, resp. Y. We say that a map n: 4 — Bis a piecewise
morphism if there exists a finite partition of the domain of = into locally closed
subvarieties of X such that the restriction of n to any of these subvarieties is a
morphism of schemes. We say that a map n: A — B is a piecewise trivial fibration
with fiber F, if there exists a finite partition of B in subsets S which are locally closed
in Y such that n~!(S) is locally closed in X and isomorphic, as a variety over k, to
S x F, with =© corresponding under the isomorphism to the projection
S x F — S. We say that the map = is a piecewise trivial fibration over some con-
structible subset C of B, if the restriction of 7 to 7~ !(C) is a piecewise trivial fibration
onto C. One defines similarly the notion of a pievewise vector bundle of rank e.
Let X be an algebraic variety over k of pure dimension d (in particular we assume
that X is nonempty) and let 4 be a k[f]-semi-algebraic subset of L£L(X). We call 4
stable at level n € N, if A is weakly stable at level n and 7,,,11(£(X)) = 7,,(L(X))
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is a piecewise trivial fibration over =,,(4) with fiber Az for all m = n. We call 4 stable
if it stable at some level n.

LEMMA 1.12. Let X be an algebraic variety over k of pure dimension d, and let A be a
k[t]-semi-algebraic subset of L(X). There exists a reduced closed subscheme S of
X @ klt], with dimyy S <dimX, and a klt]-semi-algebraic family A; i€ N, of
k[t]-semi-algebraic subsets of A such that L(S)N A and the A;’s form a partition
of A, each A; is stable at some level n;, and

lim (dim 7, (A4;) — (n; + 1) d) = —o0.

Moreover, if o : L(X) — Zis a k[t]-simple function, we can choose the partition such
that o is constant on each A;.

Proof. The proof is literally the same as the one of Lemma 3.1 of [8], noticing
that Lemma 4.4 of [8] also holds for a closed subscheme S of X ® k[f] with
dimk[r]S <d. ]

Let X be an algebraic variety over k of pure dimension d. Denote by B’ the set of all
k[7]-semi-algebraic subsets of £(X), and by Bj the set of all 4 in B which are stable.
Clearly there is a unique additive measure [ Bj—> M), satisfying
(A) = [1,(A)] L™ D4 when A is stable at level n.

DEFINITION-PROPOSITION 1.13. Let X be an algebraic variety over k of pure
dimension d. Let B’ be the set of all k[¢]-semi-algebraic subsets of £(X). There exists
a unique map w: B’ — M satisfying the following three properties.

(1) If A € B’ is stable at level n, then u(A4) = [m,(A)]L~"+D9,

(2) If A € B'is contained in £(S) with S a reduced closed subscheme of X ® k[¢] with
dimypy S < dim X, then u(4) = 0.

(3) Let 4; bein B’ for each i in N. Assume that the 4,’s are mutually disjoint and that
A :=J;en 4i 1s k[f]-semi-algebraic. Then ),y u(4;) converges in M to wA).

Moreover we have:
4) If A and B are in B, 4 C B and if u(B) € F"M, then u(A) € F"M.

This unique map p is called the motivic measure on L(X) and is denoted by sy or .
For A4 in B" and a: A — Z U {00} a k[f]-simple function, one defines the motivic
integral

/ L7du:= )" wAno ()L™
A

neZ

in ﬂ, whenever the right-hand side converges in ﬂ, in which case we say that L™ is
integrable on A. If the function « is bounded from below, then L™ is integrable on 4,
because of (4).
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Proof. The proof of Definition—Proposition 3.2 of [8] generalizes to the present
case because Lemma 4.3 of [8] holds also for X a scheme of finite type over k[{]
(replacing ‘dimension’ by ‘relative dimension’), and because Lemma 2.4 of [8] holds
for ‘semi-algebraic’ replaced by ‘k[f]-semi-algebraic’ (cf. Lemma A.3 below), both
with identically the same proofs. Note that we have to replace Lemma 3.1 of [8]
by Lemma 1.12. O

1.14. Let h: L(Y) — L(X) be a k[f]-morphism with Y and X of pure dimension d.
Let y be a closed point of L(Y)\ L£(Ysn,) and denote by ¢ the corresponding
morphism ¢: Spec K[[7]] = Y, with K a field extension of k. We define an element
ord, J,(y) in NU {oc}, the order of the Jacobian of % at y, as follows. Consider
the K[[{]]-module M = (p*(Q‘Ii[) and set L := M ®qq K((7)). Here by Q¢ we mean
dth exterior power of the sheaf of differentials. The image M of M in the
K((1))-vector space L is a lattice of rank 1. One may also consider the image N
of the module (p*h*(Q§7(®k[,]lk[,]) in L. If N is nonzero, N = "M for some n in N
and one sets ord, J,(y) = n. When N =0, one sets ord,J,(y) = oco.

Similarly assume Y is irreducible and let o be an element in Q% ®; k(Y). Denote
by A the KJ[[f]]-submodule of L generated by ¢*(w). If A is nonzero, A = "M
for some n in Z and one sets ord,w(y) = n. When A = 0, one sets ord,w(y) = oo.

LEMMA 1.15. Let X and Y be k-varieties of pure dimension d and let
h: L(Y)— L(X) be a k[t]-morphism. Then the function y— ord,J,(y) is k[t]-simple
on L(Y)\ L(Ysing). Similarly, if Y is irreducible and o belongs to Q‘{, Qi k(Y),
the function y— ord,w(y) is k[t]-simple on L(Y)\ L(Ying).

Proof. Direct verification. O

Under the preceding assumptions, we extend the functions ord,J,(y) and ord;w(y)
by oo to a k[f]-simple function on L(Y).

THEOREM 1.16 (Change of variables formula). Let X and Y be algebraic varieties
over k, of pure dimension d. Let h: L(Y) — L(X) be a k[t]-morphism. Let A and
Bbe k[t]-semi-algebraic subsets of L(X) and L(Y), respectively. Assume that hinduces
a bijection between B and A. Then, for any k[t]-simple function o: A — Z U {o0} such
that L™ is integrable on A, we have

/L_ad,uz/L_mh_ord“j/’(y)d,u.
A B

Proof. By resolution of singularities we may assume that Y is smooth. If % is
induced by a proper birational morphism from Y to X, then Theorem 1.16 is a direct
consequence of Lemma 3.4 of [8]. In the general case it is a direct consequence of
Lemma 1.12 and the following Lemma 1.17. O
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For X a variety and e in N, we set
E(B)(X) = l:(X) \ nzl(LE(Xsing))'

We call a subset 4 of £(X) cylindrical at level nif 4 = n;!(C), with C a constructible
subset of £,(X). We say that 4 is cylindrical if it is cylindrical at some level n.

LEMMA 1.17. Let X and Y be algebraic varieties over k, of pure dimension d, with Y
smooth. Let h: L(Y) — L(X) be a k{[t]-morphism. Let B C L(Y) be cylindrical and put
A = h(B). Assume that ord,J (@) has constant value e < oo for all ¢ € B, and that
A C LX) for some ¢ in N. Then A is cylindrical. Morever, if the restriction of
h to B is injective, then, for n € N large enough, we have the following:

@) If ¢ and ¢' belong to B and m,(h(¢)) = m,(h(¢")), then m,_o(¢) = Tty—e(¢').
(b) The morphism hy,,: n,(B) — n,(A) induced by his a piecewise trivial fibration with
fiber Aj.

Proof. Let n in N be large enough. We may assume that B is cylindrical at level
n —e. That A4 is cylindrical at level n is an easy consequence of the following
assertion:

(@”) For all ¢ in B and x in £(X), with 7,(h(¢)) = m,(x), there exists y in £(Y) with
h(y) = x and n,_.(¢) = m,_.(y) (Whence y € B, since B is cylindrical at level
n—e).

The proof of (a”) is the same as the proof of assertion (a”) in Lemma 3.4 of [8].
(Note that with the notation of loc. cit. B is contained in A,,..) Assertion (a) is
a direct consequence of (a”), taking x = h(¢’) and using the injectivity of /jp. It
remains to prove (b). Because of (a), we may assume that X and Y are affine.
Let s: £,(X) — L(X) be a section of the projection 7,: L(X) — L,(X) such that
the restriction of m,., o s to m,(A4) is a piecewise morphism. The existence of such
a section has been shown in the proof of Lemma 3.4 of [8]. Since A4 is cylindrical
at level n, s(m,(A4)) is contained in 4. Let 0 be the mapping

0: n,(4)— B: xi—>h~ (s(x)).
We will prove the following assertion:
(¢) The map w, 00 : n,(A) — m,(B) is a piecewise morphism.

Using (¢), the proof of (b) is the same as in the proof of Lemma 3.4 in [8], except that
we have to replace the assertion that 0 in loc. cit. is a piecewise morphism by the
slightly weaker assertion (c) above.

It only remains to prove (c¢). Let x be in 7,(4) and y in 7,,(B). Using assertion (a) we
see that y = (m, o 0)(x) if and only if there exists y in n,.(B) such that y = x,(y) and
Ny ex(P) = Tpype(s(x)). Thus, the graph of the map 7, o 0 is constructible and assertion
(c) follows from the next lemma. O
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LEMMA 1.18. Let X and Y be algebraic varieties over k and let U and V be con-
structible subsets of X and Y respectively. If f: U — V is a map whose graph is
a constructible subset of X x Y, then f is a piecewise morphism.

Proof. Well known. O

Remark 1.19. All the material in this section (before 1.18) generalizes to ‘X and YV
algebraic varieties’ replaced by ‘X and Y separated reduced schemes of finite type
over k[f]’. In that case X, denotes the locus of points at which X is not smooth
over k[f], ‘dimension’ has to be replaced by ‘relative dimension over k[f]’, and in
1.17 one replaces the hypothesis ‘Y smooth’ by ‘Y ® k(f) smooth’. Moreover
one can also work with schemes over A[[7]] instead of over k[¢], replacing everywhere
k[t] by k[[z]]. The proofs remain essentially the same, but since this is not needed
in the present paper, we do not give details here.

2. Study at the Origin

2.1. Let d > 1 be an integer and let k be field of characteristic 0 containing all dth
roots of unity. Let G be a finite subgroup of GL, (k) of order d. We fix a primitive
dth root of unity ¢ in k. We denote by Conj(G) the set of conjugacy classes in
G. We let G act on A} and we consider the morphism of schemes
h X = Ajl— X = A}/G. We denote by 0 the origin in X and X. Let A be the closed
subvariety of X consisting of the closed points having a nontrivial stabilizer and
let A be its image in X (the discriminant). We denote by £(X)¢ (resp. £¢(X)%)
the complement of £(A) (resp. £/4(A)) in £(X) (resp. £/¢(X)), and define similarly
L(X)%, (resp. £/9(X)%,) when W is a subscheme of X (resp. X).

Let ¢ be a geometric point of L(X){. So ¢ is given by a morphism
¢: Spec K[[t]] - X with K an algebraically closed overfield of k. The generic point
of the image of ¢ is in X \ A and the special point is 0. We can lift ¢ to a morphism
¢ making the following diagram commutative:

Spec K[[14]] -2

X
J Jh (2.1.1)

Spec K[[{]] - X.
There is a unique element y in G such that

PEM =y (1M, (2.1.2)

If we change ¢ in the diagram (2.1.1), y will be replaced by a conjugate. If we denote
by E(X)‘g,y the set of ¢’s in £(X)§ such that there exists ¢ satisfying (2.1.2), we have
E(X)’é’}, = E(X)ﬁ’y, for y and 9" in the same conjugacy class, and we have a
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decomposition L(X)§ = [ [ L(X )g’y, for y running over a set of representatives of the
conjugacy classes.

For each y in G, choose a basis b, in which the matrix of y is diagonal, and denote
by &%, the diagonal coefficients, with 1 <e,; <d, 1 <i<n.

LEMMA 2.2. Let y be in G. A point $ in L4(X) projects to a point in E(X)g if and
only if it is in the G-orbit of a point in LY (X)¢ of the form

Py = (1), ..., 1, (1) (2.2.3)

in the basis b,.

Proof. It follows from (2.1.2) that a point of £/¢(X)* which projects to a point in
L(X )g is in the G-orbit of a point of the form (2.2.3). To conclude observe that,
in the basis b,, G-invariant polynomials are sums of monomials of the form
XX, Wlth d dividing ), _; ., €,.im. O

2.3. We consider the morphism of k[f]-schemes
A A? Mg X QK[ (xr, . X —h( g ),

where xi, ..., x, are the affine coordinates corresponding to the basis b,. This is
indeed a k[f]-morphism, since, in the basis b,, G-invariant polynomials are sums
of monomials of the form x7" - .- X, with d dividing >, _, ., ¢,.im;. The morphism

J induces a k[f]-morphism A L(A}) — L(X),. Note that Lemma 2.2 implies that

L, = J(LAD) N LX) (2.3.4)

PROPOSITION 2.4. For every y in G, ,C(X)gﬁ, is a k[t]-semi-algebraic subset of L(X).
Proof. This follows directly from (2.3.4) and Proposition 1.7 (1). O

2.5. Foryin G we denote by G, the centralizer of y in G. It follows from Theorem 1.5
that £(A})/G, is a semi- algebralc subset of L(A}/G,).

LEMMA 2.6. The morphism A is invariant under the action of G, on Ayyy. Moreover
the fibers ofi above L:(X) are G,-orbits.

Proof. The first assertlon is clear because the eigenspaces of y are invariant
subspaces under the action of G,. Next we prove the second assertion. Let
x=(x1,...,x,) and X' = (x}, ..., x},) be in a same fiber of 2. above £(X)g’7, and set

o ="xy, ..., 9,) and @ = (X, L e l4X)).

Then (2.1.2) holds for ¢, and also for ¢ replaced by ¢’. There exists ¢ in G such that
@' = a(p). Hence, (2.1.2) also holds for ¢ and y replaced by ¢(¢) = ¢’ and oyc~!
respectively. Thus ¢ = oyo~! and ¢ € G,. But the equality ¢(¢) = ¢’ implies that
a(x) = x. O
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By Lemma 2.6, / induces a morphism of k[f]-schemes

2 (AL/Gy) ® k[f]— X @ k[1].
The morphism /A induces a k[f]-morphism

A L(AL/G)—> L(X).

2.7. Considering L£(A})/G, as a (semi-algebraic) subset of £(A}/G,) we have by
(2.34) and Lemma 2.6 that A, induces a Dbijection between
L(A})/Gy N 2.1 (LX) and LX) .

3. Motivic Gorenstein Measure of Quotients

3.1. Let X be an irreducible normal algebraic variety over k& of dimension d and
assume X is Gorenstein with at most canonical singularities at each point. Hence,
there exists wy in Q4 ® k(X) generating Q% at each smooth point of X, and, since
X is canonical, div/i*(wy) is effective for any resolution 4: ¥ — X. So by pulling
back to Y and using the change of variables formula Lemma 3.4 of [8], we see that
Lo is integrable on £(X) (see 1.14 for the definition of ord,wy). Furthermore,
the function ord,wy does not depend on the choice of wy. Hence, one may define
the motivic Gorenstein measure pS°'(4) of a k[f]-semi-algebraic subset A4 of
L(X) as

’uGor(A) = AL—ord,(:)XdME(X)

o~

in M.

3.2. Letd = 1 be an integer and let k be field of characteristic 0 containing all dth
roots of unity. Let G be a finite subgroup of SL,(k) of order d. Set X = A}/G
and let iz A} — X be the projection. The variety X has only canonical Gorenstein
singularities and we can take wy in Q’}(/k ® k(X) such that i*(wy) = dx; A --- Adx,.

For yin G, recall the weight w(y) of y is defined as w(y) := >, ; <, ¢,.i/d, where the
e,;’sareasin2.1,ie. 1 <e,; <dand ¢ are the eigenvalues of y fori=1,...,n.
Note that w(y) € N\ {0}, since G C SL,(k).

LEMMA 3.3. For any y in G, we have
WONLOOR ) = L0 W88, o (L(AD/G,).

Proof. Let / be as in Section 2. Direct verification yields 1*(wy) = P Az/G,- The
lemma follows now from 2.7 and Theorem 1.16 (with 4 replaced by 4,). O
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A reason for considering the measure ,ug&ﬁ) instead of pip x) is givpn lzz the next
lemma. It is also at that place that it seems necessary to work in the ring M, instead
of just M.

LEMMA 3.4. The image of u3%,(L(A})/G) in M, is equal to 1.

Proof. Let M be a large integer. For e in N, we consider the subset A, 3 of L(A})
consisting of all points ¢ in £(A}) such that ord,J;(¢) = e and h((p) e LM(X). Note
that (ord,wy) o h = —ord,J}, because ord/i*(wy) = ord,(dx; A --- A dx,) = 0. Thus

M
HS(LAD/G) = 3" L g (r(Ae.an)) + R,
e=0

with limps_, 0 Ry = 0, since L™°"“x is integrable on £(X). By the first assertion of
Lemma 1.17 and by Lemma 3.5 below, for m in N large enough with respect to
M, we have for all e< M that h(A.p) is stable at level m and that

[ (WA pr))] = L™°[m0(Ae.2r)/ G). Hence
M

“(L}(O);)(E(AZ)/G) = Z [tm(Ae 1)/ Gl L Ry
e=0

= [ﬂm(Uefo ,,,,, mA,, M)/G] L hn + Ry
= [mm(LAYD)/GIL™ """ + R)

with limys_ o R}, = 0 (because of Lemma 4.4 of [§]). The lemma follows now, since
Tn(L(A}))/G is 1somorphlc to A(m“)"/G the G-action on A(mH)" being the diagonal
one, and the image of A(’"“)" /G in M, is is equal to L(’”“)" (it is here that we use
the fact that we work in /\/l , instead of M. O

LEMMA3.5. Let Y = A and X = A?¢ @/ G, with G a finite subgroup of GL4(k). Denote
by h: L(Y) = L(X) the natural projection. Let B C L(Y) be cylindrical and stable
under the G-action. Set A = h(B). Assume that ord,J,(¢) has constant value
e < oo for all ¢ € B, and that A C L)(X) for some ¢ in N. Then, for n € N large
enough, we have the following:

@ IfpeB ¢ eL(Y)andn,(h(p)) = n,(h(¢)), then m,_.(¢) and m,_.(¢’) have the
same image in L, .(Y)/G.

(b) The morphism h,,: ©,(B)/G — m,(A) induced by h may be endowed with the struc-
ture of a piecewise vector bundle of rank e.

©  [m(B)/G] = L [mu(A)].

Proof. Since assertion (a) is a direct consequence of assertion (a”) in the proof of
Lemma 1.17, taking x = h(¢’), and assertion (c) follows from (b), it remains to prove
(b).

By the first assertion in the statement of Lemma 1.17, 4 is cylindrical at level n,
taking n large enough. In order to prove (b), we may assume that n,(A4) is a locally
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closed subvariey of L£,(X). The inverse image of 7,(4) under the natural map
L,(Y))G — L,(X)is locally closed in £,(Y)/G and is equal to 7,(B)/G by assertion
(a) and the fact that B is cylindrical at level n — e, for n large enough. Hence,
7,(B)/G is a locally closed subvariety of £,(Y)/G, and n,(B) is a locally closed
subvariety of L£,(Y).

Next we prove the following assertion:

(d) The stabilizer of G acting on 7,_.(B) is trivial at every point of m,_.(B).

Let 0 € G\ {1} and set A, ={y € Y |a(y) = y}. Since ord,J; # oo on B, we have
BN L(A;) = ¥. Hence, B is contained in U,en(£(Y) \ 7, (Ln(A,))). Thus, since B
is cylindrical, Lemma A.3 implies that B is contained in £(Y)\ ©,(L,.,(A,)) when
m is large enough. This concludes the proof of assertion (d).

Our next step is to construct a section of the morphism 4,,: n,(B)/G — m,(A). Let
s: L,(X) — L(X) be a section of the projection 7,: L(X) — L,(X) such that the
restriction of m,, 05 to m,(A4) is a piecewise morphism. The existence of such a
section s has been shown in the proof of Lemma 1.17. Note that s(r,(A)) is contained
in A, since 7,(A4) is cylindrical at level n. Denote by 6 the map

0: m,(A)—B/G: xi—> h~'(s(x)) mod G,
and set
0 =f,00: n,(4)—mn,(B)/G: xi—> 0(x) mod ",

where 7,: B/G — m,(B)/G is the projection. Clearly 6 is a section of A,,. One proves
that 0 is a piecewise morphism by exactly the same argument as for assertion
(¢) in the proof of Lemma 1.17, replacing B, 7,(B), and 7,..(B) by their quotient
under the action of G.

By (d), the natural morphism p: 7,(B) — n,(B)/G is étale. We consider the fiber
product

717n(A) = Tcn(A) X7,(B)/G nn(B)'

The strategy of proof is to construct a G-equivariant morphism v: 7,(B) — m,
such that the following diagram is commutative,

1(B)/G — 1 (A)

8
,,] T (3.5.5)

,n_n(B) vvvvvvvv 7> m’

then to show it may be endowed with the structure of a piecewise vector bundle of
rank e, and finally to conclude by étale descent.

We first construct the mapping y. Let ¢ be a point in 7,,(B). It follows from (a) that
there exists a lifting @ in 7m,(B) of O(h.(p(p))) such that ¢ =@ mod "'~
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Furthermore, by (d), the lifting ¢ is uniquely determined by ¢. We set

@) == (hu(p()), @).

Clearly, the graph of y is constructible, hence, by Lemma 1.18, y is a piecewise
morphism. We shall show later that, as soon as 0 is gLn_grphism and 7,(B) is smooth,
y1s an actual morphism. Now take a point (a, @) in 7,(4). We have a = h,,.(p(¢)) and
¢ is a lifting of O(a). Hence, the conditions for a point ¢ to be in the fiber y~!(a, ) are
that ¢ = @ mod "*'~¢ and h(¢) = h(p) mod "+!. Rewriting the first condition as
¢ = @+ "', with a unique u in £,_;(AY), the fiber y~!(a, ) can be determined
by rewriting the condition

P+ "' u) = h(p) mod !

using the Taylor expansion of /& at ¢@. In this way, using again that »n is large enough
and that B is cylindrical at level n — e, we find that

v a, @) = {Fp + gt 4 e 7Y | Lo(uo, - tey) = 0},

where Lg(uo, ..., u.—1) =0 is a system of linear homogeneous equations whose
coefficients are regular functions of @ € £,(Y).

We refer to [8] 3.4 (3) for more details. Moreover, the solution space of this linear
system has dimension e, since the Jacobian matrix of 4 at any point in 7, (@) is
equivalent over K[[A] to a diagonal matrix with diagonal elements 7', 2, ...,
satisfying e = e; + e, + - - -, cf. [8] 3.4 (4).

In order to prove (b), we may assume that m,(A4) is a locally closed smooth
subvariety of £,(X) and that 0 is a morphism, provided that from now on we only
assume B is cylindrical at level n and that we do not anymore increase n, which
could destroy the property of 0 to be a morphism. When k = C, we see from
our previous discussion about y~!(a, ), that m,(B) is locally bianalytically
isomorphic to m,(A4) x C°. Hence, n,(B) is smooth for any k. Now let us prove that
y is a morphism. When k = C, it is easy to see that y is continuous, hence is a
morphism, since its domain is smooth and it is a piecewise morphism. Thus, by
the Lefschetz principle, it follows that y is a morphism, for any k. The fact that
it may be endowed with the structure of a vector bundle of rank e follows from
the above description of the fibers. Now by étale descent (Hilbert’s Theorem 90,
see, e.g., [14] p. 124), we deduce that /,, may be endowed with the structure of
a vector bundle of rank e. O

We can now prove the main result.
THEOREM 3.6. Let d > 1 be an integer and let k be field of characteristic 0 con-

taining all dth roots of unity. Let G be a finite subgroup of SL,(k) of order d, so
G acts on Aj. Consider the quotient X := A}/G.
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(1) Forany yin G, we have
ﬂGor(L(X)g,,) _ L—W("/)

in ﬁ/.
(2) The relation

IO N ED DI

[7]eConj(G)
holds in the ring ﬁ/, where Conj(G) denotes the set of conjugacy classes in G.

Proof. The first statement is a direct consequence of Lemmas 3.3 and 3.4 with G, X
replaced by G,, A;/G,. The second follows then, using the decomposition

L0 =] e,
and the fact that uS°T(L(X), \ L(X)§) = 0. ]

3.7. Keeping the above notations, we now assume that G is a finite subgroup of
GL,(k), instead of SL,(k). Notice that now the weight w(y) € Q of an element 7y
in G might not be integral and that wy might not exist. To remedy this we consider
the function oy: £(X) — QU {oo} which is defined by ax(¢) = —ord,;J,(¢p) for
any & in £(A}) with i(¢) = ¢. Clearly ay = ord,wy when G C SL, (k). We define
the motivic orbifold measure 11°®(A) of a k[f]-semi-algebraic subset 4 of £(X) as

) = [ L dgery € BV

Theorem 3.6 remains true for G € GL,(k) if we replace u®°" by u°™® and M ; by
M / [L'“]. Indeed the proofs remain basically the same, replacing ord,wy by ay.
At the same time one verifies that the integrals u°™®(A4) converge. At the level of
Hodge realization a similar result is contained in Section 7 of [6]. Indeed, with

the notation of loc. cit., H(u°"™(L(X))) = Ex(X, Ax; u, v).

3.8. More generally we may consider a smooth irreducible algebraic variety X
endowed with an effective action of a finite group G of order d. We assume the field
k contains all dth roots of unity. We shall also assume that every G-orbit is contained
in an affine open subset of X and we denote by X the quotient variety X /G. Using the
previous methods, it is possible to express u°™(L£(X)) in terms of weights associated
to the group action along the orbifold strata, similarly as in Section 7 of [6], cf. [13].

4. Chow Motives and Realizations

4.1. We denote by V; the category of smooth and projective k-schemes. For an
object X in V; and an integer d, we denote by 49(X) the Chow group of codimension
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d cycles with rational coefficients modulo rational equivalence. Objects of the
category CHMj of (rational) k-motives are triples (X, p, n) where X is in Vi, p
is an idempotent (i.e. p?>=p) in the ring of correspondences Corr’(X, X)
(= AY(X x X) when X is of pure dimension d), and » is an integer. If (X, p,n)
and (Y, ¢, m) are motives, then

Homcum, (X, p. n), (Y, ¢,m)) = g Corr™ (X, Y)p.

Here Corr’ (X, Y) is the group of correspondences of degree r from X to Y (which is
A" (X x Y) when X is of pure dimension d). Composition of morphisms is given
by composition of correspondences. The category CHM;, is additive, Q-linear,
and pseudo-Abelian, and there is a natural tensor product on CHM;. We denote
by & the functor h: V; - CHM, which sends an object X to A(X)=(X,id,0)
and a morphism f: ¥ — X to its graph in Corr’(X, ¥Y). We denote by L the
Lefschetz motive L = (Speck,id, —1). There is a canonical isomorphism
WP}) ~1®L.

Let Ko(CHMj) be the Grothendieck group of the pseudo-Abelian category
CHMy. It is also the Abelian group associated to the monoid of isomorphism classes
of k-motives with respect to the addition @. The tensor product on CHM} induces a
natural ring structure on Ko(CHMy). For m in Z, let F"Ky(CHM}) denote the
subgroup of Ko(CHMy) generated by A(S,f, i), with i —dim S > m. This gives a
filtration of the ring Ko(CHM) and we denote by IA(O(CHM/C) the completion of
Kyo(CHM,,) with respect to this filtration.

Gillet and Soulé [10] and Guillén and Navarro Aznar [11] proved the following
result.

THEOREM 4.2. Let k be a field of characteristic 0. There exists a unique map y,
which to any variety X over k associates y(X) in Ko(CHMy) such that

(1) If X is smooth and projective, y.(X) = [h(X)].
(2) If Y is a closed reduced subscheme in a variety X

2XNY) = 7 (X) = 2.(Y).

(3) If X is a variety, U and V are open reduced subschemes of X,
1(UUY) =7 (U)+ (V) = 1 UNT).

4) If X and Y are varieties
21X X Y) = 7,(X) 7.(Y).

Furthermore, y, is determined by conditions (1)—(2).

Hence, y,. induces a morphism of rings y.: M — Ko(CHM;) with y.(L) = L and
extends to a morphism %,.: M — Ko(CHMy).
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4.3. Recall that the Hodge polynomial of an algebraic variety S defined over a
subfield of C is the polynomial

H(S;u,v) = Zep"’(S) vl

P
with

e(S) ==Y (=) U(H(S. C)),

i=z0

where #74(H!(S, C)) denotes the rank of the (p, ¢)-Hodge component of the ith
cohomology group with compact supports. One defines similarly the Hodge poly-
nomial of Chow motives. It follows from a weight argument, cf. [8] and [9], that
the Hodge polynomial H factorizes (hence also the Euler Characteristic Eu) through
the image of Ko(CHMy) in Ko(CHMy).

4.4. The following proposition shows that the morphisms y, and %, factorize
through M, and M, respectively.

PROPOSITION 4.5. Let V be a finite dimensional vector space over k and let G be a
finite subgroup of GL(V). Then the following equality holds: y.(V/G) = y.(V).
Proof. We will use the functor /. of [11] which to a variety X over k associates an
object h.(X) of the homotopy category Ho(C’(CHMy)) of bounded complexes of
objects in CHMy, such that y.(X) is the Euler characteristic of 4.(X). Consider
the functor ©: CHM; — Ho(C’(CHM,)) which to an object M associates the
complex in Ho(C?(CHMy)) which is zero in nonzero degree and is equal to M
in degree 0. It follows from the identity 4(P}) ~ 1 @ L in CHM, and the definitions
that A.(V) is isomorphic to (LY™") in Ho(C*(CHMy)). By Corollary 5.3 of [1],
he(V/G) is a direct factor of h.(V) in Ho(C?*(CHMy)). The functor t being fully
faithful and L" being indecomposable, it follows that A.(V/G) is zero or equal to
7(LY™Y). Using a realization, for instance the Betti realization, one obtains that
he(V/G) = (L"), and the result follows. O

5. Relation with Resolution of Singularities and the McKay Correspondence

Let X be an algebraic variety over k of pure dimension d, and let i: ¥ — X be a
resolution of singularities of X. By this we mean Y is a smooth algebraic variety
over k, h is birational, proper and defined over k, and the exceptional locus E
of h has normal crossings, meaning that the k-irreducible components of E are
smooth and intersect transversally. Let us denote the k-irreducible components
of E by E;, ieJ. For I CJ, set E; =(),; E; and Ej} :EI\Uj¢1Ej- Assume
now X is Gorenstein with at most canonical singularities at each point and consider
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wy in Q‘i, ®x k(X) generating Q‘,{, at each smooth point of X. For iin /, we denote by
v; — 1 the length of Q‘{,/h*wx(’)y at the generic point of E;.

Let W be a closed subvariety of X. By Lemma 3.3 of [8] (cf. Proposition 6.3.2 of
[8]), the following formula holds in M:

KO g W) = L S 1 e o) [T *)
IcJ iel

Now we can specialize to the case where X = A} /G with G a finite subgroup of SL,,(k)
and W = {0}. Theorem 3.6 may now be rephrased as follows:

THEOREM 5.1. Let d = 1 be an integer and let k be field of characteristic 0 con-
taining all dth roots of unity. Let G be a finite subgroup of SL,(k) of order d. Let
h: Y — X be a resolution of X = A}/G. Then the following relation holds in M,:

LY [E; N A (0)] H]fj___ll S A -
iel

IcJ [y]eConj(G)

In particular, if the resolution /% is crepant, i.e. all the v;’s are equal to 1, we get as a
corollary the following form of the McKay correspondence (cf. [16]).

COROLLARY 5.2. Let h: Y — X be a crepant resolution of X = A}/G. Then the
Sfollowing relation holds in M,:

o)=Y Lo O
[7]eConj(G)

By passing to the Hodge realization, cf. 4.3, one obtains in particular the following
form of the McKay correspondence, which was conjectured by Reid in [16] and
proved by Batyrev in [6], see also [4,17].

COROLLARY 5.3. Let h: Y — X be a crepant resolution of X = A}/G. Then

HH'0) = Y @™ and Eu(h™(0))) = card Conj(G). O
[y]eConj(G)

Remark 5.4. Within the framework of 3.7, when 4 is of the form ny 1(W), one may
express u°"®(4) in terms of a resolution of X in a way completely similar to (x),

replacing the integers v; by rational numbers v} similarly defined with the help
of ay, cf. [13].

Appendix: Measurable Subsets of £(X)

Let X be an algebraic variety of pure dimension d over a field k of characteristic zero.
We develop here the theory of measurable subsets of £(X). When X is smooth, a
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measure theory for £(X) in the case of the Hodge realization has been considered by
Batyrev in [5].

A.1. We call a cylindrical subset 4 of L(X) stable at level n € N if A4 is cylindrical at
level n and 7,11 (L(X)) — 7,,(L(X)) is a piecewise trivial fibration over 7,,(4) with
fiber A¢ for all m > n. We call 4 stable if it is stable at some level n.

Denote by Cy the family of stable cylindrical subsets of £(X) and by C the Boolean
algebra of cylindrical subsets of £(X). Since there might exist cylindrical subsets of
L(X) which are not semi-algebraic, we cannot apply the motivic measure y of Section
1 to elements of C or Cy. Some precautions are necessary.

A.2. Clearly there exists a unique additive measure i : Co—> M, satisfying
i(A) = [r(A] L
when 4 € Cy is stable at level n. For 4 in C, we define

w(A) = lim ji(4 N £9X)) € M.

Indeed, 4 N LX) s stable by Lemma 4.1 of [8], and the limit exists in M by Lemma
4.4 of loc. cit. Moreover if 4 € Cy then u(A) is the image in M of i(A). Clearly u is
additive on C, and even o¢-additive because of the following lemma, which first
appeared in [8] Lemma 2.4 for weakly stable semi-algebraic subsets, with a proof

which actually holds also for cylindrical subsets. A different proof is given in
Theorem 6.6 of [5].

LEMMA A.3. Let A;, i € N, be a family of cylindrical subsets of L(X). Suppose that
A = UjenA; is cylindrical. Then A equals the union of a finite number of the A;’s.

A.4. We consider on M the norm [| - || defined by
I-11: M—Rso  ar—>lla] :=27",

where 7 is the largest n such that a € F'M.
For all a, b in M, we have ||ab|| < ||a]| ||b]] and ||a + b]| < max (||a||, ||b]]).
Note also that, for all 4, B in C, we have

[|u(A U B)|| < max (||u(A)|], [|(B)]])

and ||u(A)l| < [lu(B)|| when 4 C B.
For 4 and B subsets of the same set, we use the notation AAB for AU B\ AN B.

DEFINITION A.5. We say that a subset 4 of L(X) is measurable if, for every
positive real number ¢, there exists a sequence of cylindrical subsets A4;(¢), i € N,
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such that

(4840)) < | 40),

i>1

and ||u(A4;(e))|| < eforalli > 1. We say that A is strongly measurable if moreover we
can take Ay(e) C 4.

THEOREM A.6. If A is a measurable subset of L(X), then

() = lim p(Ao(e))

exists in M and is independent of the choice of the sequences A;(¢), i € N.
Proof. This is proved in exactly the same way as Theorem 6.18 of [5] using Lemma
A3. OJ

For A a measurable subset of £(X), we shall call u(A4) the motivic measure of A.

One should remark that obviously any cylindrical subset of L£(X) is strongly
measurable and that the measurable subsets of £(X) form a Boolean algebra. Note
also that if A4;, ie N, is a sequence of measurable subsets of L(X) with
lim;_, o [|u(4;)]] = 0, then U;cn4; 1s measurable.

Since Lemma 4.4 of [8] also holds for a closed subscheme S of X ® k[f] with
dimy(yS < d, we see that, for such an S, the subset £(S) of £(X) is a measurable
subset of L(X) of measure 0. Using Lemma 1.12, it follows that any
k[t]-semi-algebraic subset of L(X) is strongly measurable, with the same measure
as in Section 1.

For a measurable subset 4 of £(X) and a function a: 4 — Z U {oo}, we say that
L™ is integrable ot that « is exponentially integrable if the fibers of o are measurable
and if the motivic integral

—o I -1 —n
/AL du = ZM(A Nao™ ' (n)L

neZ

converges in M.

PROPOSITION A.7. (i) Let A4;, i € N, be a family of measurable subsets of L(X).
Assume the sets A; are mutually disjoint and that A = U;enA; is measurable. Then
D ien H(A4;) converges in M to w(A).
(i1) If A and B are measurable subsets of L(X) and if A C B, then ||u(A)|| < ||u(B)||.
Proof. Straightforward exercise, using Lemma A.3. O

THEOREM A.8. Let X and Y be algebraic varieties over k of pure dimension d, and

let h: L(Y) — L(X) be a k[f]-morphism. If B C L(Y) is measurable, resp. strongly
measurable, then h(B) C L(X) is also measurable, resp. strongly measurable.
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Proof. We may assume that Y is irreducible. Set

A= L(Yng) U (LXan) U [ € £(Y) | 0rd T4(0) = o0}

We may assume there exists a closed subscheme S of Y ® k[f] with dimyyS < d such
that A is contained in £(S), because otherwise 4(L(Y)) and /#(B) have measure zero.
Since B is measurable and A is contained in cylindrical subsets C of L(Y) with
[|lu(C)|| arbitrary small, we see that, for every ¢ > 0, there exists cylindrical subsets
Bi(e), ieN, of L(Y), such that By(e) NA=@, BABy(e) C U;>1Bi(¢), and
[lu(Bi(e))]| < ¢ for all i = 1. Moreover, when B is strongly measurable we can take
By(¢) € B. Hence, h(B)Ah(By(e)) C U; > 1A(B;(¢)). This implies the theorem, since
by Lemma A.9 below, A(By(¢)) is cylindrical and, for i > 1, h(B;(¢)) is contained
in a cylindrical subset A;(g) of £(X) with ||u(A4;(e))|| < max (||u(Bi(e))l], &) < &.

LEMMA A.9. Let X and Y be algebraic varieties over k, of pure dimension d, and let
h: L(Y) — L(X) be a k[t]-morphism. Let B be a cylindrical subset of L(Y). Then the
following holds:

(@) For every ¢ >0 h(B) is contained in a cylindrical subset A of L(X) with
u(AIl < max ([[u(B)]], &)

(b) Assume BN L(Ysing) =0, h(B) N L(Xsing) = B and ord, J(y) is nowhere equal to
oo on B. Then h(B) is cylindrical.

Proof. (a) First assume that ||u(B)|| = 0. Then, since B is cylindrical, we have
B C L(Ysing) and A(B) is contained in some L£(S), with S a closed subscheme of
X @ k[f], with dimyS < d. This yields assertion (a) when [[u(B)|| =0. Now
suppose that |[|u(B)|| #0. Take e in N large enough to insure that
i (L(X )\ LX) < ey (B)ll. We may assume that i(B) is contained in
L¥(X). Now we choose n > e large enough with respect to ¢ to insure that B is
cylindrical at level n and that £©(Y) and £©(X) are cylindrically stable at level
n. Set A :=r,!(n,(h(B))) and note that 4 is cylindrical at level n, since m,(h(B))
is constructible. Moreover, 4 is contained in £©(X), since i(B) is contained in
L¥(X) and n > e. Hence, A4 is cylindrically stable at level n. Thus

1W(A) = [m(hB)IL™"Hand  [|u(A)|| < 27 HDEFdimm(B), (A9.1)

Since ||u(B)|| # 0, we have, for e large enough and for n large enough with respect to
e, that

dim(nn(B n c@(Y))) > dim (nn(c(Y) \ ﬁ(g)(Y))),

and hence ||u(B)|| = 2~ (+Dd+dimm(B) Together with (A.9.1), this yields assertion (a).

(b) Using resolution of singularities, we may assume that Y is smooth. By Lemma
A.3, there exists ¢ in N such that B is contained in 4#~'(£“)(X)) and ord,J, is
bounded on B. Assertion (b) follows now from the first part of Lemma 1.17. []
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THEOREM A.10 (Change of variables formula). Let X and Y be algebraic varieties
over k, of pure dimensiond. Let h: L(Y) — L(X) be a k[t]-morphism and let A and B be
strongly measurable subsets of L(X) and L(Y), respectively. Assume that h induces a
bijection between B and A. Then, for any exponentially integrable function
o A— ZU{oo}, the function B— ZU{o}: yi— a(h(y))+ord, Tp(y) is
exponentially integrable and

/Lfo(d‘u:/Lfocohford[jh(y)d’u.
A B

Proof. Reasoning as in the proof of Theorem A.8, we reduce to the case where B is
cylindrical and satisfies BN A = (4, with

A= £(Yng) UK (£Xing)) U [ € £(Y) | 01d, T1(3) = o0}.

For this reduction we use the assumption that B is strongly measurable to insure that
the cylinder By(¢) in A.8 is contained in B, so that the restriction of /& to By(g) is
injective. Next we can reduce to the case where Y is smooth, using resolution of
singularities. Since BN A =, it follows from Lemma A.3 that there exists ¢’ in
N such that B is contained in A~ '(£¢’(X)) and that ord,, is bounded on B. Thus
we may as well assume that ord,J, has constant value e on B and the theorem follows
now from Lemma 1.17 (b). O
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