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Constrained Approximation with Jacobi
Weights

Kirill Kopotun, Dany Leviatan, and Igor Shevchuk

Abstract. In this paper, we prove that for ℓ = 1 or 2 the rate of best ℓ-monotone polynomial approx-
imation in the Lp norm (1 ≤ p ≤ ∞) weighted by the Jacobi weight wα ,β(x) ∶= (1 + x)α(1 − x)β
with α, β > −1/p if p <∞, or α, β ≥ 0 if p =∞, is bounded by an appropriate (ℓ + 1)-st modulus of
smoothness with the same weight, and that this rate cannot be bounded by the (ℓ+2)-ndmodulus.
Related results on constrained weighted spline approximation and applications of our estimates are
also given.

1 Introduction and Main Results

One of the central topics inApproximation _eory is the investigation of the connec-
tion between the ratewithwhich a function can be approximated and the smoothness
of this function. _e goal is to prove direct and matching inverse estimates in terms
of the right measure of smoothness. In other words, one strives to obtain results of
the following type: “a function can be approximatedwith a given order if and only if it
belongs to a certain smoothness class”. In order to describe these smoothness classes,
one usually needs to introduce appropriatemoduli of smoothness that correspond to
the way approximation orders aremeasured. For example, in the case of approxima-
tion by algebraic polynomials, if orders of approximation of f are given using the Lp
norms, then one canmeasure smoothness of f using either the Ivanov or the Ditzian-
Totik moduli (we refer the reader to [4] for further discussion of recent developments
in this area).
Corresponding problems for weighted polynomial approximation aremuch more

complicated, especially if theweight has zeros and/or singularities inside (−1, 1). One
cannot simply replace the usual Lp norm ∥ ⋅ ∥p by a corresponding weighted norm
∥ ⋅ ∥w ,p everywhere, and there is a need to modify the deûnition of the moduli of
smoothness near zeros/singularities of theweight (see, e.g., [1,2,12] and the references
therein for further details). Even the case for the classical Jacobiweights that have ze-
ros/singularities “only” at the endpoints of [−1, 1] is rather involved, and requires a
modiûcation of the deûnition of themoduli.
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In this paper,we are interested inweighted approximationwith Jacobiweights that
is not only exact in the above-described sense but also preserves the shape of the func-
tions being approximated. It is usually referred to as shape preserving or constrained
approximation. Constrained approximation without weights has been relatively well
studied in recent years (see, e.g., our survey paper [10] for details). At the same time,
we are not aware of any results on weighted polynomial approximation with con-
straints on a ûnite interval (with Jacobi or any other weights), and the purpose of
this paper is to obtain the ûrst result of this type. We prove Jackson type estimates
in the Lp , 1 ≤ p ≤ ∞, norm weighted by the Jacobi weights in terms of the “correct”
moduli of smoothness (i.e., those moduli that yield matching direct and inverse es-
timates) in the case of monotone and convex polynomial approximation, and state
several applications of our results. Some of the results may be had (with appropri-
ate modiûcations) also for 0 < p < 1, but we have limited ourselves to 1 ≤ p ≤ ∞
in order to avoid complicated technicalities. Moreover, we have not considered the
ℓ-monotone approximation with ℓ ≥ 3 in this paper, since this type of approximation
is rather involved even in the unweighted case (see, e.g., [10] for additional discus-
sion). Furthermore, it is a natural questionwhether analogs of our results are valid in
the case of approximation with more general doubling weights. However, this seems
to be a rather complicated question, since the presence of internal zeros and singu-
larities causes diõculties even in the case of approximation without any constraints
(see [8, 9], for example). Still, we hope that the techniques developed in this paper
and their modiûcations can be used to tacklemore general problems on constrained
weighted approximation in the future.

In order to continue our discussion,we need to introduce some notation and recall
several deûnitions.
As usual, for ameasurable f ∶ [−1, 1]↦ R and an interval I ⊆ [−1, 1], let

∥ f ∥Lp(I) ∶= (∫
I
∣ f (x)∣pdx)

1/p
, p <∞, and ∥ f ∥L∞(I) ∶= ess supx∈I ∣ f (x)∣.

For a weight function w, we also let

Lw ,p(I) ∶= { f ∣ ∥w f ∥Lp(I) <∞} ,

and, for f ∈ Lw ,p(I), let

En( f , I)w ,p ∶= inf
pn∈Πn

∥w( f − pn)∥Lp(I)

be the degree of weighted approximation by polynomials in Πn , the set of algebraic
polynomials of degree < n. For I = [−1, 1], it is convenient to use the notation ∥ f ∥p ∶=
∥ f ∥Lp[−1,1], Lw ,p ∶= Lw ,p[−1, 1] and En( f )w ,p ∶= En( f , [−1, 1])w ,p .

Let

∆k
h( f , x , [a, b]) ∶=

⎧⎪⎪⎨⎪⎪⎩

∑k
i=0 (k

i)(−1)
k−i f (x − kh/2 + ih) if x ± kh/2 ∈ [a, b],

0 otherwise,

be the k-th symmetric diòerence, ∆k
h( f , x) ∶= ∆k

h( f , x , [−1, 1]), and let
Ð→
∆ k

h( f , x) ∶= ∆k
h( f , x + kh/2) and

←Ð
∆ k

h( f , x) ∶= ∆k
h( f , x − kh/2)
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be the forward and backward k-th diòerences, respectively. _en the usual k-thmod-
ulus of smoothness of f ∈ Lp(I) on an interval I is deûned as

ωk( f , δ, I)p ∶= sup
0<h≤δ

∥∆k
h( f , ⋅ , I)∥Lp(I)

.

Now, let

wα ,β(x) ∶= (1 + x)α(1 − x)β , α, β ∈ Jp ∶=
⎧⎪⎪⎨⎪⎪⎩

(−1/p,∞) if p <∞,
[0,∞) if p =∞,

be the Jacobi weights, and denote Lα ,βp ∶= Lwα ,β ,p .
_e main part weighted modulus of smoothness (with Jacobi weights) is deûned

as

Ωk
ϕ( f ,A, δ)wα ,β ,p ∶=

sup
0<h≤δ

∥wα ,β( ⋅ )∆k
hϕ( ⋅ )( f , ⋅ , [−1 + Ah2 , 1 − Ah2])∥

Lp[−1+Ah2 ,1−Ah2
]

,

where A is a positive constant and ϕ(x) ∶=
√

1 − x2.
Following [1, 12] (see also [5, Chapter 11]), we deûne

ω⋆k
ϕ ( f ,A, δ)wα ,β ,p ∶= Ωk

ϕ( f ,A, δ)wα ,β ,p + Ek( f , [−1,−1 + 2Aδ2])wα ,β ,p

+ Ek( f , [1 − 2Aδ2 , 1])wα ,β ,p
,

and note that ω⋆k
ϕ ( f ,A, δ)wα ,β ,p is bounded for all f ∈ Lα ,βp with α, β ∈ Jp .

If 1 ≤ p ≤∞, it is possible to show (see [9, Corollary 11.1] for 1 ≤ p <∞, if p =∞,
the proof is analogous) that

(1.1) ω⋆k
ϕ ( f ,A1 , δ1)wα ,β ,p ∼ ω⋆k

ϕ ( f ,A2 , δ2)wα ,β ,p if A1 ∼ A2 and δ1 ∼ δ2 ,

where byA ∼ Bwemean that there exist constants 0 < c1 ≤ c2 such that c1A ≤ B ≤ c2A.
Here and in the sequel, the equivalence constants as well as the constants c, in

general, depend on α, β, p and the order of themoduli. Constants c may be diòerent
on diòerent occurrences even when they appear in the same line.

_e weighted Ditzian–Totik (DT) modulus of smoothness (see [5, (8.1.2), (8.2.10)
and Appendix B]) is deûned as

ωk
ϕ( f ,A, δ)wα ,β ,p ∶= Ωk

ϕ( f ,A, δ)wα ,β ,p +
Ð→
Ω k

ϕ( f ,A, δ)w ,p +
←Ð
Ω k

ϕ( f ,A, δ)w ,p ,

where
Ð→
Ω k

ϕ( f ,A, δ)wα ,β ,p ∶= sup
0<h≤2Aδ2

∥wα ,β
Ð→
∆ k

h( f )∥Lp[−1,−1+2Aδ2]

and
←Ð
Ω k

ϕ( f ,A, δ)wα ,β ,p ∶= sup
0<h≤2Aδ2

∥wα ,β
←Ð
∆ k

h( f )∥Lp[1−2Aδ2 ,1]
,
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where
Ð→
∆ k

h( f ) ∶=
Ð→
∆ k

h( f , ⋅ ) and
←Ð
∆ k

h( f ) ∶=
←Ð
∆ k

h( f , ⋅ ). If w ≡ 1, then ωk
ϕ( f ,A, δ)1,p is

equivalent to the usual DT modulus

ωk
ϕ( f , δ)p ∶= sup

0<h≤δ
∥∆k

hϕ( f )∥p ,

where ∆k
hϕ( f ) ∶= ∆k

hϕ( ⋅ )( f , ⋅ ).
We note that the moduli ωk

ϕ( f , δ)wα ,β ,p are usually deûned with the restriction
α, β ≥ 0 for all p ≤ ∞ and not just for p = ∞. _e reason for this is that if α < 0 or
β < 0, then there are functions f in Lα ,βp for which ωk

ϕ( f , δ)wα ,β ,p = ∞ (see, e.g., [7]
for more discussion).
At the same time, if α, β ≥ 0, then for all f ∈ Lα ,βp , 1 ≤ p ≤ ∞, ωk

ϕ( f ,A, δ)wα ,β ,p
and ω⋆k

ϕ ( f ,A, δ)wα ,β ,p are equivalent. Namely, the following can be proved using the
samemethod as in [2,_eorem 2.1 and Proposition 4.2].

Lemma 1.1 If k ∈ N, A > 0, α, β ≥ 0 and f ∈ Lα ,βp , 1 ≤ p ≤∞, then there exists δ0 > 0
such that

ωk
ϕ( f ,A, δ)wα ,β ,p ∼ ω⋆k

ϕ ( f ,A, δ)wα ,β ,p
for all 0 < δ ≤ δ0.

_e next theorem follows from [1,_eorem 3.1] (see also [12,_eorem 1.4] in the
case where p =∞ and [9,_eorems 5.2 and 9.1] if 1 ≤ p <∞).

_eorem 1.2 Let 1 ≤ p ≤∞, α, β ∈ Jp , k ∈ N, A > 0 and f ∈ Lα ,βp . _en

En( f )wα ,β ,p ≤ cω⋆k
ϕ ( f ,A, n−1)wα ,β ,p

and

ω⋆k
ϕ ( f ,A, n−1)wα ,β ,p ≤ cn−k

n

∑
i=1

ik−1E i( f )wα ,β ,p ,

where constants c depend only on k, p, α, β, and A.

Remark 1.3 With the moduli ωk
ϕ instead of ω⋆k

ϕ and α, β ≥ 0, _eorem 1.2 was
proved in [11,_eorem 4].

Corollary 1.4 Let 1 ≤ p ≤ ∞, α, β ∈ Jp , k ∈ N, A > 0, and f ∈ Lα ,βp . _en for
0 < γ < k,

En( f )wα ,β ,p = O(n−γ) ⇐⇒ ω⋆k
ϕ ( f ,A, δ)wα ,β ,p = O(δγ), δ > 0.

Denote by ∆ℓ the set of all ℓ-monotone functions on (−1, 1) (i.e., f ∈ ∆ℓ if its
ℓ-th order divided diòerence [t1 , . . . , tℓ ; f ] ≥ 0, for all collection of distinct points
(t i)ℓi=1 ⊂ (−1, 1)), where we view f as a representative of its class deûned pointwise.
Recall that [t1; f ] ∶= f (t1) and for ℓ ≥ 2,

[t1 , . . . , tℓ ; f ] ∶= ([t1 , . . . , tℓ−1; f ] − [t2 , . . . , tℓ ; f ])/(t1 − tℓ).
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In particular, note that ∆1 and ∆2 are the cones of all monotone and convex func-
tions on (−1, 1), respectively. We also let

E(ℓ)
n ( f , I)w ,p ∶= inf

pn∈Πn∩∆ℓ
∥w( f − pn)∥Lp(I) , E(ℓ)

n ( f )w ,p ∶= E(ℓ)
n ( f , [−1, 1])w ,p .

_e following theorem is themain result in this paper.

_eorem 1.5 Let ℓ = 1 or ℓ = 2, 1 ≤ p ≤ ∞, A > 0, α, β ∈ Jp , and let f ∈ Lα ,βp ∩ ∆ℓ .
_en

(1.2) E(ℓ)
n ( f )wα ,β ,p ≤ cω

⋆(ℓ+1)
ϕ ( f ,A, n−1)wα ,β ,p , for all n ≥ ℓ + 1.

Remark 1.6 Using exactly the same proof as in [13], the fact that all norms in û-
nite dimensional spaces are equivalent (and so, for example, ∥P∥∞ ∼ ∥wα ,βP∥∞ ∼
∥wα ,βP∥p with equivalence constants depending on n, α, β and p), and the estimate

ω⋆k
ϕ ( f ,A, t)wα ,β ,p ≤ c∥wα ,β f ∥p ,

for k ∈ N and A, t > 0, it is possible to show that the estimate (1.2) is exact in the sense
that ω⋆(ℓ+1)

ϕ in (1.2) cannot be replaced by ω⋆k
ϕ with k ≥ ℓ + 2.

Remark 1.7 It suõces to prove_eorem 1.5 for suõciently large n, since for small
n, it immediately follows from the observation that for f ∈ Lα ,βp ∩ ∆ℓ , ℓ = 1 or ℓ = 2,
E(ℓ)
ℓ+1( f )wα ,β ,p = Eℓ+1( f )wα ,β ,p .

Corollary 1.8 Let ℓ = 1 or ℓ = 2, 1 ≤ p ≤ ∞, A > 0, α, β ≥ 0, and let f ∈ Lα ,βp ∩ ∆ℓ .
_en

(1.3) E(ℓ)
n ( f )wα ,β ,p ≤ cωℓ+1

ϕ ( f ,A, n−1)wα ,β ,p , for all n ≥ ℓ + 1.

Corollary 1.8 immediately follows from_eorem 1.5 and Lemma 1.1 for suõciently
large n (i.e., n ≥ 1/δ0). If ℓ + 1 ≤ n ≤ ⌊1/δ0⌋ =∶ n0, then n−1 ∼ (n0 + 1)−1 < δ0, and
using (1.1), Lemma 1.1, andmonotonicity of ωℓ+1

ϕ ( f ,A, t)wα ,β ,p in t, we have

E(ℓ)
n ( f )wα ,β ,p ≤ cω

⋆(ℓ+1)
ϕ ( f ,A, n−1)wα ,β ,p ≤ cω

⋆(ℓ+1)
ϕ ( f ,A, (n0 + 1)−1)

wα ,β ,p

≤ cωℓ+1
ϕ ( f ,A, (n0 + 1)−1)

wα ,β ,p
≤ cωℓ+1

ϕ ( f ,A, n−1)wα ,β ,p ,

and so (1.3) is also veriûed for “small” n.
_eorems 1.2 and 1.5 imply the following result.

Corollary 1.9 Let ℓ = 1 or ℓ = 2, 1 ≤ p ≤ ∞, A > 0, α, β ∈ Jp , and f ∈ Lα ,βp ∩ ∆ℓ .
_en for 0 < γ < ℓ + 1, we have

E(ℓ)
n ( f )wα ,β ,p = O(n−γ) ⇐⇒ ω⋆(ℓ+1)

ϕ ( f ,A, δ)wα ,β ,p = O(δγ), δ > 0.

Finally, we note that one additional application of our results is given in Section 7.
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2 Auxiliary Results

Let x j ∶= cos( jπ/n), 0 ≤ j ≤ n, denote the Chebyshev nodes. We also put x j ∶= 1, j < 0
and x j ∶= −1, j > n, and denote I j ∶= [x j , x j−1], −∞ < j < ∞ and ∣I∣ ∶= meas(I). For
ν ∈ N0, it is convenient to deûne

I(ν)j ∶= [x j+ν , x j−1−ν] =
j+ν

⋃
i= j−ν

I i .

Note that I j = I(0)j . Finally, deûne

ψ j(x) ∶=
∣I j ∣

∣x − x j ∣ + ∣I j ∣
, 1 ≤ j ≤ n.

_e following lemmawas essentially proved in [6] (see [6, Proposition 2, Lemmas 1
and 2, and estimates (59)]).

Lemma 2.1 Let n ∈ N, 1 ≤ j ≤ n − 1, and let µ ∈ N, µ ≥ 10. _en there exist constants
c0 and c, depending only on µ, and polynomials σ j , δ j , δ j , R j , and R j of degree ≤ c0n
such that, for all x ∈ [−1, 1],

(2.1)

∣ (x − x j)+ − δ j(x)∣ ≤ c∣I j ∣ψµ
j (x), ∣ (x − x j)+ − δ j(x)∣ ≤ c∣I j ∣ψµ

j (x),
∣ (x − x j)+ − σ j(x)∣ ≤ c∣I j ∣ψµ

j (x), ∣ (x − x j)2
+
− R j(x)∣ ≤ c∣I j ∣2ψµ

j (x),
∣ (x − x j)2

+
− R j(x)∣ ≤ c∣I j ∣2ψµ

j (x), ∣ χ j(x) − δ′j(x)∣ ≤ cψ
µ
j (x),

∣ χ j(x) − δ
′

j(x)∣ ≤ cψ
µ
j (x), ∣ χ j(x)+ − σ ′j(x)∣ ≤ cψ

µ
j (x),

∣2(x − x j)+ − R′j(x)∣ ≤ c∣I j ∣ψ
µ
j (x), ∣2(x − x j)+ − R

′

j(x)∣ ≤ c∣I j ∣ψ
µ
j (x),

and

(2.2)

σ ′′j (x) ≥ 0, −δ′j(x) ≥ −χ j+1(x), δ
′

j(x) ≥ χ j−1(x),
(x j−1 − x j)σ ′′j (x) − R′′j (x) ≥ −2χ j(x),

(x j − x j+1)σ ′′j (x) + R
′′

j (x) ≥ 2χ j(x),

where χ j(x) ∶= χ[x j ,1](x) is the characteristic function of [x j , 1] and (x − x j)k
+
∶=

(x − x j)k χ[x j ,1](x).

_e following “restricted averagedmain part modulus” (thatwe state here only for
the Jacobi weights) was deûned in [9]:

Ω̃k
ϕ( f , δ)Lp(S),wα ,β ∶= ( 1

δ ∫
δ

0
∫

S
∣wα ,β(x)∆k

hϕ(x)( f , x , S)∣
p
dxdh)

1/p
,

where S ⊂ [−1, 1] is independent of h.
It is convenient to denote

IA,δ ∶= [−1 + Aδ2 , 1 − Aδ2].
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_e following lemma immediately follows from [9, Lemma 4.2] (with θ = 1) taking
into account that

Ω̃k
ϕ( f , δ)Lp(IA,δ),wα ,β ≤ Ωk

ϕ( f ,A, δ)wα ,β ,p

and ωk( f , ∣J∣, J)p ∼ Ek( f , J)1,p =∶ Ek( f , J)p , for f ∈ Lp(J).

Lemma 2.2 Let 1 ≤ p <∞, α, β ∈ Jp , f ∈ Lα ,βp , n, k ∈ N, and let A > 0 be arbitrary.
Denote

(2.3) I∗ ∶= {1 ≤ i ≤ n ∣ I i ⊂ IA,1/n},

and suppose that for each i ∈ I∗, the interval Î i is such that I i ⊂ Î i ⊂ IA,1/n and ∣̂I i ∣ ≤
c0∣I i ∣. _en

∑
i∈I∗

[wα ,β(x i)Ek( f , Î i)p]
p ≤ cΩk

ϕ( f ,A, 1/n)
p
wα ,β ,p ,

where the constant c depends only on k, α, β, p, c0, and A.

An analog of this lemma is also valid in the case p = ∞, and its proof is straight-
forward.

Lemma 2.3 Let α, β ≥ 0, f ∈ Lα ,β∞ , n, k ∈ N, and let A > 0 be arbitrary. Suppose that
for each i ∈ I∗ (with I∗ deûned in (2.3)), the interval Î i is such that I i ⊂ Î i ⊂ IA,1/n and
∣̂I i ∣ ≤ c0∣I i ∣. _en

sup
i∈I∗

wα ,β(x i)Ek( f , Î i)∞ ≤ cΩk
ϕ( f ,A, 1/n)wα ,β ,∞ ,

where the constant c depends only on k, α, β, c0, and A.

Corollary 2.4 Let 1 ≤ p ≤∞, A > 0, α, β ∈ Jp , f ∈ Lα ,βp , k ∈ N, and ν ∈ N0. _en for
each n ∈ N, we have

sup
1≤i≤n

Ek( f , I(ν)i )wα ,β ,∞ ≤ cω⋆k
ϕ ( f ,A, 1/n)wα ,β ,∞ , if p =∞,

n

∑
i=1
Ek( f , I(ν)i )p

wα ,β ,p ≤ cω
⋆k
ϕ ( f ,A, 1/n)p

wα ,β ,p , if p <∞,

where the constants c depend only on k, A, α, β, p and ν.

Proof In the case p < ∞, since [xn−1 , x1] ⊂ IB ,1/n if B ≤ B0 ∶= 2, and [x2ν+1 , 1] ⊂
[1− 2C/n2 , 1] and [−1, xn−2ν−1] ⊂ [−1,−1+ 2C/n2] if C ≥ C0 ∶= 16(ν + 1)2, and taking
into account that the sets {1, . . . , ν + 1} and {n − ν, . . . , n} may have a non-empty
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intersection, we have by Lemma 2.2,
n

∑
i=1
Ek( f , I(ν)i )p

wα ,β ,p

≤ (
ν+1

∑
i=1
+

n−ν−1

∑
i=ν+2

+
n

∑
i=n−ν

)Ek( f , I(ν)i )p
wα ,β ,p

≤ cEk( f , [x2ν+1 , 1])p
wα ,β ,p + c

n−ν−1

∑
i=ν+2

[wα ,β(x i)Ek( f , I(ν)i )p]
p

+ cEk( f , [−1, xn−2ν−1])p
wα ,β ,p

≤ cΩk
ϕ( f , B0 , 1/n)

p
wα ,β ,p + cEk( f , [1 − 2C0/n2 , 1])p

wα ,β ,p

+ cEk( f , [−1,−1 + 2C0/n2])p
wα ,β ,p

≤ cω⋆k
ϕ ( f , B0 , 1/n)p

wα ,β ,p + cω
⋆k
ϕ ( f ,C0 , 1/n)p

wα ,β ,p

≤ cω⋆k
ϕ ( f ,A, 1/n)p

wα ,β ,p .

_e case for p =∞ is analogous.

3 Constrained Approximation by Splines

For n, k ∈ N and r ∈ N0,wewrite s ∈ Sr
k ,n if s ∣(x i ,x i−1)∈ Πk , 1 ≤ i ≤ n, and s ∈ Cr[−1, 1].

It is also convenient to denote Sk ,n ∶= S−1
k ,n the set of all piecewise polynomials with

(possible) discontinuities at x i , 1 ≤ i ≤ n − 1. We remark that the fact that a piecewise
polynomial s is ℓ-monotone imposes smoothness on s and so, for example, Sk ,n∩∆ℓ ⊂
Sℓ−2

k ,n , ℓ ≥ 2.
_e following lemma follows immediately from (if ℓ = 2) or can be proved similarly

to (if ℓ = 1) [3,_eorem 1.2].

Lemma 3.1 Let ℓ = 1 or ℓ = 2, and 1 ≤ p ≤ ∞. _en for every g ∈ ∆ℓ ∩ Lp , n ∈ N,
there exists S̃(g) ∈ Sℓ−1

ℓ+1,n ∩ ∆ℓ and an absolute constant η ∈ N such that

∥g − S̃(g)∥Lp(I j)
≤ cEℓ+1(g , I(η)j )p , 1 ≤ j ≤ n.

We will now prove the following theorem.

_eorem 3.2 Let ℓ ∈ N, ν ∈ N0, r ∈ N0 ∪ {−1} and 1 ≤ p ≤∞. Suppose that for every
g ∈ ∆ℓ ∩Lp and n ∈ N, there exists a spline S̃(g) ∈ Sr

ℓ+1,n ∩ ∆ℓ such that

∥g − S̃(g)∥Lp(I j)
≤ c0Eℓ+1(g , I(η)j )p , 1 ≤ j ≤ n.

_en for all α, β ∈ Jp , n ∈ N, and f ∈ Lα ,βp ∩ ∆ℓ , there exists ν ∈ N, depending only on
η, and a spline S ∈ Sr

ℓ+1,n ∩ ∆ℓ such that

(3.1) ∥wα ,β( f − S)∥Lp(I j)
≤ cEℓ+1( f , I(ν)j )wα ,β ,p , 1 ≤ j ≤ n,

where c depends only on α, β, η and c0.
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_eorem 3.2 and Lemma 3.1 immediately imply the following result.

Corollary 3.3 Let ℓ = 1 or ℓ = 2, 1 ≤ p ≤ ∞, α, β ∈ Jp , n ∈ N, and f ∈ Lα ,βp ∩ ∆ℓ .
_en there exists S ∈ Sℓ−1

ℓ+1,n ∩ ∆ℓ and an absolute constant ν ∈ N such that

∥wα ,β( f − S)∥Lp(I j)
≤ cEℓ+1( f , I(ν)j )wα ,β ,p , 1 ≤ j ≤ n,

where c depends only on α and β.

Proof of_eorem 3.2 First, we assume that n ≥ 2η + 3.
Note that a function f from Lα ,βp ∩∆ℓ does not have to belong to Lp (for example,

a convex function f (x) ∶= (1 + x)−1 is clearly not in L1, but it is in Lα ,β1 for any α > 0
and β > −1). Hence, given f ∈ Lα ,βp ∩ ∆ℓ we modify it near ±1 so that it becomes an
Lp function. Recalling that any function from ∆ℓ has continuous derivatives of order
i, 0 ≤ i ≤ ℓ − 2 on (−1, 1) and that f (ℓ−1)(x±) exist for every x ∈ (−1, 1), we let

T1(x) ∶=
ℓ−1

∑
i=0
f (i)(x1)(x − x1)i/i! and Tn−1(x) ∶=

ℓ−1

∑
i=0
f (i)(xn−1)(x − xn−1)i/i!,

where f (ℓ−1)(x1) and f (ℓ−1)(xn−1) are understood as f (ℓ−1)(x1+) and f (ℓ−1)(xn−1−),
respectively. In other words, T1 and Tn−1 are Taylor’s polynomials from Πℓ for f at
the points x1 and xn−1, respectively. We now deûne

f̃ (x) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Tn−1(x) if x ∈ In ,
f (x) if x ∈ [xn−1 , x1],
T1(x) if x ∈ I1,

and note that f ∈ ∆ℓ is necessarily bounded in [xn−1 , x1] so that f̃ ∈ Lp ∩ ∆ℓ .
Suppose now that S̃ ∶= S̃( f̃ ) ∈ Sr

ℓ+1,n ∩ ∆ℓ is such that

(3.2) ∥ f̃ − S̃∥Lp(I j)
≤ c0Eℓ+1( f̃ , I(η)j )p , 1 ≤ j ≤ n.

For j = η+2 and j = n− 1−η, let s̃ j be the polynomials of degree < ℓ+ 1 deûned on
[−1, 1] such that s̃ j ∣I j= S̃ ∣I j . Observing that I(η)j ⊂ [xn−1 , x1] if η + 2 ≤ j ≤ n − 1 − η,
we deûne

S(x) ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

s̃n−1−η(x) if x ∈ [−1, xn−1−η],
S̃(x) if x ∈ [xn−1−η , xη+1],
s̃η+2(x) if x ∈ [xη+1 , 1].

Evidently, S ∈ Sr
ℓ+1,n ∩ ∆ℓ .

We now note that

(3.3) wα ,β(x) ∼ wα ,β(x j) ∀x ∈ I(η)j , if I(η)j ⊂ [xn−1 , x1].

Note that this holds for η + 2 ≤ j ≤ n − 1 − η. _erefore, for all such η and j,

∥wα ,β g∥Lp(I
(η)
j )

∼ wα ,β(x j) ∥g∥Lp(I
(η)
j )
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and
Eℓ+1( f , I(η)j )wα ,β ,p ∼ wα ,β(x j)Eℓ+1( f , I(η)j )p .

Hence, (3.2) implies that for η + 2 ≤ j ≤ n − 1 − η, we have
∥wα ,β( f − S)∥Lp(I j)

= ∥wα ,β( f̃ − S̃)∥Lp(I j)
∼ wα ,β(x j) ∥ f̃ − S̃∥Lp(I j)

≤ c0wα ,β(x j)Eℓ+1( f̃ , I(η)j )p = c0wα ,β(x j)Eℓ+1( f , I(η)j )p

∼ Eℓ+1( f , I(η)j )wα ,β ,p .

(3.4)

In the case j = η + 2, (3.4) becomes

∥wα ,β( f − s̃η+2)∥Lp(Iη+2)
≤ cEℓ+1( f , I(η)η+2)wα ,β ,p = cEℓ+1( f , [x2η+2 , x1])wα ,β ,p .

Now, suppose that 1 ≤ j ≤ η + 1 (for n − η ≤ j ≤ n the proof is similar). We will show
that

(3.5) ∥wα ,β( f − S)∥Lp(I j)
≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p

.

To this end, if q ∈ Πℓ+1 is a polynomial of (near)best weighted approximation of f on
[x2η+2 , 1], i.e.,

∥wα ,β( f − q)∥Lp[x2η+2 ,1]
≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p

,

then we have

∥wα ,β( f − S)∥Lp(I j)

= ∥wα ,β( f − s̃η+2)∥Lp(I j)
≤ c ∥wα ,β( f − q)∥Lp(I j)

+ c ∥wα ,β(q − s̃η+2)∥Lp(I j)

≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p
+ c ∥wα ,β(q − s̃η+2)∥Lp[xη+2 ,1]

≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p
+ c ∥wα ,β(q − s̃η+2)∥Lp(Iη+2)

≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p
+ c ∥wα ,β( f − q)∥Lp(Iη+2)

+ c ∥wα ,β( f − s̃η+2)∥Lp(Iη+2)

≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p
+ c ∥wα ,β( f − s̃η+2)∥Lp(Iη+2)

≤ cEℓ+1( f , [x2η+2 , 1])wα ,β ,p
,

which veriûes (3.5). Here, for the third inequality we used the fact that

for I ⊂ J ⊂ [−1, 1], ∣J∣ ≤ c∣I∣ and Q ∈ Πℓ+1 ,(3.6)

∥wα ,βQ∥Lp(J)
≤ c ∥wα ,βQ∥Lp(I)

,

which, in the case p < ∞, follows from the proof of [9, Lemma 12.1]. In the case
p =∞, we observe that since α, β ≥ 0, we have, for all x ∈ [xη+2 , 1],

wα ,β(x) ≤ 2α(1 − x)β ≤ 2α(1 − xη+2)β ≤ c min
u∈Iη+2

wα ,β(u),

∥q − s̃η+2∥L∞[xη+2 ,1] ≤ c∥q − s̃η+2∥L∞(Iη+2) .

Hence,
∥wα ,β(q − s̃η+2)∥L∞[xη+2 ,1] ≤ c∥wα ,β(q − s̃η+2)∥L∞(Iη+2) .

Combining (3.4) and (3.5)we conclude that (3.1) is validwith ν = 2η+1, if n ≥ 2η+3.
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For 1 ≤ n ≤ 2η + 2, the statement of the theorem follows from the case for n0 ∶=
2η + 3. Indeed, suppose that S ∈ Sr

ℓ+1,n0
∩ ∆ℓ is such that (3.1) is satisûed with n = n0.

Let s1 ∶= S ∣I1 and deûne Q(x) ∶= s1(x), x ∈ [−1, 1]. _en, evidently, Q ∈ Πℓ+1 ∩ ∆ℓ

and
∥wα ,β( f − Q)∥Lp[cos(π/n0),1]

≤ cEℓ+1( f )wα ,β ,p .

Now, letting P ∈ Πℓ+1 be such that

∥wα ,β( f − P)∥p ≤ cEℓ+1( f )wα ,β ,p ,

and using (3.6), we have

∥wα ,β( f − Q)∥p ≤ c ∥wα ,β( f − P)∥p + c ∥wα ,β(P − Q)∥p

≤ cEℓ+1( f )wα ,β ,p + c ∥wα ,β(P − Q)∥Lp[cos(π/n0),1]

≤ cEℓ+1( f )wα ,β ,p + c ∥wα ,β( f − Q)∥Lp[cos(π/n0),1]

≤ cEℓ+1( f )wα ,β ,p ,

and so (3.1) is veriûed with ν such that I(ν)j = [−1, 1] for all 1 ≤ j ≤ n. For example,
ν = 2η + 1 will do.

4 Additional Auxiliary Statements

Lemma 4.1 (1 ≤ p < ∞) Let n ∈ N, 1 ≤ p < ∞, α, β ∈ Jp , and γ j ≥ 0, 1 ≤ j ≤ n − 1.
_en for

Σp(x) ∶= Σp(x , (γ j)n−1
j=1 ) ∶=

n−1

∑
j=1

γ j ∣I j ∣−1/pψµ
j (x)

and suõciently large µ, we have

∥wα ,β( ⋅ )Σp( ⋅ )∥
p
p ≤ c

n−1

∑
j=1

w p
α ,β(x j)γp

j .

Proof With the notation

wn(x) ∶= ρ−1
n (x)∫

x+ρn(x)

x−ρn(x)
w(u)du, ρn(x) ∶=

√
1 − x2n−1 + n−2 ,

we have (see, e.g., [9, (5.1)])

(4.1) w p
α ,β(x) ∼ (w p

α ,β) n(x) ∼ (w p
α ,β) n(x j), for each x ∈ I j , 2 ≤ j ≤ n − 1.

Also, for any doubling weight w, n ∈ N, 1 ≤ j ≤ n, x ∈ [−1, 1], and y ∈ I j ,

wn(x) ≤ cψ−s
j (x)wn(y) and wn(y) ≤ cψ−s

j (x)wn(x),

where constants c and s ≥ 0depend only on the doubling constant ofw (see [8,Lemma
2.5]), and note that w p

α ,β , α, β ∈ Jp , is a doubling weight.
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Hence, for appropriate c and s, we have for all x ∈ [−1, 1],

(w p
α ,β) n(x) ≤ cψ

−s
j (x)(w p

α ,β) n(y) and(4.2)

(w p
α ,β) n(y) ≤ cψ

−s
j (x)(w p

α ,β) n(x), y ∈ I j .

For 1 ≤ j ≤ n − 1, we estimate

∫
1

−1
w p
α ,β(x)ψ

µp
j (x)dx = (∫

In
+∫

x1

xn−1

+∫
I1
)w p

α ,β(x)ψ
µp
j (x)dx =∶ Il + Ic + Ir .

By virtue of (4.1) and (4.2), if µ ≥ (s + 2)/p, we have

Ic ≤ c∫
x1

xn−1

(w p
α ,β) n(x)ψ

µp
j (x)dx ≤ c∫

x1

xn−1

(w p
α ,β) n(x j)ψµp−s

j (x)dx

≤ c(w p
α ,β) n(x j)∫

1

−1
ψµp−s

j (x)dx ≤ c∣I j ∣(w p
α ,β) n(x j) ∼ ∣I j ∣w p

α ,β(x j),

since ∫
1
−1 ψ

γ(x)dx ≤ c∣I j ∣ if γ ≥ 2.
In order to estimate Il (considerations for Ir are similar), we note that for each

x ∈ In , ψ j(x) ∼ ψ j(−1), so that

Il ≤ cψµp
j (−1)∫

In
w p
α ,β(x)dx ≤ cn

−2ψµp
j (−1)(w p

α ,β) n(−1)

≤ cn−2ψµp−s
j (−1)(w p

α ,β) n(x j) ≤ c∣I j ∣w p
α ,β(x j),

since
n−2ψµp−s

j (−1) ≤ c∣I j ∣, if µ ≥ s/p.
Combining the above estimates, we conclude that for µ ≥ (s + 2)/p,

∫
1

−1
w p
α ,β(x)ψ

µp
j (x)dx ≤ c∣I j ∣w p

α ,β(x j), 1 ≤ j ≤ n − 1.

Hence, taking into account that ∑n−1
j=1 ψ2

j (x) ≤ c and ψ j(x) ≤ 1, 1 ≤ j ≤ n − 1, and
denoting p′ ∶= p/(p − 1), we have, using Hölder’s inequality,

∥wα ,β( ⋅ )Σp( ⋅ )∥
p
p ≤ c∫

1

−1
w p
α ,β(x)[

n−1

∑
j=1

γ j ∣I j ∣−1/pψµ
j (x)]

p
dx

≤ c∫
1

−1
w p
α ,β(x)(

n−1

∑
j=1

γp
j ∣I j ∣

−1ψ(µ−2)p
j (x))(

n−1

∑
j=1

ψ2p′

j (x))
p/p′

dx

≤ c∫
1

−1
w p
α ,β(x)

n−1

∑
j=1

γp
j ∣I j ∣

−1ψ(µ−2)p
j (x)dx ≤ c

n−1

∑
j=1

w p
α ,β(x j)γp

j ,

provided µ ≥ 2 + (s + 2)/p.

Lemma 4.2 (p =∞) Let n ∈ N, p =∞, α, β ≥ 0, and γ j ≥ 0, 1 ≤ j ≤ n − 1. _en for

Σ∞(x) ∶= Σ∞(x , (γ j)n−1
j=1 ) ∶=

n−1

∑
j=1

γ jψ
µ
j (x)
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and suõciently large µ, we have

∥wα ,β( ⋅ )Σ∞( ⋅ )∥
∞
≤ c sup

1≤ j≤n−1
wα ,β(x j)γ j .

Proof It is convenient to denote W ∶= sup1≤ j≤n−1 wα ,β(x j)γ j . _en for every x ∈
[−1, 1], we have

wα ,β(x)Σ∞(x) =
n−1

∑
j=1

γ jwα ,β(x)ψµ
j (x) ≤W

n−1

∑
j=1

wα ,β(x)
wα ,β(x j)

ψµ
j (x)

≤W
n−1

∑
j=1

( 1 +
∣x − x j ∣
1 + x j

)
α
( 1 +

∣x − x j ∣
1 − x j

)
β
ψµ

j (x)

≤W
n−1

∑
j=1

( 1 +
∣x − x j ∣
∣I j+1∣

)
α
( 1 +

∣x − x j ∣
∣I j ∣

)
β
ψµ

j (x).

Since ∣I j+1∣ ≥ ∣I j ∣/3, this implies

wα ,β(x)Σ∞(x) ≤ 3αW
n−1

∑
j=1

ψµ−α−β
j (x) ≤ cW ,

since∑n−1
j=1 ψµ−α−β

j (x) ≤ c, provided µ ≥ α + β + 2.

5 Convex Approximation of Quadratic Splines by Polynomials

In this section, suppose that g ∈ S3,n ∩∆2. In otherwords, g is a continuous quadratic
convex spline on the Chebyshev partition. We now construct a polynomial that ap-
proximates g.
Denote by L j(x , g) the quadratic polynomial interpolating g at x j , x j−1 and x j−2,

i.e.,
L j(x , g) ∶= ∑

j−2≤i≤ j
g(x i) ∏

j−2≤l≤ j, l≠i

x − x l

x i − x l
.

For n ≥ 2, let S be a continuous piecewise quadratic polynomial with knots at x j ,
1 ≤ j ≤ n − 1, such that

S(x) ∶= max{L j(x , g), L j+1(x , g)} , x ∈ I j , 2 ≤ j ≤ n − 1,
S(x) ∶= L2(x , g), x ∈ I1 , and S(x) ∶= Ln(x , g), x ∈ In .

Since g is convex, so is S.
We need the following lemma.

Lemma 5.1 Let 1 ≤ p ≤ ∞, n ∈ N, κ ∈ N0, and G ∈ Sl ,n , l ≥ 1. _en for all
1 ≤ j ≤ n − 1, we have

(5.1) wα ,β(x j)E l(G , I(κ)j )p ≤ cE l(G , I(κ)j )wα ,β ,p .

Proof First, we note that (5.1) is obvious if I(κ)j ⊂ [xn−1 , x1]. _us, we assume that
1 ∈ I(κ)j (the case for −1 ∈ I(κ)j is analogous). _en I(κ)j = [x j+κ , 1] with j ≤ κ + 1.
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Suppose that P ∈ Π l is such that

∥wα ,β(G − P)∥Lp(I
(κ)
j )

≤ cE l(G , I(κ)j )wα ,β ,p .

_en for 1 ≤ p <∞, we have

w p
α ,β(x j)E l(G , I(κ)j )p

p ≤ w p
α ,β(x j) ∥G − P∥p

Lp(I
(κ)
j )

= w p
α ,β(x j)(

j+κ

∑
i=2

∥G − P∥p
Lp(I i)

+ ∥G − P∥p
Lp(I1)

)

≤ w p
α ,β(x j)(

j+κ

∑
i=2

∥G − P∥p
Lp(I i)

+ c ∥G − P∥p
Lp[x1 ,(1+x1)/2]

)

≤ c
j+κ

∑
i=2

∥wα ,β(G − P)∥p
Lp(I i)

+ c ∥wα ,β(G − P)∥p
Lp[x1 ,(1+x1)/2]

≤ c ∥wα ,β(G − P)∥p
Lp(I

(κ)
j )

≤ cE l(G , I(κ)j )p
wα ,β ,p ,

where for the second inequality we used the fact that (G − P) ∣I1 is a polynomial of
degree l , and for the third inequality we have applied (3.3). _e case for p = ∞ is
analogous. _is completes the proof.

In particular, it follows from Lemma 5.1 that for any 1 ≤ j ≤ n − 1,

(5.2) wα ,β(x j)E3(g , I(1)j )p ≤ cE3(g , I(1)j )wα ,β ,p .

Now, in view of the fact that g ∣I i ∈ Π3, 1 ≤ i ≤ n, we have, with p j denoting the best
quadratic approximant to g in Lp(I(1)j ), 1 ≤ j ≤ n,

E3(g , I(1)j )∞ ≤ ∣∣g − p j ∣∣L∞(I(1)j )
= max

j−1≤i≤ j+1
∣∣g − p j ∣∣L∞(I i)

≤ c∣I j ∣−1/p max
j−1≤i≤ j+1

∣∣g − p j ∣∣Lp(I i) ≤ c∣I j ∣−1/pE3(g , I(1)j )p .

(5.3)

Similarly, for all 2 ≤ j ≤ n − 1, we have

[x j+1 , x j , x j−1 , x j−2; g] = [x j+1 , x j , x j−1 , x j−2; g − p j]
≤ c∣I j ∣−3 max

j−1≤i≤ j+1
∥g − p j∥L∞(I i)

≤ c∣I j ∣−3−1/pE3(g , I(1)j )p .

(5.4)

Now, using (3.6), (5.2), (5.3), andWhitney’s inequality, we obtain, for all 1 ≤ j ≤ n − 1,

∥wα ,β(g − S)∥Lp(I j)
≤ cwα ,β(x j) ∥g − S∥Lp(I j)

≤ cwα ,β(x j)∣I j ∣1/p ∥g − S∥L∞(I j)

≤ cwα ,β(x j)∣I j ∣1/pω3( g , ∣I(1)j ∣, I(1)j )
∞

≤ cwα ,β(x j)∣I j ∣1/pE3(g , I(1)j )∞
≤ cwα ,β(x j)E3(g , I(1)j )p ≤ cE3(g , I(1)j )wα ,β ,p .

(5.5)
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Similarly, in the case j = n, we have

∥wα ,β(g − S)∥Lp(In)
≤ cwα ,β(xn−1) ∥g − S∥Lp(In)

≤ cwα ,β(xn−1)n−2/p ∥g − S∥L∞(In)

≤ cwα ,β(xn−1)n−2/pω3( g , ∣I(1)n ∣, I(1)n )
∞

≤ cwα ,β(xn−1)n−2/pE3(g , I(1)n )∞
≤ cwα ,β(xn−1)E3(g , I(1)n )p ≤ cE3(g , I(1)n )wα ,β ,p .

(5.6)

It was shown in [6, Section 4] that all knots x j , 1 ≤ j ≤ n − 1, can be separated into
classes I, II, III, and IV so that S has the following representation

S(x) = q2(x) + ∑
2≤ j≤n−1,x j∈I∪III

A j[(x j−1 − x j)(x − x j)+ − (x − x j)2
+
]

+ ∑
1≤ j≤n−2,x j∈II∪III

(−A j+1)[(x j − x j+1)(x − x j)+ + (x − x j)2
+
] ,

where

q2(x) ∶= g(−1) + ([xn , xn−1; g] − [xn−1 , xn−2; g] + [xn , xn−2; g])(x + 1)
+ [xn , xn−1 , xn−2; g](x + 1)2 ,

and
A j ∶= [x j+1 , x j , x j−1; g] − [x j , x j−1 , x j−2; g], 2 ≤ j ≤ n − 1,

is such that A j > 0 if x j ∈ I ∪ III, and A j+1 < 0 if x j ∈ II ∪ III.
_en the polynomial

Pn(x) ∶= Pn(x , g) ∶= q2(x) + ∑
2≤ j≤n−1,x j∈I∪III

A j[(x j−1 − x j)σ j(x) − R j(x)]

+ ∑
1≤ j≤n−2,x j∈II∪III

(−A j+1)[(x j − x j+1)σ j(x) + R j(x)]

of degree ≤ cn is convex on [−1, 1], since by (2.2),

P′′n (x) ≥ S′′(x) ≥ 0, x ∈ [−1, 1], x ≠ x j , 1 ≤ j ≤ n − 1.

Also, by (2.1) and (5.4),

∣Pn(x) − S(x)∣ ≤ c
n−1

∑
j=2

∣A j ∣∣I j ∣2ψµ
j (x)

≤ c
n−1

∑
j=2

∣ [x j+1 , x j , x j−1 , x j−2; g]∣ ∣I j ∣3ψµ
j (x)

≤ c
n−1

∑
j=2

∣I j ∣−1/pψµ
j (x)E3(g , I(1)j )p .

Hence, in the case 1 ≤ p <∞, using Lemma 4.1 and (5.2), we have

∥wα ,β(Pn − S)∥p
p ≤ c

n−1

∑
j=1

w p
α ,β(x j)E3(g , I(1)j )p

p ≤ c
n−1

∑
j=1
E3(g , I(1)j )p

wα ,β ,p
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and, combining with (5.5) and (5.6), we conclude that

(5.7) ∥wα ,β(Pn − g)∥p
p ≤ c

n

∑
j=1
E3(g , I(1)j )p

wα ,β ,p .

In the case where p =∞, using Lemma 4.2 and (5.2) we have

∥wα ,β(Pn − S)∥
∞
≤ c sup

1≤ j≤n−1
wα ,β(x j)E3(g , I(1)j )∞ ≤ c sup

1≤ j≤n−1
E3(g , I(1)j )wα ,β ,∞

and, combining with (5.5) and (5.6), we get

(5.8) ∥wα ,β(Pn − g)∥
∞
≤ c sup

1≤ j≤n
E3(g , I(1)j )wα ,β ,∞ .

We will now show that the ûrst derivative of the polynomial Pn approximates the
ûrst derivative of g (if it exists). _is fact will be used to obtain the estimates in the
monotone case as a corollary. Suppose that g ∈ C1[−1, 1].
For 1 ≤ j ≤ n − 1, we have

∥wα ,β(g′ − S′)∥Lp(I j)
≤ cwα ,β(x j) ∥g′ − S′∥Lp(I j)

≤ cwα ,β(x j)∣I j ∣−1+1/p ∥g − S∥L∞(I j)

≤ cwα ,β(x j)∣I j ∣−1+1/pω3( g , ∣I(1)j ∣, I(1)j )
∞

≤ cwα ,β(x j)∣I j ∣1/pω2( g′ , ∣I(1)j ∣, I(1)j )
∞

≤ cwα ,β(x j)∣I j ∣1/pE2(g′ , I(1)j )∞ ≤ cE2(g′ , I(1)j )wα ,β ,p ,

where for the second inequality we used the fact that (g − S) ∣I j∈ Π3. Similarly (as in
(5.6)),

∥wα ,β(g′ − S′)∥Lp(In)
≤ cE2(g′ , I(1)n )wα ,β ,p .

Also, for all x ∈ [−1, 1] ∖ {x j}n−1
j=1 ,

∣P′n(x) − S′(x)∣

≤ ∑
2≤ j≤n−1,x j∈I∪III

∣A j ∣[ (x j−1 − x j)∣σ ′j(x) − χ j(x)∣ + ∣R′j(x) − 2(x − x j)+∣ ]

+ ∑
1≤ j≤n−2,x j∈II∪III

∣A j+1∣[ (x j − x j+1)∣σ ′j(x) − χ j(x)∣ + ∣R′j(x) − 2(x − x j)+∣ ]

≤ c
n−1

∑
j=2

∣A j ∣∣I j ∣ψµ
j (x) ≤ c

n−1

∑
j=2

∣ [x j+1 , x j , x j−1 , x j−2; g]∣ ∣I j ∣2ψµ
j (x)

≤ c
n−1

∑
j=2

∣I j ∣−1−1/pψµ
j (x)E3(g , I(1)j )p ≤ c

n−1

∑
j=2

∣I j ∣−1/pψµ
j (x)E2(g′ , I(1)j )p .

_erefore, Lemmas 4.1, 4.2 and 5.1 imply that

∥wα ,β(P′n − S′)∥p
p ≤ c

n−1

∑
j=1
E2(g′ , I(1)j )p

wα ,β ,p , if 1 ≤ p <∞,
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and

∥wα ,β(P′n − S′)∥
∞
≤ c sup

1≤ j≤n−1
E2(g′ , I(1)j )wα ,β ,∞ , if p =∞.

Hence,

∥wα ,β(P′n − g′)∥p
p ≤ c

n

∑
j=1
E2(g′ , I(1)j )p

wα ,β ,p , if 1 ≤ p <∞,(5.9)

and

∥wα ,β(P′n − g′)∥
∞
≤ c sup

1≤ j≤n
E2(g′ , I(1)j )wα ,β ,∞ , if p =∞.(5.10)

6 Constrained Approximation by Polynomials

Suppose that ℓ = 1 or ℓ = 2, 1 ≤ p ≤ ∞, α, β ∈ Jp , f ∈ Lα ,βp ∩ ∆ℓ , and let n ∈ N be
suõciently large. Corollary 3.3 implies that there exists gℓ ∈ Sℓ+1,n ∩C[−1, 1]∩∆ℓ and
ν ∈ N such that

(6.1) ∥wα ,β( f − gℓ)∥Lp(I j)
≤ cEℓ+1( f , I(ν)j )wα ,β ,p , 1 ≤ j ≤ n.

_erefore,

(6.2) ∥wα ,β( f − gℓ)∥
p
p =

n

∑
j=1

∥wα ,β( f − gℓ)∥
p
Lp(I j)

≤ c
n

∑
j=1
Eℓ+1( f , I(ν)j )p

wα ,β ,p ,

if 1 ≤ p <∞, and

(6.3) ∥wα ,β( f − gℓ)∥
∞
≤ c sup

1≤ j≤n
Eℓ+1( f , I(ν)j )wα ,β ,∞ ,

if p =∞.
We note that (6.1) implies, for any κ ∈ N0 and 1 ≤ j ≤ n,

Eℓ+1(gℓ , I(κ)j )wα ,β ,p ≤ cEℓ+1( f , I(κ)j )wα ,β ,p + c ∥wα ,β(gℓ − f )∥Lp(I
(κ)
j )

≤ cEℓ+1( f , I(ν+κ)
j )wα ,β ,p .

(6.4)

6.1 Convex Approximation

Suppose that ℓ = 2, thus g2 is a continuous piecewise quadratic convex spline on
[−1, 1]. Let Pn( ⋅ , g2)denote thepolynomial associatedwith g2 satisfying (5.7) or (5.8).
_en it follows from (6.2), (6.3), and (6.4) that

∥wα ,β( f − Pn(g2))∥
p
p ≤ c

n

∑
j=1
E3( f , I(ν)j )p

wα ,β ,p + c
n

∑
j=1
E3(g2 , I

(1)
j )p

wα ,β ,p

≤ c
n

∑
j=1
E3( f , I(ν+1)

j )p
wα ,β ,p ,
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if 1 ≤ p <∞, and

∥wα ,β( f − Pn(g2))∥
∞
≤ c sup

1≤ j≤n
E3( f , I(ν)j )wα ,β ,∞ + c sup

1≤ j≤n
E3(g2 , I

(1)
j )wα ,β ,∞

≤ c sup
1≤ j≤n

E3( f , I(ν+1)
j )wα ,β ,∞ ,

if p =∞.
_e statement of_eorem 1.5 in the case ℓ = 2 now follows from Corollary 2.4.

6.2 Monotone Approximation

If ℓ = 1, then g1 is a continuous piecewise linear monotone spline on [−1, 1].
We now deûne G(x) ∶= ∫

x
−1 g1(u)du. _en G ∈ S3,n ∩C1[−1, 1]∩∆2. Let Pn( ⋅ ,G)

be the polynomial associated with G satisfying (5.7) and denote Qn(x) ∶= P′n(x ,G).
It follows that Qn ∈ ∆1, and estimates (5.9) and (5.10) imply

∥wα ,β(Qn − g1)∥
p
p = ∥wα ,β(P′n(G) −G′)∥p

p ≤ c
n

∑
j=1
E2(g1 , I

(1)
j )p

wα ,β ,p ,

if 1 ≤ p <∞, and

∥wα ,β(Qn − g1)∥
∞
= ∥wα ,β(P′n(G) −G′)∥

∞
≤ c sup

1≤ j≤n
E2(g1 , I

(1)
j )wα ,β ,∞ ,

if p =∞.
Hence,

∥wα ,β( f − Qn)∥
p
p ≤ c

n

∑
j=1
E2( f , I(ν)j )p

wα ,β ,p + c
n

∑
j=1
E2(g1 , I

(1)
j )p

wα ,β ,p

≤ c
n

∑
j=1
E2( f , I(ν+1)

j )p
wα ,β ,p ,

if 1 ≤ p <∞, and

∥wα ,β( f − Qn)∥
∞
≤ c sup

1≤ j≤n
E2( f , I(ν)j )wα ,β ,∞ + c sup

1≤ j≤n
E2(g1 , I

(1)
j )wα ,β ,∞

≤ c sup
1≤ j≤n

E2( f , I(ν+1)
j )wα ,β ,∞ ,

if p =∞.
_e statement of _eorem 1.5 in the case where ℓ = 1 now follows from Corol-

lary 2.4.

7 Weighted Lq Approximation of Constrained Unit Spheres in Lα,βp ,
1 ≤ q < p ≤∞
_e following result was proved in [7].
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_eorem 7.1 ([7, _eorem 1.1]) Let ℓ ∈ N, 1 ≤ q < p ≤ ∞, α, β ∈ Jp , f ∈ Lα ,βp ∩ ∆ℓ

and 0 < δ < 1/4. _en,

(7.1) ωℓ
ϕ( f , 1, δ)wα ,β ,q ≤ cΥ

α ,β
δ (ℓ, q, p) ∥wα ,β f ∥p ,

where

Υα ,βδ (ℓ, q, p) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ2/q−2/p if ℓ ≥ 2, and (ℓ, q, p) ≠ (2, 1,∞),
δ2∣ ln δ∣ if ℓ = 2, q = 1, p =∞, and (α, β) ≠ (0, 0),
δ2 if ℓ = 2, q = 1, p =∞, and (α, β) = (0, 0),
δ2/q−2/p if ℓ = 1 and p < 2q,
δ1/q ∣ ln δ∣1/(2q) if ℓ = 1 and p = 2q,
δ1/q if ℓ = 1 and p > 2q.

is best possible in the sense that (7.1) is no longer valid if one increases (resp. decreases)
any of the powers of δ (resp. ∣ ln δ∣) in its deûnition.

Now, let Sα ,βp be the unit sphere in Lα ,βp , i.e., f ∈ Sα ,βp if and only if ∥wα ,β f ∥p = 1,
and denote

E(X ,Πn)w ,q ∶= sup
f ∈X
En( f )w ,q and E(ℓ)(X ,Πn)w ,q ∶= sup

f ∈X
E(ℓ)

n ( f )w ,q .

_eorem 7.1 and Corollary 1.8 imply the following result.

Corollary 7.2 Let ℓ = 1 or ℓ = 2, 1 ≤ q < p ≤∞ and α, β ≥ 0. _en

E(ℓ)(∆ℓ ∩ Sα ,βp ,Πn)wα ,β ,q ≤ cΥ
α ,β
1/n (ℓ, q, p), for all n ∈ N.

Finally, applying [7,_eorem 1.5] and using the fact that

E(X ,Πn)w ,q ≤ E(ℓ)(X ,Πn)w ,q ,
we obtain the following corollary.

Corollary 7.3 Let ℓ = 1 or ℓ = 2, 1 ≤ q < p ≤∞, and α, β ≥ 0. _en for any n ∈ N,

E(ℓ)(∆ℓ ∩ Sα ,βp ,Πn)wα ,β ,q ∼ E(∆ℓ ∩ Sα ,βp ,Πn)wα ,β ,q

∼
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n−2/q+2/p if ℓ = 2 and (q, p) ≠ (1,∞),
n−2 if ℓ = 2, q = 1, p =∞, and α = β = 0,
n−min{2/q−2/p,1/q} if ℓ = 1 and p ≠ 2q.

If ℓ = 2, q = 1, p =∞, and (α, β) ≠ (0, 0), then

cn−2 ≤ E(∆2 ∩ Sα ,β
∞
,Πn)wα ,β ,1 ≤ E(2)(∆2 ∩ Sα ,β

∞
,Πn)wα ,β ,1 ≤ cn−2 ln(n + 1).

If ℓ = 1 and p = 2q, then

cn−1/q ≤ E(∆1 ∩Sα ,β2q ,Πn)wα ,β ,q ≤ E(1)(∆1 ∩Sα ,β2q ,Πn)wα ,β ,q ≤ cn−1/q[ln(n+ 1)]1/(2q) .
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