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NAMIOKA SPACES AND TOPOLOGICAL GAMES

V.V. MYKHAYLYUK

We introduce a class of j3 — u-unfavourable spaces, which contains some known classes
of ^-unfavourable spaces for topological games of Choquet type. It is proved that
every /? - v-unfavourable space X is a Namioka space, that is for any compact space
Y and any separately continuous function / : X x Y -*• R there exists a dense in X
Gs-set AC X such that / is jointly continuous at each point of A x Y.

1. INTRODUCTION

Investigations of the joint continuity point set of separately continuous functions
were started by Baire in [2] and were continued in papers of many mathematicians. A
Namioka's result [7] on a massivity of the joint continuity point set of separately continu-
ous function on the product of two topological spaces, one of which satisfies compactness
type conditions, gave a new impulse to a further investigation of this topic.

A topological space X is called a strongly countably complete space if there exists a
00

sequence {Un)%Li of open coverings of X such that f] Fn ^ 0 for every centred sequence
n=l

(Fn)~=1 of closed in X sets Fn with Fn C Un for every n € N and some Un S Un.

THEOREM 1 . 1 . (Namioka.) Let X be a strongly countably complete space, Y
be a compact space and f : X x Y ^y R be a separately continuous function. Then
there exists a dense in X Gs-set A C X such that f is jointly continuous at each point
ofAxY.

The following notions were introduced in [9].

A mapping / : X x Y -*• R has the Namioka property if there exists a dense in X
Gs-set AC X such that AxY C C(f), where C(f) means the joint continuity point set
of/.

A Baire space X is called a Namioka space if for any compact space Y, every sepa-
rately continuous function / : X x Y -> R has the Namioka property.

It was shown in [4] that a topological games technique can be useful in a study of
Namioka spaces.

Let V be a system of subsets of a topological space X. Define a G^-game on X in

which two players a and @ participate. A nonempty open in X set C/o is the first move
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264 V.V. Mykhaylyuk [2]

of /? and a nonempty open in X set V\ C C/o and set Pi € V are the first move of a.
Further /? chooses a nonempty open in X set Ui C Vi and a chooses a nonempty open
in X set V?. C U\ and a set Pi € V and so on. The player a wins if

vn=l

Otherwise /? wins.

A topological space X is called a-favourable in the Gp-game if a has a winning
strategy in this game. A topological space X is called /?-unfavourable in the Gp-game if
/? has no winning strategy in this game. Clearly, any a-favourable topological space X
is a ^-unfavourable space.

In the case of V = {X} the game Gp is the classical Choquet game and X is /?-
unfavourable in this game if and only if X is a Baire space (see [9]). If V is the system
of all finite (or one-point) subsets of X then Gp-game is called a o-game.

Note that Christensen in [4] generalising the Namioka theorem considered an s-game
which is a modification of the cr-game. So, for the s-game a and /? play in the same way as
in the a-game, and a wins if each subsequence (xnJjtLi of sequence (xn)^=l has a cluster

oo

point in the set H Vn, where Pn = {xn}. It was proved in [4] that any a — s-favourable
n=l

space is a Namioka space.
Saint-Raymond showed in [9] that for usage the topological games method in these

investigations it is enough to require a weaker condition of /3-unfavourability instead of
the a-favourability. He proved that any /3 — cr-unfavourable space is a Namioka space
and generalised the Christensen result.

A further development of this technique leads to a consideration of another topolog-
ical games which based on wider systems V of subsets of a topological space X.

Let T be a topological space and IC(T) be a collection of all compact subsets of T.

Then T is said to be IC-countably-determined if there exist a subset S of the topological
space NN and a mapping <p : S -* K.(T) such that for every open in T set U C T the set
{s e 5 : <p(s) C £/} is open in 5 and T — (J <p(s); and it is called K-analytical if there
exists such a mapping <p for the set S = NN.

A set A in a topological space X is called bounded if for any continuous function
/ : X -> R the set f(A) = {/(a) : a 6 A] is bounded.

The following theorem gives further generalisations of Saint-Raymond result.

THEOREM 1 . 2 . Any ^-unfavourable in Gp-game topological space X is a Namioka

space if:

(i) V is the system of all compact subsets of X (see Talagrand [11]);

(ii) V is the system of all /C-analytical subsets of X (see Debs [5]);

(iii) V is the system of all bounded subsets of X (see Maslyuchenko [6]);
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[3] Nomioka spaces and topological games 265

(iv) V is a system of all IC-countable-determined subsets of X (see Rybakov

[si;.
It is easy to see that (iv)=>(ii) =*-(i) and (iii)=>(i).

In this paper, using a technique which is related to the dependence of functions on
products upon some quantity of coordinates, we prove a result which generalises (iii) and
(iv).

2. DEPENDENCE OF FUNCTIONS UPON SOME QUANTITY OF COORDINATES AND

NAMIOKA PROPERTY

PROPOSITION 2 . 1 . Let X be a topological space, AC X be a dense in X set,
Y C W be a topological space, f : X x Y -> R be a continuous in the first variable
function, e ^ 0 and S C T be such that |/(o,y') - f(a,y")\ ^ e for every a e A and
every y',y" € Y with y'\s = y"\s- Then \f{x,yl) - f(x,y")\ ^ e for every x € X and
every y', y" € Y with y'\s = y"\s.

PROOF: Suppose that y',y" € Y with y'\s = y"\s- Put

h':X^R, h'(x) = f(x,y'), h" : X -> R, h"(x) = f(x,y").

Since h! and h" are continuous, the set

G = [x e X:\ti(x)-ti'(x)\ >e}

is open. But G n A = 0 and A = X. Thus, G = 0 and }{x,y') = f(x,y") for each
xeX. D

PROPOSITION 2 . 2 . Let Y C RT be a compact space, (Z, I \z) be a metric

space, f : Y —¥ Z be a continuous mapping, e ^ 0 and S C T be such that \f(y')
~ f(y")\z ^ £ f°r everY v'< y" G Y Wl t f l y'\s = y"\s- Then for every e' > e there exist a
Snite set So Q S and a real S > 0 such that \f(y') - f{y")\z ^ e' for every y',y" 6 Y
with \y'{s) - y"(s)\ < S for each s € 50.

PROOF: Fix some e' > e. Suppose that the proposition is false for this e'. Put
A = {(R,n) : R C 5 is finite and n € N}. Consider on A the following order: (R',n')
< {R",n") if R' C R" and n' ^ n". By the assumption, for every a = (R,n) € A there
exist y'a, tfeY such that \f(y'a) - / ( i £ ) | 2 > e' and | ^ ( a ) - j^(«)| < 1/n for each s e « .
Since Y2 is a compact, the net (y'a,y'a)aeA has a subnet (z>

b,z%)b£B which converges in
F 2 to some point (y',y"). The continuity of / implies \f(y') - f(y")\z }s e' > e. For
every ao = ({so},no) G A there exists bo £ B such that o > ao for every b ^ b0 where
o € A is such that (z£, z£) = ( y ^ ' ) - Therefore |y'(so) - 2/"(so)| ^ l/"o for every soe S
and n0 € N. Thus y'(s) = y"{s) for every s e 5 and |/(y') - f(y")\z ^ e, but it is
impossible. D
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266 V.V. Mykhaylyuk [4]

COROLLARY 2 . 3 . Let X C Rr be a compact space, (f : X -¥ R5 be a continuous
mapping and So C 5 with |S0| < Ko. Then there exists a set T 0 C T with |T0| ^ No such
that v(a:')|So= V»(«")U0

 f ° r e v «y x7, x" € X with x1^ = x"\To.

PROOF: Consider a continuous mapping / : X -» Rs°, f(x) = 9(1) |s0. Note that
RSo is metrisable. Fix a metric d which generates the topology on RSo. Using Proposition
2.2 for e — 0 we obtain that for every n € N there exists a finite set Tn C T such that

d(f(x'), f{x")) < 1/n for any x',x" G X with x'|rn = i"|Tn. The set To = Q ^n is to be
found. "~1 D

Let X be a topological space, (Y, d) be a metric space, / : X —• Y and A C X be
a nonempty set. The real ujf(A) = sup d(f(x'),f(x")) is called the oscillation of f

I - , I"6A

on A, and the real w/(x0) = inf u)f(U), where W is the system of all neighbourhoods of
XQ e X in X, is called t/*e oscillation of f at x0.

The following result illustrates relations between the Namioka property and the
dependence of mappings upon some quantity of coordinates.

THEOREM 2 . 4 . Let X be a Baire space, Y C RT be a compact space and f :
X x y —¥ R be a separately continuous function. Then tie following conditions are
equivalent:

(i) / has the Namioka property;
(ii) for every open in X nonempty set U and every e > 0 there exist an open

in X nonempty set UQ C U and a set So C T with \So\ ^ No such that
\f(x,y') - f(x,y")\ < e for every x € Uo and every y',y" € Y with y'\So

= y"\s0;
(iii) for every open in X nonempty set U and every e > 0 there exist an open in

X nonempty set UQ C U, a finite set So Q T and S > 0 such that \f(x, y')
- f(x, y")\ ^ e for every x 6 Uo and every y',y" e Y with |y'(s) - y"(s)\
<6, ifs e So.

PROOF: (i)=> (ii). Let / has the Namioka property and U be an open in X
nonempty set. Then there exists an open in X nonempty set UQ C U such that |/(x', y)
— f(x", y)\ ^ e/2 for every x',x" € Uo and every y € Y. Pick an arbitrary point xo € Uo.
The continuous function 5 : Y -> R, p(y) = f{xo,y) depends upon countable quantity of
coordinates, that is there exists a set So C T with |S0| ^ No such that g(y') = g(y") for
every y', y" e Y with r/'|s0 = 2/"|s0- For every x € f/0 we have

|/(s,y') - f(x,y")\ < \f(x,y') -

^ e/2 + e/2 = e.

(ii)=>(iii) . Fix an open in X nonempty set U and e > 0. By (ii) there exist an
open in X nonempty set U' C U and a set S' C S with |S'| < No such that |/(x, y')
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< e/2 for every x G U' and every y\y" G Y with y'|s« = y"|s.. Let
5' = {si, s 2 , . . . , sn,...}. For every n G N denote by Fn the set of all points x G X
such that \f(x,y') - f{x,y")\ ^ e for every y',y" G y with \rf(sk) - y"(sk)\ < 1/n by
A; = 1,2,..., n. The continuity of / in the variable x implies that all sets Fn are closed.

oo

By Proposition 2.2 the continuity of / in the variable y implies U' C (J Fn. Since X is a
n=l

Baire space, there exist an integer no G N and an open in X nonempty set Uo C U' such
that Uo Q int(F^). It remains to put 5 — I/no-

(iii)=»(i). Suppose that for an open in X nonempty set U and any real e > 0 there
exist an open in X nonempty set Uo CU and a finite set So C T and a 6 > 0 such that
\f(x,y') - f(x,y")\ ^ e for every x G Uo and every y',y" G Y with \y'(s) - y"(s)\ < 6, if
s G SQ. Then for every e > 0 the open set

oo
is dense in X. Put A = f) Gi/n . Clearly that / is continuous at each point of A x Y.

n=l
Thus, / has the Namioka property. 0

PROPOSITION 2 . 5 . Let X C K5 be a compact space, / : X -+ E be a con-
tinuous function, T C 5 be a set such that f{x\) = /(X2) for every X\,xi G X with

Xx\T = i2|r , V : X -> RT, <p(x) = x | r and K = (fi{X). Then the function g : Y -> R,
fl(x|r) = / (^) is continuous.

PROOF: Let j / 0 € y , xo € A" be such that ^(xo) = 2/0 and e > 0. The set

F = {x£X:\f(x)-f(xo)\>e}

is closed in X, thus F is compact. Therefore the set <p(F) is compact subset of Y, besides
1/0 4- f(F)- Thus the set V = Y \ ip(F) is a neighbourhood of y0. For every y G V we
have |ff(y) — fl(j/o)| < £• Hence g is continuous at y0- 0

3. VALDIVIA COMPACTS AND THE NAMIOKA PROPERTY

In this section we establish a result which we shall use in the proof of a generalisation
of Theorem 1.2.

Recall that a compact space Y is called o Valdivia compact if Y is homeomorphic to
a compact 2 C R S such that a set B — {z G Z : |suppz| ^ No} is dense in Z, where
supp / means the support {x £ X : f(x) ̂  0} of a function / : X —> K.

THEOREM 3 . 1 . Let X be a Baire space, Y C RT be a Vaidivia compact, e > 0

and / : A" x K —» R be a continuous in the firsts variabie function such that w/»(j/)

< e for every x G X and every y G Y, where fx : y -> R, /I(j/) = f{x,y). Then

there exist an open in X nonempty set Uo and a set To C T with \T0\ ^ No such that

| / (* . I/') - / ( a ; . y")| < 3 e for every xeUoand every y', y" G Y with y1^ = y"\To.
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P R O O F : Note that Y is homeomorphic to a compact Z C Rs such that the set
B = {z G Z : | suppz| ^ No} is dense in Z. Let ip : Y -> Z be a homeomorphism and
j : I x Z - » 8 , <7(x, z) = /(z> <P~l(z))- Clearly, g is continuous in the first variable and
iog*{z) < e for every x e X and every z € Z, where gx : Z -¥ R, <7x(z) = 5(2;, 2;).

For each x € X pick a finite covering Wx of Z by open in Z basic sets such that
u}g*{W) < e for every W e Wx. For each W €WX choose a finite set R(W) C 5 such
that for every z1, z" G Z the conditions ^ 6 W and z"(s) = z'(s) for any s G i?(W) imply
that z" € W. For a finite set Sx = \J R(W) we have \g(x, z') - g(x, z") \ < e for every

wevv,
z', z" € Z with z'ls. = 2"|Sl- For each n 6 N we put Xn = {x e X : \SX\ ^ n } . Since X
is a Baire space, there exist an open in X nonempty set U and an integer n0 € N such
that U C X~no.

Show that there exist an open in X nonempty set Uo C U and a set So C 5 with
|5 0 | ^ Ho such that \g{x,U) - g(x,6")| ^ e for every x e Ua and every b',b" € 5 with

Assume that it is false. Pick a set Si C 5 with |5i| < No put U\ = U. By the
assumption, there exist Xi € U\ and 61,ct G B such that |<7(xi,&i) — 5(xi,ci) | > e
and &!|s, = Cils,. Using the continuity of g in the first variable, we find an open in
X nonempty set U2 Q U\ such that |g(i,6i) — g{x,c\)\ > £ for every x G U^. Put
52 = Si U (supp&x) U (suppci). By the assumption, there exist x2 G U2 and 62, c2 G B
such that |(7(x2,&2) — 5(^2,ci)\ > £ and b?\s2 = C2|s2- Doing like that step by step no
times, we obtain a decreasing sequence (f/n)i°+2 of open in X nonempty sets Un, an
increasing sequence ( 5 n ) " ^ 2 of at most countable sets Sn C S and sequences (in)JILt1

and (c)Jll^1 of points 6n, c € 5 such that the following conditions hold:

(a) Un+1CUn;

(b) 5n+i = 5 n U (supp 6n) U (suppc,,);

(c) 6 n | s n = C n k ;
(d) |p(x, bn) - g(x, Cn) I > £ for each x G Un+l

for every n = 1,2,..., n0 + 1.

Since £^+2 C (/[ = (/ C Xn o, C/no+2 nX n o / 0. Pick a point x0 G f̂ no+2 n Xno and
fix n G {1,2, . . ,,uo + l } . Then |5(xo,6n)-5(xo,cn)| > e by Condition (d). The definition
of Sxo implies 6n|sI0 ¥" Cn\sxo- Besides, bn\Sn = Cn\Sn by Condition (c) and Condition (b)
implies that &n|s\sn+i = Cn|s\sn+1 = 0. Therefore bn\S\(sn+l\sn) = Cnls^Sn+^Sn)- T h u s

SX0£S\ {Sn+i \ Sn), that is 5 I 0 n (Sn+1 \ Sn) # 0 for every n = 1,2,.. . , no + 1. But
this contradicts |5Z 0 | ^ n0.

Now we show that \g{x,z') - g(x, z")\ ^ 3e for every x G Uo z',z" G Z with

z'\s0 = z"\s0.
Fix x G Uo and z',z" G Z with 2:'|50 = z"|s0- Since the countably compact set B

is dense in Z, wg*{z') < e, ug*{z") < £ and \S0\ ^ No, there exist V\b" G B such that
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[7] Nomioka spaces and topological games 269

, b"\s0 = z"\So, \g(x, z') - g(x, b>)\ < e and \g(x,z") - g{x, b")\ < e. Therefore

^Iso = V'\so and | f l ( i ,y) - g(x,b")\ < e. Thus

|ff(z,z') - g(x,z")\ ^ \g{x,z') - g(x,b')\ + \g(x,bf) - g(x,b")\ + \g(x,b") - g(x,z")\

Applying Corollary 2.3 to the compact space Y, the mapping <p and the set So, we
find an at most countable set To C T such that <p{y')\s0 — f{y")\s0 f°r every y',y" € Y
with y'\To = y"\To. Then

\f(x,y') - f(x,y")\ = \g(xMy')) ~ 9(x,<p(y"))\ ^ 3e

for every x 6 Co- D

In particular, Theorem 2.4 and Theorem 3.1 imply the following result which was
obtained in [3, Corollary 1.2].

COROLLARY 3 . 2 . Any separately continuous function on the product of a Baire
space and a Valdivia compact has the Namioka property, that is any Valdivia compact
is a co-Namioka space.

4. NAMIOKA SPACES AND 0 - ^-UNFAVOURABLE SPACES

In this section we prove a generalisation of Theorem 1.2.

Let V be a system of subsets of topological space X with the following conditions

(v\) V is closed with respect to finite unions;

(v2) for every set E e V and every compact Y C CP(X) a compact ip(Y) is a
Valdivia compact, where <p : CP(X) -> CP(E), ip(y) = y\E.

A topological space X is called P — v-unfavourable if the player /3 has no winning
strategy in the G^-game for some system V with (vi) and (v2).

Recall that a compact space Y is called an Eberlein compact if Y is homeomorphic to
a compact subset of CP(X) for some compact X. A compact space Y is called a Corson
compact if Y is homeomorphic to a compact Z C R s such that | supp z\ ^ No for every
2 € Z. It is known that any Eberlein compact is a Corson compact and clearly that any
Corson compact is a Valdivia compact.

PROPOSITION 4 . 1 . Let X be a topological space and K be a system of all
nonempty sets E C X such that for every compact Y C CP(X) a compact <p(Y) is a
Corson compact, where <p : CP(X) -> CP{E), (p(y) = y\E- Then K. has (vi) and (v2)-

P R O O F : Let Eu E2 e £ , E = El U E2, then

ipi : CP(X) -> Cp(Ei),

<p2 : CP(X) -> CP(E2), <p2(y) =

V : CP(X) -> CP(E), <p(y) = y\B
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and Y C CP(X) be a compact. Note that a mapping ij) : <p(Y) -> <Pi{Y) x ipi(Y),
i>{y) = (yUn V\E2), is a homeomorphic embedding. Therefore the compact <p(Y) is a
Corson compact. Thus K. has (vi).

The property (1/2) of system K. is obvious. D

PROPOSITION 4 . 2 . Any 0-unfavourable in G-p-game topological space X,
where V is the system of all bounded subsets of X or V is a system of all K-countably-
determined subsets of X, is a 0 — v-unfavourable space.

P R O O F : Let E be a bounded set in a topological space X and Y C CP(X) be a
compact. Consider a continuous mapping ip : X —• CP(Y). Clearly, the set T = ip{E)
is bounded in CP(Y). Therefore by [1, Theorem III.4.1] the closure T of T in CP(Y) is
a compact. Then a compact Z = i>i{Y), where Vi : Y -* CP(T), ipi(y){t) = t{y) for
every y € Y and t € T, is an Eberlein compact, because Z is homeomorphic to a compact
subset of CP(T). Since compacts Z and <p(Y), where tp : CP(X) -* CP(E), ip(y) = y\E, are
homeomorphic, <p(Y) is an Eberlein compact, in particular, f{Y) is a Corson compact.

It follows analogously from [10, Theorem 3.7] that for every /C-countably-determined
set E C X and every compact Y C CP(X) a compact <p{Y), where y : CP(X) -» CP(E),
ip(y) = y\Et is a Corson compact.

Thus the systems V\ of all bounded subsets and V2 of all /C-countable-determined
subsets of the topological space X are contained in the system K., by Proposition
4.1. Therefore any /3-unfavourable space in the G^-game or in the G^-game is a /?-
unfavourable in Gx-game and it is /? — f-unfavourable by Proposition 4.1. D

THEOREM 4 . 3 . Any 0 — v-unfavourable space is a Namioka space.

P R O O F : Let X be a 0 — ^-unfavourable space. Then there exists a system V of
subsets E of topological space X which satisfies {v\) and (v2) and such that X is 0-
unfavourable in the G-p-game.

Assume that X is not a Namioka space. Then there exist a compact space Y and
a separately continuous function / : X x Y -¥ R which does not have the Namioka
property. Consider a continuous mappings : Y -> CP(X), <p(y)(x) — f(x,y). Put
Z = ifi(Y). Clearly, Z is a compact subspace of R* and a separately continuous mapping
g : X x Z -+ R, g(x, z) = z{x), does not have the Namioka property. Note that X is
a /3-unfavourable space in the Choquet game, that is, X is a Baire space. Therefore by
Theorem 2.4 there exist an open in X nonempty set C/o and an e > 0 such that for every
open in X nonempty set U C C/o and every at most countable set A C X there exist
x € U and z1, z" e Z such that z'\A = z"\A and \g{x, z1) - g{x, z")\ > e.

Show that for every set E e V the set F(E) = j z e Uo : \g(x, z!) - g(x, z")\ ^ e/8

for every z!,z" 6 Z with Z"\E = Z"\E\ is nowhere dense in f/0.

Suppose that it is false. Since £/0 is a Baire space with the topology induced by
X and by Proposition 2.1 all sets F(E) are closed in [70, there exist a set Eo e V and
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[9] Nomioka spaces and topological games 271

an open in X nonempty set Vo C Uo such that Vo C F(E0). Suppose ip : Z -
ip(z) = z\Eo and Z = ip{Z). Since the system V satisfies fa), Z is a Valdivia compact.
For every 2 6 Z choose a point T{Z) G Z such that ^>(r(z)) = 2. Consider a mapping
h : Vo x Z -t R, h(x,z~) = </(x,r(I)). Since 5 is continuous in the first variable, h is
continuous in the first variable.

Fix x0 G VQ and Z~Q&Z. The set

: \g(xo,z)-g(xo,T(zo))\

is a compact subset of Z. Besides, XQ G F(EQ) implies io ̂  V'(-B)- Since t/i is continuous,

the set ip{B) is a compact subset of Z. Thus ^>(.B) is a closed subset of Z. Therefore

the set W = Z \ ip(B) is a neighbourhood of ZQ. Then r(2) 0 B for every ? G W, that

is 5(10, T(2)) - fl(zo,T(£'o)) = |^(xo.2) - /i(io,2b)| < e/4 for every z £ W. Hence

w/,*o(*o) < e/4, where hXa : Z -+ R, hx°(z) = h{xo,z).

Thus, h satisfies the conditions of Theorem 3.1. Therefore there exist an open in

X nonempty set U C Vo and an at most countable set Ao C Eo such that \h(x, ? )

- h{x,z")\ ^ 3e/4 for every 1 G U and every ?,z" eZ with ? | 4 o = ?'\M.

Pick arbitrary points x e U and z*^" G 2 such that Z'IAO = z"!^. Put ? =

and z" = t/;(2"). Clearly, ?U 0 = ?'U0. Therefore | / i ( i ,F) - h{xt7)\ ^ 3e/4. Since

x, 2') - g(x, r (? ) ) | = \g(x, z') - h(x, ? ) | ^ e/8

,2") - <7(*,r(2"))| = |5(x,z") - h(x,z")\ < e/&.

and

x G f/ C Vo C

and
|5(x

Then

|5(x,z') - g(x,z")\ ^ \g(x,z') - h{x,?)\ + \h(x,7) - h(x,z")\ + |/i(x,?') -g(x,z")\
^ e 3e e

But this contradicts the choice of Uo.

Thus the set F(E) is nowhere dense in Uo for every E G V.

Describe a strategy for the player /3 in the Gp-game. The set Uo is the first move

of p. Let ( V i , ^ ) be the first move of a, where Vi C C/o is an open in X nonempty

set and E\ G V. Then U\ = V\\ F{EX) is the second move of 0, where Ex = E\.

If V2 C U\ is an open in X nonempty set and £2 G V then C/2 = Vi \ F(E2) where

Ei = E\ U E2. Continuing the procedure of choice by the obvious manner, we obtain

decreasing sequences (Un)%L0
 an<^ (^n)£Li °f °P e n m X nonempty sets Un and Vn and an
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increasing sequence {En)^ of sets EneV such that Vn C Un-\, Un = Vn\ F(En) and
En C En for every n 6 N, where En € P is the corresponding part of the n-th move of a.

OO OO __

Put E = (J £„. Clearly, |J £„ C £. Pick a point x0 6 £. Note that g(xo,z')
n=l n=l

= p(xo,2") for every zf,z" € Z with zf\E = z"|s, that is the continuous function gx° :
Z -> R, 5I0(^) = 5(10, 2), is concentrated on E. Using Proposition 2.2, we obtain that
there exists a finite set A C E such that |5(i0, •z') — g&o,z")\ < e/8 for every z', z" e Z
with z'U = z"U. Pick no e N such that A C Eno. Then ip g F{Eno) therefore x0 &

Uno. Thus j o ^ n i / n and ^flf H %) = 0- In particular, ( Q £.) flf 0 ^») = &
n=0 vn=0 ' vn=l 7 vn=0 y

Hence the strategy described above is a winning strategy for /? in the G^-game, but it is
impossible.

Thus, our assumption is false and the theorem is proved. D
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