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1. Introduction, In an ea r l i e r paper [3] we considered 
an inversion formula for the Gauss transformation G defined 
by 

oo 2 

(1.1) (Gç,)(x) = ( 4 T T ) ' 1 / 2 / e " ( x " y ) / 4 ^ ( y ) d y . 
- 0 0 

We noted there that formally G is inverted by 

, ox - D 2 d 
(1.2) e where D = — , 

dx 
- D 2 

and we showed that if e is interpreted via the power se r ies 
for the exponential function, that is if 

(1.3) e-D 2f(x) = S H i ! f î 2 n ) ( x ) ) 

n=0 n-

then under cer tain conditions on (p , 

- D 2 

(1.4) e f(x) = ç)(x) , where f = G<p . 

Now from [1 ; 10. 13(19)] , 

Canad. Math. Bull, vo l .6 , no. 1, January 1963 

45 

https://doi.org/10.4153/CMB-1963-007-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-007-8


Zs oo ( - l ) n H ( z / 2 ) 
-( tz+t ) n n 

(1.5) e = 2 • t , 
n = 0 

so that formally 

2 oo (-l)nH (z/2) 

e " D
 f ( x ) = s 5L D n e Z D £ ( x ) , 

n = 0 

zD 
and thus using the usual rule that e f(x) = f(x+z) we obtain 
formally 

2 oo (-l)nH (z/2) 
(1.6) e f(x) = 2 \ Vn) (x+z) . 

n=0 

We shall show in section two that with this new interpretation 

-D2 

of e , then under certain conditions on <p , (1.4) holds. 

-D2 

The interpretation of e given by (1.6) reduces to that of 
(1. 3) when z = 0 since 

H. (0) = 0 and H (0) = (-l)n(2n)î/ni . 
2n+1 2n 

Another special case of (1. 6), namely z = -x is worthy of note, 
since then the coefficients of the Hermite polynomials become 
independent of x. 

In [3] we also considered the Abel summability of (1. 3). 
This is equivalent to considering 

-tD2 

lim e f(x) , 
t -*• 1-

-tD2 

where e f(x) is defined through the power series for the 
exponential function. Using (1. 5) as previously we would have 
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. _ 2 oo ( - l ) n H (z /2 ) 
, , „x - t D „, , _ n i n ) 1/2 v n /Z 
(1 .7 ) e f(x) = 2 • fv (x+t z)t , 

n = 0 

and we sha l l s tudy, in sec t ion t h r e e , the b e h a v i o u r of s e r i e s 
( 1 . 7) a s t -* 1 - . In s ec t ion four we give some app l i ca t i ons of 
( 1 . 6 ) . 

2. C o n v e r g e n c e t h e o r y . In t h e o r e m one we show tha t the 
s e r i e s ( 1 . 5) i s e q u i c o n v e r g e n t wi th a we l l known i n t e g r a l and in 
t h e o r e m two we s p e c i a l i z e the r e s u l t s of t h e o r e m one to obta in 
c o n v e r g e n c e r e s u l t s . 

T H E O R E M 1. Let cp be i n t e g r a b l e o v e r e v e r y finite 
i n t e r v a l , and suppose tha t 

°° 2 / 2 «5/3 1 
(2 .1 ) f e " V ' v" ' {|<p(x+z+2v)|+|<p(x+z-2v)|} d v = o ( n " ) 

a s n -*> oo . 

Then (G<p)(u) e x i s t s for a l l r e a l u , and if f = Gcp and s (x, z) 
th 

d e n o t e s the n p a r t i a l s u m of the s e r i e s (1 .6 ) then for any 
6 > 0 

, . x - 1 r s in n / 2 (x- t )) , . , v 

h m (s (x, z) - IT / il-l—i i Li <p(t)dt) = 0 . 
n J ,. x - t 

n~*oo x -6 
« r ^T , I x | 5 / 3 - ( u - y ) 2 / 4 + ( x + z - y ) Z / 8 
Proof . C l e a r l y | x + z - y | e 

i s a bounded function of y . Le t k be i t s m a x i m u m . Then 

oo 2 / A x+z -2 x+z+2 oo 

/ , :«-rt '4Mv)|dy . / • / . + / 
-oo -oo x+z-2 x+z+2 

x+z -2 , v 2 . ^ " 5 . ^ 
n r - (x+z-y ) / 8 , , / 3 , .. . . 

< k J e y ; | x + z - y | | ^ ( y ) | d y 
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X + Z + 2 ° ° I j . \ 2 / Q ~5/1 

+ J U ( y ) | d y + k / e" ( X + Z-y ) / 8 | x + Z - y | /3 |<,(y)|dy 
x-f z - 2 x+ z+ 2 

oo 2 . 

= k / e v { | <p(xfz+2v) | + | <p(xfz-2v) | } dv 

1 

x+z+2 
+ / k (y) |dy < oo . 

x+z-2 

Hence (G^?)(u) exis ts for all u . Fu r the r from 

[2; chap. VIII, § 2. 2] f = G(p has der ivat ives of all o r d e r s which 

can be obtained by differentiating under the integral sign. 

Since from [l ; 10. 13(7)], 

d -x /4 . A - n -x /4 
e = (-1) 2 H (x/2)e 

^ n n 

dx 

it follows that 

n oo 2 
( 2 . 2 ) f ( n > ( x ) = _ L i L ; e-<*-y> / 4 H ((x-y)/2My)dy , 

n.. ,1/2 J n 
2 (4TT) -oo 

so that 

^ f ( l V z ) = n
 1

 1 / 2 / e - ( X + Z ^ ) 2 / 4 H ( ( x + z - y ) / 2 M y ) d y 
n. n 1/ £ ^ n 

2 n! (4TT) -oo 

1 r - V 
—• 77-r / e H (v) <p(x+z-2v)dv 
n 1/2 ^ n 

Comparing this last express ion with [4; 9. 1. 3], we see that the 

coefficient of H (z/2) in (1. 6) is equal to the n**1 Hermite 

coefficient of (p(x+z-2v) . Hence (1. 6) is the Hermite expansion, 

evaluated at z/2 , of <p(x+z-2v) . But by [4, Theorem 9- 1. 6], 

since (2.1) is satisfied the Hermite expansion of <p(x+z-2v) , 
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evaluated at z / 2 , is equiconvergent with 

1 / " 6 ) / y z - Z V ) s in ( (Zn)^( ( 2 /Z) -v) ) d v 

17 ( Z - 6 ) / 2 ( z / 2 ) " V 

, i / + 5
y ( t ) ^ ( ( n / 2 ) 1 / 2 ( x - t ) ) d t 

7TJ „ X . - t 
X - Û 

tha t i s 

, 1 r / v s in( (n /2) (x- t ) ) 
l i m ( s ( x , z) - - / û?(t) ^—i—i i L L . 3 t ) = o 

n TT^ r x - t 
n -*• oo x -o 

Using T h e o r e m 1 we can d e r i v e m a n y s e t s of condi t ions 
tha t the s e r i e s ( 1 . 6) conve rge to <p(x) . We s ta te s o m e of t h e s e 
a s o u r nex t t h e o r e m . 

T H E O R E M Z. Suppose ç i s i n t e g r a b l e o v e r e v e r y finite 
i n t e r v a l , and tha t 

oo 2 
/ e"*V v" {|<p(x+z-f2v)| + |ç?(x-fz-2v)|} dv < oo . 

Then (G<p){\i) e x i s t s for a l l r e a l u , and if f = Gcp 

oo ( - l ) n H (z /2 ) 
(i) S p f W ( x + z ) = {«,(*+) + ? ( x - ) } / 2 

n = 0 

if <p i s of bounded v a r i a t i o n in a ne ighbourhood of x , and 

« < - l ) n H (z /2 ) 
(ii). 2 p fW (x+z) = ?(x) 

n = 0 . n ! 

•rA , • dt 
if for s o m e A > 0 , J |<p(x+t) + <p(x-t) - 2<p(x) | — < oo . 

0 ' 
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Proof . C l e a r l y 

°° 2 / 2 5 /3 
/ e" V ' v" ' {|<p(x+z+2v)| + |<p(xfz -2v) |}dv 

oo 2 

< n" J e " V v " { |<p(x+z+2v)| + | <p(x+z-2v) | } dv = o(n" ) 

Hence by T h e o r e m 1, (G<p)(u) e x i s t s and ( 1 . 6) i s e q u i c o n v e r g e n t 
wi th 

1 r smUn/2) (x-t)) ^ 
IT ^ „ X - t 

X - Ô 

But f r o m [5 ; v. II, chap . XVI, 1 .3 ] , [5 ; v. I, chap . II, 6 . 1 ] , and 
[5 ; v. I, c h a p . II, 8. 1] 

l i m i / + 6 , ( t ) s in( (n /2) 1 / 2 (x- t ) ) d t 
IT ^ r

 r V X - t 

n -> oo x - 6 

= (<p(x-f) + <p(x-))/2 or <p(x) 

u n d e r p r e c i s e l y the cond i t ions d e s c r i b e d in (i) and ( i i ) . 

- t D 2 

3. T h e o r e m 3 d e a l s wi th e . It should be no t i ced 
tha t z can depend on t . 

T H E O R E M 3. Suppose <p i s i n t e g r a b l e o v e r e v e r y f ini te 
i n t e r v a l , t ha t 

00 1 / 2 x2 / 
j e - ( x + t z-y) / 8 | ( p ( y ) | d y < 0 0 for t < t < l , 

and tha t 

y 
J [<p{y) - <p(x)]dv = o(y-x) a s y -> x 
x 
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Then 

- t D 2 

l i m e f(x) = <p(x.) 
t -> 1-

Proof . The e x i s t e n c e of (G<p)(u) fol lows a s in T h e o r e m 1. 
Suppose t < t < 1 . Then f rom (2. 2), and us ing [1 ; 10. 13(22)] 

2 oo ( - l ) n
H ( z /2 ) 

e f(x) = S • f (x+t z)t 
n = 0 

00 4 /9 °° / ^ . 1 / 2
 x 2 / y l H ( z /2 )H ( ( x + t 1 / 2 z - y ) / 2 ) / n - 1 / 2 r -(x+t z -y / 4 n n y / ' n / 2 

= S (4TT) J e y / • 1 <?(y)dy 
n = 0 -oo 2Rnl 

AI? °° / ^ 1 / 2 ,2 °o H ( z / 2 ) H ( ( x + t 1 / 2 z - y ) / 2 ) 
= < 4 i r f 1 / 2 f e - ( X + t - y ) / 4 £ - ^ S t n / % ( y ) d y 

«̂  n 
-co n = 0 2 n! 

-,**!..,,-1'2 / . W w - t > „(y)dy , 

prov id ing we jus t i fy the i n t e r c h a n g e of s u m m a t i o n and i n t e g r a t i o n . 
F o r th i s it suff ices to show tha t 

u(x, t) 

oo oo 1/2 .2 lH ( z / 2 ) | | H ( ( x + t 1 / 2 z - y ) / 2 ) | 
^ P -(x-ft z -y) / 4 n n ' n/ à. ï , 

= S . J e y 1 My)|dy<oo 
n = 0 -oo 2 n! 

But f r om [1 ; 10. 18(19)] , 

^ 2 , °° , °° 1/2 2 
/ ^ i * z ' 8 ^ * n Z r " x + t z ~ y ) / 8 I / i i j 

u(x, t )<k e s t J e My)(dy 
n = 0 -oo 

2* 
, 2 z / 8 oo 1/2 2 rt 

- k e r - ( x + t z ~y / 8 i , v u ^ ~ 
= TTT J e I ^ (y ) I dy < oo , 

(1 - t ' ) -oo 

51 

https://doi.org/10.4153/CMB-1963-007-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-007-8


and the i n t e r c h a n g e i s j u s t i f i ed . 

But f r o m [2; chap . VIII, T h e o r e m 7. 2] 

l i m ( 4 T r ( l - t ) ) - 1 / 2 j™e-(x-y)Z,Mi-%(Y)dY=ç(x) 

t -> 1- - 0 0 

p r o v i d e d 

j M v ) - <?(x)]dv = o(y-x) . 

x 

4. A p p l i c a t i o n s . V a r i o u s e x p a n s i o n s can be deduced f r o m 
T h e o r e m 2. F o r e x a m p l e , it fol lows f r o m [ l ; 10. 13(30)] t ha t if 

cp{x) = H (ax) , - 1 / 2 < a < 1/2 , then 
n 

(G<p)(x) = ( l - 4 a ) n / H ( a x / ( l - 4 a ) ) . 
n 

Then , s ince f r o m [ l ; 10. 13(14)] , 

H (bx) = < 
dx r n 

(2b) n! H ( b x ) / ( n - r ) ï , r < n , 
n - r ~ 

, r > n , 

it fo l lows f r o m T h e o r e m 2 tha t 

H (ax) 

n 

r = 0 

( n ] ( - l ) r ( 2 a ) r ( l - 4 a 2 ) { n " r ) / Z H ( z / 2 ) H ( a ( x + z ) / ( l - 4 a
2 ) 1 / 2 ) , 

i r ' r n - r 

o r se t t ing a = (cos <p)/2 , 0 < cp < TT , <p 4 T r /2 , 
x = 2(s+t t an cp) , z = - 2 s 

n 
H (s c o s <p + t s in (p) = 2 c o s <p sin cp H (s) H (t) , 

n A lr^ ^ r n-r 
r = 0 
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which i s a s p e c i a l c a s e of [ l ; 10. 13(40)], c l e a r l y va l id now for 
0 < <p < TT . 

2 
- ax 

A l s o , f r o m [2; chap . VIII, § 2. 6] if <p(x) = e 
2 

a > - 1/4 , then (G(^))(x) = ( l + 4 a ) " 1 / 2 e " a X ^ 1 + 4 a ) 

H e n c e , s ince if b > 0 

r ^ Z ,-, , 2 TT „ 1 / 2 v d - b x , r , r / 2 - b x H (b x) , e = (-1) b e r 
d x r 

t h e o r e m two y i e l d s , if a > 0 , 

2 
- a x 

M-> =w^ \ 2 / / , X A » °° H < z / 2 ) H ( ( x + z ) ( a / ( l + 4 a ) ) 1 / 2 ) , , A x -1 /2 -a(x+z) / ( l + 4 a ) _ n n , ,, 4Vn/2 
= ( l+4a) e ' 2 — ( a / ( l + 4 a ) 

n = 0 

a r e s u l t equ iva len t to [ l ; 10. 13(22)] . 
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