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NON-UNIQUENESS FOR THE p-HARMONIC FLOW

NORBERT HUNGERBÜHLER

ABSTRACT. If f0: Ω ² Rm ! Sn is a weakly p-harmonic map from a bounded
smooth domain Ω in Rm (with 2 Ú p Ú m) into a sphere and if f0 is not stationary
p-harmonic, then there exist infinitely many weak solutions of the p-harmonic flow
with initial and boundary data f0, i.e., there are infinitely many global weak solutions
f : Ωð R+ ! Sn of

]tf � div (jrf jp�2rf ) = jrf jpf weakly on Ωð R+

f = f0 on the parabolic boundary of Ωð R+.

We also show that there exist non-stationary weakly (m� 1)-harmonic maps f0: Bm !
Sm�1.

1. Introduction. Let M and N be compact smooth Riemannian manifolds (M pos-
sibly having a boundary) with metrics ç and g respectively. Let m and n denote the
dimensions of M and N. For a C1-map f : M ! N the p-energy density is defined by

e(f )(x) :=
1
p
jdfxjp(1)

and the p-energy by
E(f ) :=

Z
M

e(f ) dñ(2)

Here, p denotes a real number in [2Ò1[, jdfxj is the Hilbert-Schmidt norm with respect
to ç and g of the differential dfx 2 TŁ

x (M)
 Tf (x)(N) and ñ is the measure on M which is
induced by the metric. In local coordinates E(f ) is given by:

EU(f ) =
1
p

Z
Ω

�çãå(gij Ž f )]ãf i]åf j
� p

2
pç dx

Here, U ² M and Ω ² Rm denote the domain and the range of the coordinates on M
and it is assumed that f (U) is contained in the domain of the coordinates chosen on N.
Upper indices denote components, whereas ]ã denotes the derivative with respect to the
coordinate variable xã. We use the usual summation convention.

First we consider variations of the energy-functional of the form f¢ = f + ¢ß with
ß 2 C1

0

�
Bö(x)Ò Rn

�
with B̄ö(x) ² U such that f¢(U) is contained in the domain of the

coordinates chosen on N provided j¢j is small enough. The resulting Euler-Lagrange
equations are

∆pf = �(çãågij]ãf i]åf j)
p
2�1çãåΓl

ij]ãf i]åf j(3)
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in local coordinates. Here, the operator

∆pf :=
1pç]å

�pç(çãågij]ãf i]åf j)
p
2�1çãå]ãf l

�

is called p-Laplace operator (for p = 2 this is just the Laplace-Beltrami operator and does
not depend on N). On the right hand side of (3) the Γl

ij denote the Christoffel-symbols
related to the manifold N. According to Nash’s embedding theorem we can think of N
as being isometrically embedded in some Euclidean space Rk since N is compact. Then,
if we regard f as a function into N ² Rk, equation (3) admits a geometric interpretation,
namely

∆pf ? Tf N(4)

with ∆p being the p-Laplace operator with respect to the manifolds M and Rk. If N is
a unit sphere, then (4) becomes ∆pf = ïf for a function ï: Ω ! R. Multiplying the
equation with f one obtains ï = �jrf jp.

For p Ù 2 the p-Laplace operator is degenerated elliptic. (Weak) solutions of (3) are
called (weakly) p-harmonic maps.

On the other hand, vanishing variations of the form

f¢(x) = f
�
x + ¢ß(x)

�
(5)

with ß 2 C1
0

�
Bö(x)Ò Rm

�
and j¢j small enough, lead to

0 =
Z

Ω

pç(çõö]õf i]öf
i)

p
2�1çãå]ãf j]å(]éf

jßé) dx
If M is locally Euclidean, this can be rewritten as

Z
Ω
jrf jp�2]ãf i]åf i]åßã dx =

Z
Ω

1
p
jrf jp]jßj dx(6)

For a non-constant metric ç this reformulation is in general not possible since

hé :=
pç(çõö]õf i]öf

i)
p
2�1çãå]ãf j]åéf

j

is not a gradient then.
Weakly p-harmonic maps in W1Òp(MÒN) which satisfy (6) are called stationary p-

harmonic and satisfy the system

]ãjrf jp = p ]å(jrf jp�2]ãf j]åf j)(7)

in distributional sense. Here, W1Òp(MÒN) denotes the nonlinear Sobolev space of functions
g 2 W1Òp(MÒ Rk) with g(x) 2 N for almost every x 2 M. Notice that (7) is formally
obtained from (4) by multiplication with rf . So, (smooth) p-harmonic maps are always
stationary. This is in general not true for weakly p-harmonic maps and we will see
examples for this later on.
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The heat flow related to the p-energy is described by

]tf � ∆pf ? Tf N(8)

f jt=0 = f0(9)

or explicitly for (8)

]tf � ∆pf =
�
pe(f )

�1� 2
p A(f )(rf Òrf )(10)

where A(f )(ÐÒ Ð) is the second fundamental form on N. For p = 2 Eells and Sampson
showed in their famous work [6] of 1964, that there exist global solutions of (8)–(9)
provided N has non-positive sectional curvature and that the flow tends for suitable
tk ! 1 to a harmonic map. Existence and uniqueness of partially regular solutions of
the harmonic flow on Riemannian surfaces (i.e. p = m = 2) has been shown by Struwe in
[10] and recently Freire [7] proved uniqueness in this case in the class of weak solutions.
Existence for p = 2 in higher dimensions (i.e. m Ù 2) has been obtained by Chen and
Struwe in [4]. Coron [5] constructed maps u0 such that the 2-flow u: B3 ðR+ ! S2 with
initial and boundary data u0 has infinitely many weak solutions. In fact, Coron showed
that for suitable weakly 2-harmonic maps u0: B3 ! S2 the construction of Chen [2] and
Chen-Struwe [4] leads to a weak solution u(xÒ t) of the flow which satisfies a certain
monotonicity property (see [11] or [4]) in contrast to ū(xÒ t) := u0(x) which is also a weak
solution of the flow. Since a monotonicity formula is not available for the p-harmonic
flow for p Ù 2, this approach cannot be carried over to the latter situation. Recently,
Coron’s result has been reproved in [1] by a different technique. In this paper, we prove
non-uniqueness of the p-harmonic flow in case p Ù 2 by combining ideas of [1] and [9].

We will establish the following theorem:

THEOREM 1. If f0: Ω ² Rm ! Sn is a weakly p-harmonic map from a bounded smooth
domain Ω of Rm (with 2 Ú p Ú m) into a sphere, and if f0 is not stationary p-harmonic
then there exist infinitely many weak solutions of the p-harmonic flow with initial and
boundary data f0, i.e., there are infinitely many global weak solutions f : ΩðR+ ! Sn of

]tf � div (jrf jp�2rf ) = jrf jpf weakly on Ωð R+(11)

f = f0 on the parabolic boundary of Ωð R+.(12)

REMARKS. (a) Ω can be replaced by any smooth compact Riemannian manifold M
which is locally flat.

(b) In the last section we will actually construct examples of non-stationary weakly
p-harmonic maps.

2. Existence of a global weak solution. In this section we establish a special case
of the following theorem, which is proved in [9]. The approximate solutions of the p-
harmonic flow constructed in the proof will be used in Section 3 to establish the existence
of multiple solutions.
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THEOREM 2. For 2 Ú p Ú dim(M) there exists a global weak solution of the p-
harmonic flow between Riemannian manifolds M and N for arbitrary initial data having
finite p-energy in the case when the target N is a homogeneous space with a left invariant
metric. The solution f : M ð [0Ò1) ! N satisfies the energy inequality

1
2

Z T

0

Z
M
j]tf j2 dt dñ +

1
p

Z
M
jdf (T)jp dñ � 1

p

Z
M
jdf (0)jp dñ(13)

for all T Ù 0.

PROOF. (in the case M = Ω and N = Sn):
For f0Ò g 2 W1Òp(ΩÒ Sn) fixed,

f 2 W1Òp
f0

(ΩÒ Sn) := fw 2 W1Òp(ΩÒ Sn) : w � f0 2 W1Òp
0 (ΩÒ Sn)g

and h Ù 0 let

Eg(f ) :=
Z

Ω

�1
p
jrf jp +

1
2h
jf � gj2

�
dx

By the direct method of the calculus of variations we find a function w 2 W1Òp
f0

(ΩÒ Sn)
such that

Eg(w) = inf
f2W1Òp

f0
(ΩÒSn)

Eg(f )

The set of arguments for which the infimum of Eg is attained is usually denoted by
arg min Eg. Now we define recursively a family fi 2 W1Òp

f0
(ΩÒ Sn) by

fi+1 2 arg min Efi for i = 0Ò 1Ò   
Notice that fi is a weak solution of the Euler-Lagrange equation to energy Efi�1 , i.e., there
holds for every i = 1Ò 2Ò   

ΠTfi
Sn

�1
h

(fi � fi�1)
�
� div (jrfijp�2rfi) = jrfijpfi(14)

in distributional sense and fi = f0 on ] Ω in the trace sense. In (14) ΠTf Sn denotes the
orthogonal projection onto the tangent space Tf Sn.

Since fi minimizes Efi�1 we have in particular Efi�1(fi) � Efi�1(fi�1), i.e.,

Z
Ω

�1
p
jrfijp +

1
2h
jfi � fi�1j2

�
dx � Z

Ω

1
p
jrfi�1jp dx(15)

Now we define the function f (h): Ωð R+ ! Sn by

f (h)(tÒ Ð) := fi for t 2 h
ihÒ (i + 1)h

�
.

Thus, rewriting (14) by using the notation ] (h) for the forward difference quotient in time
with step length h, i.e., (] (h)f )(tÒ x) = 1

h

�
f (t + hÒ x) � f (tÒ x)

�
, we get

ΠTf (h)Sn ] (�h)f (h) � div (jrf (h)jp�2rf (h)) = jrf (h)jpf (h)(16)
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in distributional sense on Ωð (hÒ1) and f (h) = f0 on the parabolic boundary of ΩðR+.
Summing up (15) we obtain

1
2

Z kh

0

Z
Ω
j] (h)f (h)j2 dx dt +

1
p

Z
Ω
jrf (h)(kh)jp dx � 1

p

Z
Ω
jrf0jp dx(17)

So, in particular we see that ff (h)ghÙ0 is a bounded set in L1
�
0Ò1; W1Òp(ΩÒ Sn)

�
and

hence every sequence in ff (h)ghÙ0 has a subsequence fi := f (hi) such that

fi � f0
Ł™ f � f0 weaklyŁ in L1

�
0Ò1; W1Òp

0 (Ω)
�

(18)

for a map f 2 L1(0Ò1; W1Òp
f0

�
ΩÒ Sn)

�
.

It is now easy to see, that the difference quotient for fixed step length H Ù 0 of
the sequence ff (h)gHÙhÙ0 is bounded in L2

�
0Ò1; L2(Ω)

�
by a constant which does not

depend on H. Since the set ff (h)ghÙ0 is precompact in the space Lr
�
0ÒT; Lr(Ω)

�
for all

r Ú pŁ = mp
m�p (see [9, Lemma 2]) we have that f] (H)fgHÙ0 is bounded in L2

�
0Ò1; L2(Ω)

�
and hence f has a distributional time derivative in the latter space. In fact, as a consequence
of the partial integration rule for the discrete operator ] (h), we obtain

] (h)f (h) ™ ]tf weakly in L2
�
0Ò1; L2(Ω)

�

and moreover

ΠTf (h)Sn ] (�h)f (h) ™ ]tf weakly in L2
�¢Ò1; L2(Ω)

�
(19)

for arbitrary ¢ Ù 0. This allows to pass to the limit in the first term in equation (16).
Now, by the compactness result in [8] there exists a sequence h ! 0 such that

rf (h) ! rf strongly in Lq
�
0ÒT; Lq(Ω)

�
for all q Ú p(20)

and hence (since frf (h)ghÙ0 is bounded in Lp
�
0ÒT; Lp(Ω)

�
)

jrf (h)jp�2rf (h) ™ jrf jp�2rf weakly in Lp0
�
0ÒT; Lp0

(Ω)
�
.(21)

This allows to pass to the limit in the p-Laplace term of equation (16) (and in the boundary
condition). Now, we are left with the problem to do this also on the right-hand side of
(16). To overcome this difficulty, we use a similar technique as in [3].

By taking the wedge product of (16) with f (h), we get

ΠTf (h)Sn ] (�h)f (h) ^ f (h) � div (jrf (h)jp�2rf (h) ^ f (h)) = 0(22)

Using the previously stated results, we can pass to the limit in (22) and obtain

]tf ^ f � div (jrf jp�2rf ^ f ) = 0(23)
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in distributional sense. A short calculation shows that for every function ú 2
C1

0 (Ω ð R+;R) the relation

�
]tf � div (jrf jp�2rf )� jrf jpf

� Ð f ú = 0(24)

automatically holds in distributional sense, provided jf j = 1 a.e. in Ω. Note, that any
function ß 2 C1

0 (Ω ð R+;Rn+1) can be decomposed in the following way

ß = f (f Ð ß)� f ^ (f ^ ß)(25)

Using the facts that f 2 L1
�
0Ò1; W1Òp(ΩÒ Sn)

�
and ]tf 2 L2

�
0Ò1; L2(Ω)

�
and an

approximation argument we obtain that † = f ^ ß and ú = f Ð ß are admissible test-
functions in (23) and in (24). Subtracting the resulting equations and using (25), we
get

]tf � div (jrf jp�2rf ) = jrf jpf

in distributional sense. Thus f is a weak solution of (11) and (12).
By passing to the limit in (17) we get the energy inequality stated in the theorem.

3. Proof of Theorem 1. We assume that f0: Ω ! Sn is weakly p-harmonic but not
stationary. That means that for some index ã

]ãjrf0jp 6= p ]å(jrf0jp�2]åf j
0]ãf j

0)(26)

In order to prove Theorem 1, it is sufficient to show that the weak solution f constructed
in the previous section is not constant in time. To do this we use a similar idea as in [1].

Using variations of the form (5) for the energy Eg we find that for the approximating
solutions f (h) introduced in the previous section there holds

] (�h)f (h) Ð ]ãf (h) +
1
p

]ãjrf (h)jp = ]å(jrf (h)jp�2]ãf (h) Ð ]åf (h))(27)

Let us assume by contradiction that the limit function f is constant

f (ÐÒ t) = f0(28)

for all times t ½ 0 and hence especially Ep

�
f (ÐÒ t)� = Ep(f0). By (20) we may assume

that rf (h) ! rf = rf0 a.e. on [0Ò1) ðΩ. Thus, using Fatou’s Lemma and the energy
inequality (17), we have that

Z T

0

Z
Ω
jrf0jp dx dt =

Z T

0

Z
Ω

lim
h!0

jrf (h)jp dx dt

� lim inf
h!0

Z T

0

Z
Ω
jrf (h)jp dx dt

� Z T

0

Z
Ω
jrf0jp dx dt
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which implies that

rf (h) !rf strongly in Lp
loc(Ω ð [0Ò1]).

Using the energy inequality once more we get

1
p

Z T

0

Z
Ω
jrf0jp dx dt

� lim inf
h!0

�1
2

Z T

0

Z t

0

Z
Ω
j] (h)f (h)(ú)j2 dx dú dt +

1
p

Z T

0

Z
Ω
jrf (h)(t)jp dx dt

�

� 1
p

Z T

0

Z
Ω
jrf0jp dx dt

and this yields that
] (h)f (h) ! 0 strongly in L2(Ωð R+).

This allows to pass to the limit in (27) and we get

]ãjrf jp = p ]å(jrf jp�2]åf j]ãf j)

in contradiction to (26) which proves that (28) cannot hold true.
Now we have the two distinct solutions f̃ (ÐÒ t) = f0 and the limit f of the approximating

functions f (h). Then

fú(xÒ t) =
(

f0(x) for t � ú
f (xÒ t � ú) for t Ù ú

is an infinite family of solutions of (11) and (12) and the theorem is proved.

REMARKS. (a) Theorem 1 remains true for an arbitrary homogeneous space N with
a left invariant metric as target manifold in place of a sphere: The construction of the
approximating solutions and the passage to the limit are described in [9], the second part
of the proof (i.e. Section 3) remains unchanged.

(b) It would be a challenging problem to investigate whether the inverse implication
of Theorem 1 holds true: If f0: Ω ! N is a stationary weakly p-harmonic function, then
the solution of (11) and (12) is unique.

4. Examples of non-stationary p-harmonic maps. We show now that there exist
non-stationary weakly (m � 1)-harmonic maps f0: Bm ! Sm�1. The idea to use the
conformal invariance of the p-energy in dimension p is similar to the construction of
Coron in [5].

Let us consider the map

w: Sm�1 ! Sm�1Ò x 7! ô�1 Ž v Ž ô(x)

where ô: Sm�1 ! Rm�1 [ f1g =: R̄m�1 is the stereographic projection and v: R̄m�1 !
R̄m�1 is a bijective conformal map, i.e., v belongs to the Möbius group of R̄m�1 which is
generated by dilatations x 7! ïx, isometric maps and inversions x 7! xÛjxj2 (and in two
dimensions by the complex Möbius transformations). Hence w is a conformal map.
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The function Bm ! Sm�1Ò x 7! x
jxj belongs to W1Òp if p Ú m and is weakly p-harmonic.

Because of the conformal invariance of the p-energy in dimension p the map

f0: Bm ! Sm�1Ò x 7! w
 

x
jxj
!

is also weakly p-harmonic if p = m� 1. Now for f0 there holds

LEMMA 1. If f0 is stationary then
Z

Sm�1
jrwjm�1y dõ(y) = 0(29)

PROOF. First, we observe that for p = m� 1

Z
Bm
jrf0jp x

jxj dx =
Z

Sm�1
jrf0jpy dõ(y)(30)

=
Z

Sm�1
jrwjpy dõ(y)

We now use jxj � 1 as a test-function in (7) and obtain that for every index ã
Z

Bm
jrf0jp xã

jxj dx =
Z

Bm
jrf0jp]ãjxj dx(31)

= p
Z

Bm
jrf0jp�2]ãf0 Ð ]åf0

xå

jxj| {z }
=0

dx = 0

The combination of (30) and (31) gives the desired result.

It is easy to see that e.g. for a dilatation v: x 7! ïx with ï 6= 1 the condition (29) is
violated.
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