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Nonstandard ldeals from Nonstandard
Dual Pairs for L'(w) and I'(w)

C.J. Read

Abstract. The Banach convolution algebras I'(w) and their continuous counterparts L' (R, w) are
much studied, because (when the submultiplicative weight function w is radical) they are pretty much
the prototypic examples of commutative radical Banach algebras. In cases of “nice” weights w, the only
closed ideals they have are the obvious, or “standard”, ideals. But in the general case, a brilliant but very
difficult paper of Marc Thomas shows that nonstandard ideals exist in I (w). His proof was successfully
exported to the continuous case L! (R*, w) by Dales and McClure, but remained difficult. In this paper
we first present a small improvement: a new and easier proof of the existence of nonstandard ideals
in I'(w) and L'(R™,w). The new proof is based on the idea of a “nonstandard dual pair” which we
introduce. We are then able to make a much larger improvement: we find nonstandard ideals in
L'(R™,w) containing functions whose supports extend all the way down to zero in R™, thereby solving
what has become a notorious problem in the area.

1 Preliminary Definitions

Our notion of a radical weight w: R* — R* will be the usual one; w must be mea-

surable and submultiplicative, and one must have w(s)/s = 0ass — oo.

Given a radical weight w, we define the radical convolution algebras I'(w) and
L'(R*, w) in the usual way. If the Banach algebra A is either I'(w) (the discrete case)
or L'(R*,w) (the continuous case), we identify the dual space A* with I°°(1/w) or
L®(R*,1/w), so A N A* contains all the functions with compact support (bounded
measurable functions in the continuous case) from N — C (discrete case) or R* — C
(continuous case). Many of our proofs are equally valid in the discrete case or the
continuous case. In particular, the proof that nonstandard ideals I exist with a(I) > 0
is the same in both cases. Only when we want a(I) = 0 do we have to specialise to
the continuous case.

If s € Ny (discrete case) or R* U {0} (continuous case) the standard ideal I, C A
is the collection of all functions f € A that are supported in the interval [s, 00).
Any nonzero closed ideal that is not one of the ideals I is called a nonstandard ideal.
If A has no nonstandard ideals it is called unicellular. Also the right shift operator
R°: A — Ais as usual the map with R°f(¢t) = f(t — s) (if t > s) or zero otherwise,
and the left shift L*: A* — A* is the dual map with L° f(t) = f(t +s). We know that
IR)la = IL°|la+ < w(s); and because w is a radical weight we know that L*: A — A
and R°: A* — A* are densely defined but unbounded operators. A finite linear
combination of the maps L* (or R*) will be called a “generalised polynomial” in L =
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L' (or R = R'), generalised because in the continuous case non-integer values of s
are allowed.

2 A Brief History of the Problem

The main example in this area is the paper [6] by Marc Thomas, which solved a
problem of Shilov dating back to 1940. The extension by Dales and McClure [2] to
the continuous case leaves unsolved the question of whether there are nonstandard
ideals with a(I) = 0, something which Dales recognised as significant at the time,
and that question is solved affirmatively in this paper.

In the positive direction, the main theorem is the result of Domar [3] which asserts
that if the weight function w is star-shaped, i.e., — % logw(n) is an increasing function
of n € N, then ['(w) has no nonstandard ideals. Domar also proved a continuous
version of this result: if n(f) = —logw(¢) is a convex function of ¢, and if for some
e > 0 one has 7(t)/t'** — 0, then L'(R*, w) has no nonstandard ideals. There is
also an account of this work in Dales [1].

The question of whether one can have nonstandard weak-x* closed ideals (see def-
inition and discussion below) was raised by S. Grabiner (private communication; his
interests in the weak-* topology on L' (R*,w) and in nonstandard ideals are seen in
[4, 5]). The question of whether one can have compact multiplication on the alge-
bras L'(R*, w) and I'(w) and yet still have nonstandard ideals is also discussed and
answered affirmatively by Thomas in the discrete case, and by Dales and McClure in
the continuous case. In this paper we give examples of weak-* closed ideals where
the weight function can be chosen so as to give compact multiplication and yet non-
standard ideals still exist on L'(R*, w), with a(I) = 0.

3 Further Definitions

The definitions of Section 1 are standard practise. Not quite so standard, but to us
very useful, are the following:

Definition 3.1

(i) Let.A denote the algebra I'(w) or L'(R*,w). Let f € A and ¢ € A*. We define
the function [f:¢]: Ny — C (respectively, R* — C) by

(3.1) [f:0](s) = ¢(R°[).

We will refer to this function as the interaction between f and ¢.

(ii) If f,g: N — C (discrete case) or R* — C (continuous case) and s € N (discrete
case) or R*, we say f < sif f is supported on [0, s], and g > sif g is supported
(essentially supported in the continuous case) on [s, 00). We say ¢ > f (“g lies
beyond f”) if f < sand g > s for some s (continuous case), but in the discrete
case we require f < s — 1and g > s for some s € N. Either way, the condition
given ensures [g: f] = 0 wheng € A and f € A* are such that g lies beyond f.

(iii) For nonzero f, we also define a(f) to be the minimum of the support of f
(essential support in the continuous case), and S(f) its maximum (or infinity
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if the support is not compact). If I C A is a nonzero closed ideal, we define
a(I) to be the minimum of a(f) for f € I (and this really is a minimum, not
an infimum, because if || ;|| = 1 and «( f;) is a decreasing sequence tending to 7,
onehas ("2, £27"f,) =t for a suitable choice of signs).

(iv) If p is a nonzero generalised polynomial, we likewise define a(p) to be the
largest power of R that divides p(R), so that one has a(p(R) f) = a(p) + a(f)
for all such p and f. We define 3(p) to be the degree of p.

(v) If f > ¢with f € Aand ¢ € A", then obviously [f:¢] = 0. We say the ele-
ments f € Aand ¢ € A* are a nonstandard dual pair if they are both nonzero,
we do not have f > ¢, yet we find that the function [f:¢] is identically zero.

Obviously it is the last part of this definition that gives us a method—so to speak,
a style of proof—when looking for nonstandard ideals. The algebra A as defined
above will have nonstandard ideals if and only if it has nonstandard dual pairs; for
[f:¢] = 0ifand only if ¢ annihilates the closed principal ideal generated by f (which
is easily seen to be the closed linear span of all the translates R°f, s > 0). If that
ideal is standard, i.e., if it is the ideal I,, & = «(f), then the only functionals ¢
annihilating it will be those with ¢ < « and hence, ¢ < f. So the existence of a
nonstandard dual pair (f, ¢) definitely implies the existence of a nonstandard ideal
(with a(I) = a(f)). Conversely, a simple application of the Hahn—Banach theorem
shows that if there is any nonstandard ideal I, then there is a nonstandard dual pair
(f, ¢) with a(f) = a(I). Thus, the hunt for nonstandard ideals becomes a hunt for
nonstandard dual pairs.

One further subtlety, which can also be attacked using nonstandard dual pairs, is
the issue of the weak-* topology and the question of whether one can have weak-*
closed nonstandard ideals. In the discrete case A = I'(w), the weak-* topology is the
topology o (I'(w), co(1/w)); in the continuous case it is defined to be the topology
a(L'(R*,w),Co(R*, 1/w)), where Co(R*, 1/w)) is the Banach space of continuous
functions ¢: R* — C such that ¢(t) /w(t) — 0ast — oo.

The Hahn—Banach theorem is again our friend when converting statements about
weak-x closed ideals into statements about dual pairs; one may check that there is
a weak-* closed, nonstandard ideal I C A with a(I) = ¢ if and only if there is
a nonstandard dual pair (f, ¢) with ¢ € ¢(1/w), (respectively, Co(R*,1/w)) and

alf) =t

4 Geometric Progressions and Cancellation in [f:¢]

This paper is mainly about explicit construction of nonstandard dual pairs; let us
assume that A is I'(w) or L'(R*,w) as above, with f € A and ¢ € A* elements
of compact support such that we do not have f > ¢ but instead ¢ > f. In the
continuous case, the Titchmarsh convolution theorem tells us that the interaction
[f:¢] is nonzero with

(4.1) o[f:¢]) = alg) — B(f).

Equation (4.1) is, of course, obvious in the discrete case.
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Now choose any a > ((¢) — a(f) so that R*f > ¢ and [R*f:¢] = 0. Choose
also a nonzero complex constant A. Since [R? f :R%g] = [f:¢] for any compactly sup-
ported f and g, there is some cancellation in the expression [ f + AR f: ) — A~ 'R%¢)].
In fact, two terms [f:¢] + [AR*f: — A"'R%®] cancel out, the term [R*f:¢] = 0
so [f+ AR f:p — AT'R¢] = [f:A"'R¢], and a([f + AR f:p — AT'R@]) =
a+a(p) — B(f) = a+ a([f:¢4]). Indeed, we may take a finite “geometric progres-
sion

(4.2) ¢' =) (-AT'RY'¢

k=0

and obtain even more cancellation: [f + AR f:¢'] = [f:(—A™'R*)"¢] with a([f +
AR f:¢']) = na+a(g) — B(f) = na+a([f:¢]). Of course, any hope that we might
achieve [f+ARf:¢'] = 0 by letting n — oo is immediately dashed because w has to
be a radical weight; the infinite series Z,ZO(—A*R“)"QS will certainly not converge,
whether in /°°(1/w) or in L (R*, 1 /w).

Nonetheless, “geometric progressions” can be used to perturb a pair ( f, ¢) in such
a way that the new elements f’ = f + AR?f and ¢’ as in (4.2) have an interaction
that starts much further along the real line than [ f: ¢]. We shall now use this idea to
construct our first nonstandard dual pairs (f, ¢).

5 Some Dual Pairs (f, ») Which Are “Nonstandard if They Converge”

In this section we shall prove a lemma which can be used to exhibit nonstandard dual
pairs in “real life” cases. We begin with a recursive definition that takes two increasing
sequences of positive integers as its input, and gives an elaborate “progression of
geometric progressions” as its output. This definition, and the lemma that follows
it, are not quite complicated enough to give nonstandard ideals I with a(I) = 0;
but they form the basis of a very nice short proof that nonstandard ideals exist with
a(I) > 0. This proof is given in Section 7, after a suitable weight function is defined
in Section 6. Then in Sections 8—9 we add the necessary extra complexity to get ideals
with a(I) = 0.

Definition 5.1 Let (a,);2, and (A,)32, be strictly increasing sequences of positive
integers with @y = 1. Define qo(R) = R?, po(R) = AR (where R is, as usual, the
right shift operator), and for n € Ny define

(5.1) Pu(R) =D AR®.
k=0

Then recursively define polynomials p,(R), g.(R), h,(R), §,(R) (n € N) as follows.

(5.2) h,(R) = —A; ' p,—1(L)R™,
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(N.B. The operator (5.2) is indeed a polynomial in R for all n, because L is a left
inverse for R and the degree of p,,_; isa,—; < a,.)

(5.3) 3,(R) = —A;'R"p,1(R),
uifl

(5.4) 3:(R) = > ha(R)*6,(R),
k=0

and finally

(5.5) pu(R) = hy(R) 1 (R).

These definitions allow us to state our key lemma.

Lemma 5.2  Let sequences be given as in Definition 5.1. Let A = I'(w) or L'(R*, w)
as usual, and let fy € A, ¢g € A* with fy < ¢o < a1/2 — 2. Let us also assume the a,,
increase sufficiently rapidly that a,., > 2a, for all n > 0. Noting that the degree (5(q,)
is a function of ag, ay, . . . ay, let us assume, as a further condition of rapid increase, that
B(qn) < ans1 — a1/2 for alln € No. In the continuous case, let us assume that ¢ is a
continuous function.

Suppose that the weight w is chosen in such a way that the sums

(5.6) f= AR"fy= lim pu(R)fy
n=0
and
(5.7) 6= an(R)o
n=0

are norm convergent in A and A*, respectively. Then (f, ¢) is a nonstandard dual pair
(with a(f) = 1 + a(fo), and ¢ weak-* continuous).

In the course of proving this lemma, we shall also give some more explanation of
Definition 5.1. Note that this lemma is not dependent on a specific choice of weight
function w. We just need to find one such that the sums (5.6) and (5.7) do indeed
converge.

Proof The method of proofis to establish the following fact: for all n € N,

n

(5.8) [Pa(R) fo:>_ae(R)po] = [fo:pu(R)o].

k=0

This is enough to prove the lemma, for the following reason:
For n > 0, note that the polynomial #,(R) = —A_'p, (L)R* has a(h,) =
a, — B(pu—1) = a, — ay—1 > a,/2, by our rapid increase condition. We can
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then use (5.5) to estimate a(p,) = a’a(h,) + a(p,—1) > a;/2. And then, since
o > for allfoipa(®do)) > alp) + alge) — B(fy) > alps) > alf2. As
n — 00, this expression tends to infinity. Given formula (5.8), we therefore know
that a([p»(R) fo: ZZZOQk(R)¢0]) tends to infinity. But if the sums (5.6) and (5.7) are
norm convergent, certainly the function [ f : ¢] is the pointwise limit, as » tends to in-
finity, of the functions [p,(R) fo 5ZZ:OQk(R)¢O]- Therefore [ f:¢] = 0. But fisasum
of AgR fy and higher terms which translate f; further to the right; so a(f) = 1+a(f).
And likewise ¢ is a sum of R%¢y and higher terms, of which the n-th term translates
¢o at least a(d,,) to the right ((5.4) giving q,(R) as a sum of terms h,(R)%6,(R)). But
a(d,) > a, by (5.3) so the higher terms involve translating by at least a; > 2. We
therefore have a(¢) = 2 + a(¢y). Plainly, then, f and ¢ are both nonzero and we
do not have f > ¢. So (f, ¢) is a nonstandard dual pair. Now we have chosen ¢,
weak-* continuous; this is automatic in the discrete case, and in the continuous case,
it follows because we have chosen ¢ to be continuous. Therefore, ¢ will be a norm-
convergent sum of weak-* continuous functionals, so it will be weak-* continuous.
Thus the lemma will be proved.

All that remains is to prove equation (5.8). The proof is by induction on .
When n = 0, (5.8) is the assertion [AgRfy:R*¢g] = [fo:AoRe], which is true
for any compactly supported fy and ¢y ([AgRfy:R*¢o](t) = Ao(R"™ fo, R2¢y) =
Ao(R fo, Rdo) = [fo:AoRe](2) forallt > 0).

For n > 0, let us first consider the polynomial q,. We are committed to mak-
ing g,(R) a “geometric progression” as in (5.4). It has been chosen such that much of
the expression [p,(R) fo IZZZO%(R)%] will cancel for reasons similar to our elemen-
tary argument in the previous section. The convenient way to see this cancellation
is to note that p,(R) = A,R* + p,_1(R). We have arranged for a term of form
[pn_1(R) fo:h,(R)*1)] to cancel with a term [A,R* fy:h,(R)*" 1], where h,(R) is the
(operator) ratio for our “geometric progression” g,(R). For [g:] is a bilinear func-
tion of g and %5 [g:¢] = [R*g:R%] for all compactly supported g and 1; and
L: A* — A* is the dual map to R: A — A. Therefore for any compactly supported
1), one has

[Pt (R) fo: hu(R)9] = [Py (RIR™ fo: Ry (R)9)]
= [R™ fo: pur (L)R™ hy(R) 9]
= [AuR™ fo: A Pyt (DR™ By (R) )]
= —[AR™ fo: by (R ).

Using this formula we can simplify the expression [p,(R) fo:g,(R)®o]. For
aﬁfl

(59 [pu(R)fo:qa(Rdo) = 3 [(AR" + pu_s(R)) fo:ha(R)S, (R)ho]

k=0

= [AR" fo:6,(R)o] + [Pu_1(R) fo:h(R)% 16, (R) by ]
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because all the other terms cancel. Also

(5.10) [ALR" fo:6,(R)po] = —[AR™ fy: A 'R p 1 (R)ho]
= —[fo:pu—1(R) o] by (5.3)

n—1

=—[pii®fy :qu(R)%]

k=0
by induction hypothesis. Then(5.10) and (5.9) give us

n—1

GBI [paR)fo:qu(R)G0] + [P 1(R) for Y _qi(R) o]

k=0
= [pa-1(R) fo: ha(R)* 16,(R) o]
= [fo: Pu1 (L (R)> '8, (R)ho]
= [fo:ha(R)% pu_1(R)bo] = [fo: pu(R)bo]
by (5.5). For (5.1), (5.3) and (5.2) give us p,_1(L)5,(R) = hy(R)p,—1(R). Hence,
[Pn(R) fo: > p_oqk(R)¢o] is equal to

n—1

n—1
(512)  [pa(R)fo:qu(R)Go] + [ a1 (R) fo: Y qk(R)o] + [AuR" fo: Y qi(R)o]
k=0 k=0

n—1
= [fo:pu(R)Go] + [AuR™ fo:> " qe(R)ho] .

k=0
Now, provided
n—1
(5.13) R fo > > " qk(R)¢o,
k=0

the term [A,R* fy :ZZ;Olqk(R)gbo] in (5.12) is zero, which gives us (5.8) and com-
pletes our proof by induction. But for all k < n we have 5(qx) < ax1 — a1/2 <
a, — a1 /2 by the more complicated of our two “rapid increase” conditions. So

n—1

B(DaRdo) < an— ar/2+ Blo) < ar 2,

k=0

because ¢y < a;/2 — 2. Therefore the vector R™ f, does indeed “lie beyond”
ZZ;(; qk(R) ¢y, so (5.13) is established and the Lemma is proved. [ |
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6 The Weight Function

Given an increasing sequence (a,) C N, with gy = 1, we use it to define a weight
function (and also to define the other sequence (A,)). We give the simplest defini-
tion which will work; if one wants examples with compact multiplication, something
slightly more complicated is needed, which we discuss in Section 11.

Definition 6.1  Given the underlying sequence (a,), define A, = a,4, (n > 0), and

letw: R* — R* be the greatest submultiplicative weight such that w(¢) < 1 for all ¢,
and

(6.1) wla,) < (2"A,) "

foralln > 0.

Note that one can write down an explicit formula for w:
m m

(6.2) w(t) = min{1} U {1_[(2“*‘,4,1,.)—1 2> a, < t} .
i=1 i=1

Then w is continuous on R* \ Ny, and right continuous everywhere.

Lemma 6.2 Let

(6.3) e = max{(2'A)"% : 0 < i < k} = max{(2'a;:,)"/% : 0 < i < k}.
Suppose the rapid increase condition pi,+1 > 242 holds for n € Ny. Then

(6.4) w(t+a,) = (2"A,) " 'w(t) = w(a,)w(t)

foreveryt < a,41 — ay, and w is a radical weight.

Proof For (6.4) note that w(t +a,) < (2"A,) " 'w(t) follows from submultiplicativ-
ity; if strict inequality were to hold, pick the minimal sequence (#;)!" | to use in (6.2)
and give w(t + a,). Then E:’;lam <t+a,vyet

m

(6.5) [[@ A" < @A) w).

i=1

No n; can exceed n because t + a, < a,+1 by hypothesis. If, say, n,, = n, we can
use the sequence (ni)?:ll to estimate w(t) < H?:ll (2" A,,.)"1; yet that, together with
(6.5), will give us the contradiction w(#) < w(t). So in fact no n; can exceed n — 1.
Therefore w(t + a,) = w,—1(t + a,,) where

(6.6) wi(f) = min{1} U {l'ml(z"fAn,.)*1 m <, zm:an, < t}.
i=1 i=1
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But the weight w,,_; plainly satisfies w,_1(s) > p,~° | where yy is as above. Let t+a, =
ra, +ty withr > 0,0 < 5 < a,. Certainly,

(6.7) Wit +ay) < (2"4,) 7 < (2"A,) W0 = g (12,

provided the sequence y, is increasing. If we even have u, > p2_,, then it is im-
possible for w(t + a,) to equal w,_1(¢t + a,) for any ¢t > 0, because (6.7) gives us
a strictly smaller estimate than ;). This contradiction proves that (6.4) does
indeed hold. Now the condition p, > 2u,_; also gives us pux — oo, or simply
(2FA)Y % = w(ap) Y% — 005 s0 w is indeed a radical weight. [ |

We conclude this section by stating our main theorem:

Theorem 6.3  Let w be the radical weight of Definition 6.1. Provided the underlying
sequence (a,)5 increases sufficiently rapidly, the Banach algebras I' (w) and L'(R*, w)
both have weak-x* closed nonstandard ideals. In addition, L'(R*,w) has weak-* closed
nonstandard ideals I with o(I) = 0.

7 Proof of Theorem 6.3: Ideals with o(I) > 0.

In this section we prove all of Theorem 6.3 except the part about achieving ideals
with a(I) = 0. Thus we reproduce the main results of both [6, 2] in a rather shorter
way. So let w be the weight of Definition 6.1, and let us establish some “rapid in-
crease” conditions on the underlying sequence (a,) which ensure that the conditions
of Lemma 5.2 are satisfied by any nonzero fy and ¢y with fy < ¢y < 5 (say). This
will give us nonstandard dual pairs, and hence nonstandard ideals, in both I'(w) and
L'(R*,w); though in the L' (R*, w) case, plainly one will have a(I) > 1,s0 a(I) = 0
cannot be achieved by this method. We will assume the (a,) at least increase fast
enough that the conclusions of Lemma 6.2 hold.

In that case, A, = 2 "w(a,)~ ", so [|[AR™ fol| < 27" fo| for any fo € A (for
[IR*||4 < w(ay)); so it is obvious at least that the sum (5.6) converges. The “rapid
increase” conditions of Lemma 5.2 can also be assumed, and we also have f, <
¢o < a1/2 — 2 whenever fy < ¢y < 5 provided (say) a; > 15. So our one and
only problem is to show that the sum (5.7) converges in A*. This is the heart of the
matter, and this we now proceed to do. We do most of the combinatorics in the next
three lemmas; then we complete the proof at the end of this section.

Lemma 7.1  Provided the sequence (a,) increases sufficiently rapidly, the following is
true. For alln € N,0 < k < a2 and ¢y € A* with ¢y < 5, we have

(7.1) [[Ba(R) 6, (R)hol|a= < 2"V pui (L)l a= - lon—1(R) ol a=-
(Here the norm ||pn,1(L)k||A* denotes its norm as a multiplier on A*.) Furthermore,

(7.2) pn(R) ol a= < 27 ||y (L)%

A |pn—1(R) o | a=-
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Proof Letn € N. The degree 3(h,) < a,, hence by (5.5) 3(p,) < a; + 3(p,—1) and
given a; > 2a;_; for all k that tells us 8(p,) < 2a> + B(py) = 1+ 2a>. Now with
$o < 5and k < a2, we find

(7.3) ha(R)6,(R)po = put (DN (A, 'R™)H 1 (R) o
= puma (L (AT TR™)M 1y

where the vector v = p,_1(R)¢g < 5+ 1+2a)_ | = 6+ 2a,_,. Assume as a
condition of rapid increase that @’ + 6 + 2a}_, < a,; for all n > 0. By (6.4)
we will have w(t + (k + 1)a,) = w(a,)™'w(t) for all £ in the support of 7. Hence,

[R& Dy 4 = w(a,) " ||7||.a=. Substituting w(a,) = 27" /A, we obtain
(7.4) (=4 "Ry ax = 275Dy 4

and substituting this in (7.3) we obtain (7.1). For the other inequality we note
pn(R)g = pn_1(L)%(—A, 'R*)%~, and the identity (7.4), with k = a% — 1, gives us
(7.2) as required. [ |

Lemma 7.2  Provided the sequence (a,) increases sufficiently rapidly, the following is
true. For alln € N we have

(7.5) [pn1 (D] ar < 2.
Furthermore for n > 1 we have

a- < 1/\/A,.

(7.6) [Pn—1(L)™

Proof For the first inequality, we have

n—1 n—1
Ipn1@)llas = [Pa1 R4 <Y Awla) <> 275 <2.
k=0 k=0

For the second inequality note that since L|p,—1(L), L% |p,—1(L)*. Since w(a,) <
Al we have ||py— 1 (D)* ]| ax = [|pac1(R)™||la < At - |pu_i|®, where |p| denotes
the sum of the absolute values of the coefficients of p. But |p,—1| depends on ele-
ments of our underlying sequence only up to A,_; = a,+1, so we are perfectly en-
titled to assume A, ' - [p,_1|% < 1/+/A,, for all n, as a condition of rapid increase,
which of course gives us (7.6). |

Lemma 7.3  Provided the sequence (a,) increases sufficiently rapidly, the following is
true. For alln € N we have

(7.7) | on(R)ol|.a- < Ay ™/ - || po(R)bo]

A*
and for n > 1 we have

(7.8) lgn(R)doll.a+ < 27" po(R)¢bo|

A*.
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Proof By (7.2) and (7.6) we have ||p,(R)do| 4+ < An_”"/2 . Qna, lon—1(R)o||.ax. As-

sume as a condition of rapid increase that A, ' 2lomn < Ay “ forall n € N.

This gives (7.7) immediately when n = 1; for larger values we get ||p,(R)¢o|la- <

lon_1(R)olla- - TTi_ A /> which implies (7.7). Likewise if k < a2 and n > 1,

the previous lemma gives ||p,_i(L)*||la- < 2% By (7.1) and (7.7) this gives
—ay—1/2

1ha(R)*64(R) ol < 2"% V|| p,_ (R) Gofla- < 275 A 2| pg(R)py| 4+ But

since A,_1 = a,4+1 we can assume as a condition of rapid increase that

(79) 2nui+n+aﬁ < A‘:ln:ll/4

for every n > 0 (note this is the place where we really use the fact that A, = a,1,
rather than the more natural a,,,;). Then

(R)*8,(R) ol - < Ay ][ po(R) ol 4+

Summing from k = 0 to a2 — 1 we find using (5.4) that ||g,(R)¢o|
2—a,_1 /4

A:’i’l/4||p0(R)¢o||A* < Afl:?”’l/4||p0(R)¢o| A+. We may assume that A, | <
27" for all n. This establishes (7.8) and proves the lemma. [ |

2 .
n

A < a

Proof that (5.7) converges when ¢y < 5: We can assume Lemmas 7.1-7.3. Equation
(7.8) plainly implies that the sum (5.7) converges. Thus all conditions of lemma 5.2
are satisfied, for any f < ¢ < 5, provided the underlying sequence (a,) increases
sufficiently rapidly. Thus ['(w) and L'(R*, w) both contain weak-* closed nonstan-
dard ideals I (with a(I) = 1+ a(f) > 0).

8 Nonstandard Ideals I c L'(R", w) with o(I) = 0.

We now restrict to the continuous case A = L' (R", w), and seek ideals I with a/(I)=0.
We can use the same weight function w, but we need a different choice of nonstan-
dard dual pair (f, ¢). Note that in the proof of Lemma 7.2 it was important that
L|p,(L) for all n, but this fact leads to an ideal with «(I) > 1. To get ideals with
a(I) < 1 we need to use generalised “polynomials” p,(L) involving fractional pow-
ers L'/2, L'/* and so on and if we finally want a(I) = 0, the minimum degree a(p,,)
needs to tend to zero. This leads to the following alternative to Definition 5.1.

Definition 8.1 Let (a,);2, and (A,);2, be strictly increasing sequences of positive
integers with ay = 1. Let us define compactly supported functions g, (n > 0) by

1 ifx<27
8.1 (%) =
(8.1) &%) {O otherwise.

Note that g, | = (1+R? ")g, forall n > 0. Define qj(R) = R?, pj(R) = (Ag+A, ")R
and for n € Ny define

n

(8.2) PR =S (AR + AR T 1+ R,

k=0 I=k+1
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Note that a(p),) = 27", B(p)) = a,, and

—n " —k
(83) pr(R)gy = pr_(R)gu_1 + (AuR™ + A 'R ")gy = Y (AR + A 'R* g
k=0

Then recursively define generalised polynomials p},(R), g,,(R), h,,(R),d,(R) (n € N)

as follows.
(8.4) h(R) = —A ((pp_ (DA +L* ")+ A, 'L ") R,
(this is a generalised polynomial with a(h),) = a,—B(p,_,)—2" = ay—a,_1—2"" >
1/2)
n—1
(8.5) Sp(R) = =A (L + 12 pp (R + ALY gi(R) R™,
k=0
(a generalised polynomial with «(d,) > a, —27")
uifl
(8.6) 4, (R) = D hy(R)5,(R),
k=0
(again, a(q)) > a, —27") and
n—1
(8.7) PA(R) = By (R ((1+ L2 "), (R) + AT'L* Y g{(R))
k=0

(a generalised polynomial with a(p)) > a2/2 — 27" + min(a(p]._,), a,)).

The reader will observe that these definitions are quite close to Definition 5.1 but not
quite the same; the nature of the nonstandard dual pair is slightly different, as this
alternative to Lemma 5.2 shows:

Lemma 8.2  With the notation of Definition 8.1, let us assume the a, increase suffi-
ciently rapidly that a,., > 2a, for all n > 0. Noting that the degree 3(q,,) is bounded
by a function of ag, ay, . . . an, let us assume, as a further condition of rapid increase, that
B(gh) < a1 — a1/2 for alln € Ny.

Suppose that the weight w has been chosen in such as way that the sums

(8.8) g=> (AR +A'R g, = lim p,(R)g,
n=0
and
(8.9) ¢ = 4, (R)g
n=0

are norm convergent in A and A*, respectively. Then (g, ¢') is a nonstandard dual pair
with a(g) = 0.
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Proof In parts we give just a sketch proof, since the proof is very similar to that of
Lemma 5.2.

Note that the sum (8.8) is a sum of positive functions 7y, = (A,R% + A;'R> ")g,
with a(y,) = 27" Therefore, g is nonzero with a(g) = 0. And as before ¢ is
nonzero with a(¢’) = 2 + a(gy) = 2. We claim that for all n > 0,

(8.10) [Pr(R)gu: Y qi(R)go] = [gn:p(R)o] -
k=0

This proves the lemma because a(p),) > a2 /2 for similar reasons as before, and then
we have a([p;(R)g:: > 1_oqi(R)g]) — 00, s0 [g:¢'] = 0 provided the sums (8.8)
and (8.9) converge.

As before, one proves (8.10) by induction. When handling the geometric pro-
gression g, one notes that for any compactly supported ¢ € A* and any k > 0
one has [p/ | (R)g,_1 + A;'R> "g,:h!(R)*)] = —[A,R™g,:h!(R)¥'4)]. Hence,
most of the terms in the geometric progression [p;,(R)g,:q,(R)g] cancel, leaving
[p)(R)g.:q,(R)g] equal to

(8.11)  [AR¥g,:61(R)go] + [phi(R)gu1 + A, 'R> gy (R 161 (R)go] -

n—1 y

The first term in (8.11) above is precisely —[p, (R)g.:> i, q;(R) g] because §; is
chosen in such a way as to give

n—1

[AuRg,:07(R)go] = — [ (1 + L2 p) (R) + AL gh(R) go]
k=0

n—1

= —lgu1:p 1 (R)go] — [A,'R* "g: > qi(R)go]
k=0

n—1

=- [P;—l(R)gnfl +A;1R2_”gn:qui(R)go]
k=0

by induction hypothesis. The difference between this and —[p/.(R)g.: > 1—s 44 (R)go]
consists of the term [A,R*g,: ZZ;OI 94 (R)g ], which is zero because ZZ;OI i (R)g <
a, as before. Hence the interaction [p;(R)g, :Zzzoq,i(R)go] consists of the single
term

[ (R)gu—1 + Ay 'R g2 (R)™ 16, (R)go]
= [gu:(p!_ (DA + L2 ")+ A7 L2 YR (R)% 15! (R)go]

n—1
= [l R ((1+ 17 p_ (R + ALY gi(R) o)
k=0
= [gn:pn(R)g0],
and this completes the proof by induction. ]
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9 Continuing the Proof of Theorem 6.3

Once again, the weight function w as in Definition 6.1 can be used to satisfy the
conditions of Lemma 8.2, just as it satisfied the conditions of Lemma 5.2 before.
In this section, then, w is the specific weight of Definition 6.1, obtained from some
underlying sequence (a,). We may assume the rapid increase conditions on (a,)
which are required by Lemma 8.2, and also those required by Lemma 6.2.

Lemma 9.1 Provided the sequence (a,) increases sufficiently rapidly, the following is
true. Foralln € Nand 0 < k < ai one has

—n _ —ny k "
9.1) [[1,(R*6;(R)gollax < [[(pr_y (DA +L* )+ AL ) a2y 4,

where

a B n—1
9.2) v=(A+1 )y (R + ALY g{(R) go.

k=0
Also
’ ’ 27" 127" 4 2

03)  lleaRgollar < [1(pr—y WA +L )+ AL ) " lax - 2" [y]lax-
Proof One may calculate (as one did when proving Lemma 7.1)
(9.4) RRSI(RIgGo = (ph (DA + T2 + A7 L) F(—A Ry

and as with (7.1), the result (9.1) follows because the norm of (—An_lR““)k”’y is
precisely 2"5*D||y|| 4~ by Lemma 6.2. Similarly one may obtain (9.3). [ |

Lemma 9.2  Provided the sequence (a,) increases sufficiently rapidly, the following is
true. Let p!/ (L) = p!._(L)A +L* ") + A;'L* . Then for all n € N we have

(9.5) sy (L)]las <277
furthermore, for n > 1 we have

ar < 1/v/Ag;

(9.6) l[pa (L)

and for every k > 2"a, we have

_ n+3
©.7) Py (DY < A2
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Proof Using the fact that ||L*|| 4~ < 1forall £, and the fact that ||[L* || 4+ < w(a,) =
27"A,, we obtain
n—1 n
9.8) [Py (Dlla- = 1A, 2" + S (AL + A L) [T A+ L2 )
k=0 I=k+1
n—1 n—1
< An_l + Z(z_k'i_Ak_l) . 2n—k < +Zzn—2k+l < 211+27
k=0 k=0

becauseA,?l < 27k For (9.6) we note that alpl ) = 27" s0 L™ divides p,’/,l(L)ZH“",
whence || p//(L)* || 4~ < 27"A; Y pl,|*"*. Given another rapid increase con-

dition, the A;! factor can be assumed to dominate the others, hence we can ob-
tain (9.6). If nowk = r-2"a, + lwithr € N, 0 < I < 2"a,, our two estimates

give ||p!" [(L)¥||la- < 20214 772 Now certainly r > k/2"a,, so ||p!" ,(L)¥|| <
n —k/2m2 . e 1 [ —k/2"*3

2(m42)2"ay A—K/2 A g given rapid increase this is at most A, k2 por every k >

2"a,. ]

Lemma 9.3  Provided the sequence (a,) increases sufficiently rapidly, the following is
true. For all n € N we have

(9.9) lpp(R)golla- < A7 /*"
and

4A2. 250 ifp=1
9.10 "(R . < 0 ’
(9.10) 4, (R)gol|.a~ < {z_n ifn> 1

Proof One may use the fact that w(t) = AO*l fort € [1,2) to compute
[pg(R)goll.a+ = Ao(Ag + Ag").

Also w(t) = Ay fort € [2,3), hence ||q}(R)go||a~ = A2. Let us prove (9.9) and
(9.10) together, proceeding by induction on #.

Let 7y be the vector defined in (9.2). Now =y is a sum of two terms, the first of which
is (1+L> ")p!_,(R)go. This first term has A* norm at most 2||p/._,(R)go||.4- which
forn = 11is 2A¢(Ag + Ao_l) < 3A}, and for n > 1 may be assumed (by induction
hypothesis) to be at most 2An__””1’1/2n+3. The second term in v is A, 'L S0 gL (R)go
which (since ||L>""[| 4= < 1) has norm at most A, 'S 0—, ||g/(R)go||. When n = 1,
that is A /A; < A2. So certainly

CATR PR S =
. "Y A* > — n+3 _ _ A
24T L AT gl (R)go|a- i m > 1
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Now (9.3) gives us || p/,(R)goll.a= < ||p.",(L)%]-2"%-||v||4~. We know a2 > 2"a,, so

by (9.7) we have || p; (L)% | < AT g0 [on(R)gollax < AT g [l
Substituting our estimate (9.11) we have
(9.12)

o (R)gollax < {

AA2A; 1690 ifn=1,
2412 LAY g (R A g i > 1
( n—1 +A, Zk:o ||qk( )gOHA*) n itn > 1.

For n = 1, a rapid increase condition on A; = as ensures that the right-hand side

is at most A;“l/ 2 as required by (9.9). For n > 1, our induction hypothesis tells us

that the right-hand side is at most
n—1

n+3 "
QAT+ AT AL 250 + 3 2Ry A /2 g
k=1

. . . P —a, /2"
Once again the dominant factor in this is A, ! , and we can assume

lpp(R)golla- < A @/,

given a suitable condition of rapid increase. Thus we obtain (9.9). For (9.10), we sum
our estimates (9.1) for k = 0 to a> — 1, which, given the definition (8.6) of q/, tells us

21
(9.13) g7 (Rgollax < D Ipai @) [lax - 2%V 5] |a-
k=0
ai—l
< sz(n+2)+n(k+l)|"}/||ﬂ* < 25naf,
k=0

7||A*-

When n = 1 this gives an estimate of 443 - 254 as required by (9.10). Whenn > 1 we
use our estimate (9.11) and our induction hypothesis about previous ||gx(R)go|| 4~ to
obtain the estimate

n—1
n+3
©.14)  [lay(Rigolla- <27 - (24,47 A7 (44327 4 Y27 ),
k=1

and a final rapid increase condition tells us the right-hand side is at most 27" for all n.
7‘1"71/2:“3

(Although note that we again use the fact that A,_; = 4,4, so the factor A, ™}

“Kills” factors like 25" provided we assume rapid increase of the sequence (a,).)
Thus Lemma 9.3 is proved. ]

10 Completing the Proof of Theorem 6.3.

We have proved everything in Theorem 6.3 except the part about nonstandard ideals
with a(I) = 0. But (9.10) implies that the sum (8.9) is norm convergent.
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The sum (8.8) is obviously convergent because ||A,R% |4 < 27", ||gulja < 27"
and ||[R*"||4 < 1. The rapid increase conditions of Lemma 8.2 may also be as-
sumed, so for suitably rapid increasing sequences (a,), the Lemma applies and tells
us there is a nonstandard dual pair (g, ¢) on L'(R*, w), with g and ¢’ given by (8.8)
and (8.9), respectively. Since a(g) = 0, we have nonstandard ideals I C L'(R*,w)
with a(I) = 0. To see that we can get weak-* closed such ideals, note that while
¢’ itself is not a Cy function because of the norm convergence of (8.9), it is obvious
that h * ¢ will be Cy if h is a continuous function supported on a compact subset of
[—00,0]. Titchmarsh tells us ¢’ # 0 provided h is supported on [—a(¢’),0], and
finally [g:h * ¢'] = 0 because ¢’ x h = fsz(LSgb’)h(—s)ds (L*¢’ is a bounded con-
tinuous function of s taking values in the Banach algebra A*, so the integral makes
sense) and [g:¢’ * h](t) = LZ[g:qub’](t)h(—s)ds = ﬁi%[g:¢'](t + s)h(s)ds = 0.
So L}(R*, w) has even got weak-* closed nonstandard ideals with a/(I) = 0. Thus the
theorem is proved.

11 Conclusion

The last argument above is quite general. If (g, ¢) is a nonstandard dual pair on
L'(R*, w) with a(g) = 0, then so is (g, h * ¢) for any nonzero, compactly supported
h € L'(R™) whose support includes zero. I conjecture that a dual pair (g, & * ¢) with
hx¢ € Co(R*, 1/w) may be found; hence (I conjecture) every algebra L' (R*, w) that
has nonstandard ideals has weak-+ closed nonstandard ideals.

Concerning the issue of compact multiplication, note that the simple Definition
6.1, the “greatest weight function satisfying conditions”, does not give a weight having
compact multiplication. But it can easily be adjusted in such a way that one does have
compact multiplication (i.e., w(s+t)/w(s) — 0ass — oo foreachr > 0). One simply
defines n(t) = max{1} U {n : t > a,} and uses w’(t) = n(t) ‘w(¢) in place of the
weight w. One may check that, mutatis mutandis, the conclusions of Theorem 6.3 still
apply with w replaced by w’. (Specifically, one no longer has w(t + ra,) = w(a,) w(t)
fort+ra, < a1, butrather the weaker w’(t +ra,) > n~"w’(a,)"w’(t). That means
one needs extra factors n* on the right-hand sides of (7.1), (7.2), (9.1) and (9.3) to
make them still true for A = L'(R", w’). These factors can however be absorbed into
the rapid increase conditions of Lemmas 7.3 and 9.3, leaving those lemmas still valid
in the new situation. The rest of the proof then follows as before, with the same dual
pairs.)

We expect that there are a fair number of weight functions w such that I' (w) and
L'(R*, w) have nonstandard ideals. The main requirement seems to be a “staircase”
property that there is a sequence a, such that w(a,) is very small — much smaller
than w(t) for ¢ significantly smaller than a, — and then w(ra, + t) is “roughly”
w(a,) w(t) for small r and ¢t. Then w(a,) must be much smaller than a,, itself, more
so than is required for w to be a radical weight (remember in the explicit construc-
tion we had w(a,) = 27"/a,,). Possibly there is a “neat” condition on a weight
which guarantees nonstandard ideals, hopefully not too far from the negation of Do-
mar’s “neat” star-shaped condition that guarantees all ideals are standard. Thus the
structure of L' (R*, w) and of I'(w) is taking shape.
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