
ON STRONG U P P E R D E N S I T I E S 

W. E a m e s 

Le t \\j be the o u t e r m e a s u r e g e n e r a t e d by a g a u g e g and a s e q u e n t i a l 
c o v e r i n g c l a s s C of c l o s e d s e t s of a m e t r i c s p a c e X , and let D b e the 
r e s u l t i n g s t r o n g u p p e r d e n s i t y func t ion . Tha t i s , for e a c h A C_ X and 
e a c h x e X : 

MA) - Urn inf 2 g(I ) 
e-*-0 a 

the infimum being taken over all countable subcollections {I \ of C such 

that A C U I and, for all I in the subcollection, d(I ) < e where 
a a a 

a 
d(I ) is the diameter of I . The strong upper density of A at x is 

a a 

T /̂A % V M A O I) 
D ( A , x ) - h m sup TV , 

the supremum being taken over all I e C such that d(I) < e and x e I . 
We assume that g (I) = 0 if and only if I is empty. 

It has been shown that if \\i{A) is finite, then D(A, x) > 1 for 
i}j-almost-all x e A. [1, Theorem 6; 2, Theorem 3.2]. ~~ 

It is the purpose of this note to show that the condition that \\J(A) 
be finite can be omitted from the above statement. 

Let A be a subset of X and let 

B = A P {x : D(A,x) < 1} . 

Let E C B . Then D(E , x) < 1 for all x e E, so V(J(E) is either 0 or 
is infinite, by the known result. For each x e B , the ratio 

MAPI) 
g(D 
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is eventually less than 1 , so ^(B H I) - since it is either 0 or 
infinite - is eventually 0 . Thus, for each x £ B there is a number 
e(x) > 0 with the proper ty that, if x e I £ C and d(I) < e(x), then 
ty(B H I) = 0 . Let 

C = B H {x : e(x) < 1/n} 
n J 

and let {1} be a countable subcollection of C which covers C , each 
a n 

I being of d iameter less than 1 /n . Then 

i\>(c ) < T L(J(C n i ) = o 

Since B is the union of the C , it follows that ^(B) = 0 , which 

concludes the proof. 
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