5

Complex analysis of transverse fields

In this chapter, we continue the discussion of transverse fields that are determined
by the location of the conductors. In the “central” region, far from the magnet ends,
the powerful methods of complex analysis' can be applied to the calculation of
potentials, magnetic fields, multipoles and forces. Many of the topics in this chapter
are based on a series of important papers by Richard Beth and by Klaus Halbach.
Beginning with the field from a line current, we consider methods for calculating
the fields from current sheets. Then we use the complex form of Green’s theorem to
express the fields of block conductors in terms of contour integrals.

5.1 Complex representation of potentials and fields
We define the complex potential function as
W(z) = u(x,y) + iv(x,y).

The real and imaginary parts of W must satisfy the Cauchy-Riemann equations,
which are expressed in Cartesian coordinates as

ou 0ov
ox oy
5.1
Oou  0v G-
dy  ox’
From Equations 3.2 and 3.26 in free space in two dimensions, we have
04 oV
Bi="C= —py =
oy ox (5.2)
04: OV '

EAr AT

' A brief summary of some important results from the theory of complex variables is given in Appendix E.
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5.1 Complex representation of potentials and fields 109

These equations can be put into the form of the Cauchy-Riemann equations by
associating

u==A4,
v =poVn.

Thus in two dimensions, the vector and scalar potentials are related to each other as
the real and imaginary parts of the complex potential function

W(z) =A: + ittgVm. (5.3)

Now consider the derivative of the complex potential. A complex function with
a continuous derivative is known as an analytic function. A complex derivative
must give the same result independent of the manner that Az approaches 0. In the
case when Az = Ax, we have

W o o
dz  ox  ox | HoTgy T T T B

If we had chosen Az = iAy instead, we would obtain the same expression for 5.
So in either case we find
AW

= =B, —iB,.
le ly

Defining the complex magnetic field as®
B(z) = B, + iB,, (54)
we find the relation between the magnetic field and the potential is

aw
B(z) =i — 5.5
where B* is the complex conjugate of B.[1]
We can transform the magnetic field between Cartesian and polar coordinates by
using the complex rotation variable. Let

B. =B, +iB,
B, = B.+iBy

2 Unfortunately, Beth and Halbach use different definitions for the complex magnetic field H and use different
systems of units, so some care must be exercised in comparing their results. We follow Halbach’s conventions
here in defining the components of /H the same way as normal complex variables and using the SI system of
units.
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110 Complex analysis of transverse fields

be the Cartesian and polar representations of a complex variable. Defining
R=¢%=cosO+isinb,

we can transform between the two representations using

B, =R'B,

B. = RB,. (56)
Consider the analytic function
f(2) = u(x,y) + iv(x,y). (5.7)
Differentiating the first Cauchy-Riemann Equation 5.1 with respect to x, we have
Fu_ v
ox2  oxoy

The fact that the second partial derivative has to exist follows from the analytic
nature of f(z).[2] Differentiating the second Cauchy-Riemann equation with
respect to y gives

o*u v

02 axoy’
Combining these equations, we find that

Bu Pu_,
o ot

Thus u(x, y) satisfies the Laplace equation. Similarly, we can differentiate the first
Cauchy-Riemann equation with y and the second with x to show that v(x,y) also
satisfies the Laplace equation. It follows that the real and imaginary parts of any
analytic function satisfy the Laplace equation.

Returning to Equation 5.7, consider the two curves

M(X,y) =0
V(X,y) = ﬁl )
where o and S, are fixed values. Differentiating # with respect to x, we find
ou Oud
ou , Qudy _
Ox Oydx
The slope of the curve is

dy Ol
My = — = ——.
dx Oyu
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5.2 Maxwell s equations in complex conjugate coordinates 111

Differentiating v with respect to x, we find

ov_ ovdy _
ox  Oydx
and the slope of this curve is
i OxV
o Oy
The product of the slopes is
0
G Oyu O,y

Rewriting the numerator using the Cauchy-Riemann equations, we find

0,v)(—0yu
oy — @B
Oyudyv
From analytic geometry, this is the condition that indicates that two lines are
perpendicular. Thus the real and imaginary parts of an analytic function describe
orthogonal curves. This indicates in particular that the equipotential lines for 4, and

V. cross at right angles.

5.2 Maxwell’s equations in complex conjugate coordinates

Instead of defining complex variables as functions of x and y, it is sometimes more
convenient to use z and z* as the independent variables. These are known as
complex conjugate coordinates.[3] We can write the partial derivatives with respect
to x and y in terms of these variables as

o_08., 0
ox 0z oz
(5.8)
O_;(8_29
oy \oz o)
The corresponding derivatives with respect to z and z* are
0_0_,9
0z Ox Oy
5.9
0 0 . 0 (5:9)
= — 11—
oz oOx 0Oy
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112 Complex analysis of transverse fields

We can use Equation 5.8 to write the magnetostatic Maxwell equations in complex
coordinates. The divergence equation

OxHy + 0,H, =0
becomes [1]

on o _
oz oz

(5.10)

where H = H, + iH, is the complex magnetic field intensity. The curl equation
O, —0Hy =J. =0

can be transformed using Equation 5.8 into the form
—i0.H +i0,, H = o.

This can be further simplified using Equation 5.10, resulting in two forms for the
curl equation.[1]

OH*
2ia —=0
N (5.11)
_ 9 _
162 = 0.

Operating on the complex potential in Equation 5.3, we find

ow .
2§ - (axAz - ayluo Vm) + l(axluo Vm + ayAz).
The expressions in parentheses are the Cauchy-Riemann equations, which are thus
compactly incorporated into the expression [4]

ow
= 12
oz* (5.12)
The V operator can be written as
0
V = 5
; (5.13)
*k — 2_
v 0z
and the Laplacian is
62
2=4 _ .14
v 0z0z* (5.14)
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5.3 Field from a line current 113

A

y

Figure 5.1 Geometry of a line current.

5.3 Field from a line current

Consider a single filament of current that crosses the x-y plane at the location z and
an observation point z,, as shown in Figure 5.1. The displacement between these
two points is

Zo — z = Re™. (5.15)
We know from Equation 1.26 that the field of the line current is

= Mol -
B =——(—xsina+ ycos a). 5.16
ek J cos a) (5.16)
Every filament in a magnet must have a return filament of the opposite polarity
somewhere. It is convenient to assume that all filaments have their currents return
through a filament at the coordinate origin. Considering Equation 3.9 for the vector
potential of a line current, we assume the complex potential for a filament and its

return is given by

W= Ll 0z, — 2) — In(z, — 0)].
2r
The second term in this equation is constant for a given field point. In the cross-
section of any real magnet, there are equal numbers of filaments with positive and
negative currents. Thus summed over all the filaments in a magnet, the second
terms cancel out. The first terms do not cancel out in general because the filaments
have different positions z. Thus the potential for the line current is

W(z,) = —=—In(z, — z). (5.17)
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114 Complex analysis of transverse fields

Using Equations 5.5 and 5.15 with the derivative operating on the coordinates of
the field point z,, we get the magnetic field
ol 1

B, —iB,=—i—
e lZn Zp —Z

7Y -
=—j— e @ 5.18
! 2R ¢ ( )

Ml
2nR

= (cos o — i sin @),
which agrees with the result in Equation 5.16.
From Equation 5.15, the complex logarithm is

In(z, — z) = InR + io..

Using Equations 5.3 and 5.17 we can confirm that the vector potential for a line
current is

_ ol

A, =
2w

InR (5.19)

and find that the scalar potential is

e _Ltan71 y—_‘y
2 X, —x)

Although Equations 5.19 and 5.20 appear very different, they both lead to the fields
in Equation 5.18.

Assume that a line current is located at position z. Then, according to
Equation 5.18, the field intensity at the observation point z, is

(5.20)

H(z) = i : (5.21)

2w z, — z

Integrate H* over observation points around any closed contour that encloses the
point z.

1 1
{)H*dzo = —i—{) dz,.
2 )z, — z

According to Cauchy’s integral formula,’

3 See Appendix E.
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5.4 Field from a current sheet 115

1
Zp —Z

Thus we find that the complex form of the Ampére law is

dz, = 2mi.

4§ H'dz, =1, (5.22)

where / is the total current enclosed by the contour.

Now consider a line current in the vicinity of a plane surface of infinite perme-
ability iron. As we saw in Chapter 2, the effect of the iron on the field of a conductor
filament is equivalent to the presence of an image filament on the other side of the
iron surface. The direction of the image current is the same as the conductor
current. In the case of a circular boundary of radius R, the positions of the conductor
and image filaments are

z = pe'

R, R (5.23)
zj=—e" = —.

p z*

5.4 Field from a current sheet

We can consider a current sheet as a collection of parallel line currents. The sheet is
assumed to have a finite width, but to have infinitesimal thickness. Then using
Equation 5.17, the potential for the current sheet is

W) = -4 JK(s)ln[zO — =(s)ds, (5.24)

T

where s is the arc length along the sheet and K = dI/ds is the sheet current density.

Example 5.1: potential for a straight sheet with constant K
Consider the straight sheet with width b shown in Figure 5.2. The current density is
K= % and the filaments making up the sheet are located at

z(s) = z; + se”.
It follows that dz = €ds and
7 =z + be”. (5.25)

From Equation 5.24, the potential is
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116 Complex analysis of transverse fields

A

\4

Figure 5.2 A straight current sheet.

We can write
In(z, — z) = In(z — z,) + In(—1)
=In(z — z,) +ix.

The second term is independent of z, and gets absorbed into the constant term for the
potential. Defining u = z — z,,, we get

I
W(z,) = —%e’gj Inu du.

uy

Substituting for ¢ from Equation 5.25 and evaluating the integral® gives

!
W) = = gt il — oy — o+ ).

The last two terms in the square bracket give

—uy +uy = —(22 —25) + (21 — 2o)
=Z] — 2p.
This term is also independent of z, and gets absorbed into the constant term for the

potential. Thus the potential for the straight sheet is given by [5]

tol

Wizo) = = 27(zp — 1)

[uzlnuz — ullnul]. (526)

Summing up the contributions to the magnetic field from the field of individual
line currents given in Equation 5.21, we find the field of a current sheet is given by

4 CRC 377.
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5.4 Field from a current sheet 117

sy [ K(s)
H(z,) = ZJ mds, (5.27)

where s is the distance along the sheet. If the position along the sheet is specified by
the polar angle ¢, this can be written as

i [ dIjdg
@) = ZJ %) -2

It is possible to determine a unique current distribution d//d¢ for circular or elliptic
current sheets that can produce any desired two-dimensional field compatible with
Maxwell’s equations in the magnet aperture.[6]

d. (5.28)

Example 5.2: field due to a circular arc sheet with constant current density
Let us consider a current sheet in the form of a circular arc, as shown in Figure 5.3.
The magnetic field from the sheet is given by Equation 5.28.

P dI [P
Hi(z) = — — d_J _ a4
2 dg )y 2o — 2(8)
Since z = ae™, we can write this as
1 dl
H* o) — 5 -4
o) = =270

where?

(5.29)

Figure 5.3 Circular arc current sheet.

5 GR2.172.
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118 Complex analysis of transverse fields

Therefore the field is
i dl z, — 2z 2
H* =—— —dtan'|i[ 2 .
e =g [,

Using the relation®
tan— 1 1 1 4 iz
an z=—lIn
2i \1—iz)’

we can write the field of the circular arc as

« _ i ﬂ V) B 1
o= () ()] s

From Equation 5.28, the field of the arc conductor at the origin is
i odl rz d¢
27 df )y ae
1 dI

— = g, gy
2ra d¢ e el

H*(0)

If the angular arc completes a full circle, we have a current shell and the integral in
Equation 5.29 becomes
dz
I=- TF—
z(z — z,)

A point where the denominator of the integrand becomes zero is called a pole. If z, is
inside the circle, then the contour integral has simple poles at z = 0 and z = z,,.
The residue’ for the pole at z = 0 is

1 1

limz—— = ——
=0 z(z — z,) Zy

and the residue for the pole at z = z, is

1 1
lim(z — z,) —— = —.
lim(z - 2) 2(z—2) 2o

Therefore, by the residue theorem, the value of the integral is zero and the field inside
the shell vanishes. When z, is outside the shell, the integral only has the pole at z= 0
and the residue theorem gives

© GR1.622.3. 7 See Appendix E.
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5.4 Field from a current sheet 119

1 27
I= —27ti<——> _
Zo Zo

Therefore, the field outside the shell is

idl
H* = ———.
(o) == dé
Since the total current is
dl
I =2nr—
d¢ ’
the field can be written as
1
H(z)) = —i——.
27z,

This is the same as Equation 5.21 for the field of a line current located at the center of
the shell.

Let us apply the Ampére law, Equation 5.22, for an infinitesimal rectangular
contour across a current sheet, as shown in Figure 5.4. Then we have,

H{(zo)dz — H;(zo)dz = dI,

where dI is the current enclosed in the contour. In the limit where the distance
perpendicular to the sheet approaches 0, the path of the observation
points approach the path along the sheet and this results in the “current sheet
theorem.”[7]

dl

Hi(2) = H3(0) = -

(5.31)

In addition to determining fields, this result has been used for calculations of
magnetic stored energy and Lorentz forces.[8]

’ e, @
@
X

Figure 5.4 The sheet theorem.
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120 Complex analysis of transverse fields

5.5 cos ¢ current sheets

We consider here two examples of using complex methods to study the properties

of current sheets that have a cos ¢ azimuthal current distribution.

Example 5.3: field from cos ¢ current distribution using contour integration

Consider a closed circular sheet of radius a. We have

%z[ocosqﬁ
z = ae
e 4z
cos ¢ = > =

Substituting into Equation 5.28, we get

. ily [z+Z2" dz
HG) = g 1

[0 1 z*
=-_— d:
47[(14{2 — 2, * z2(z — Zo>:| :
 4ra

z—2z, 1Z

[Hl + Hz]

It follows from Cauchy’s theorem that the first integral

\4; dz {2m’ ifz, <a
I, = = .

z—2z, 0 if z, > a

(5.32)

Using the method of partial fractions,[9] the denominator of the second integral can

be written

1 A B
- =T
2(z—z,) z z—z,

1 =(z—2z,)A4+zB.

Equating powers of z, we find that

1
A=——
Zo
1
B=—.
Zo
Then we can write
I, = I3 + I,
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121
where
1 >k
Iy = —%Z— dz
z, ) z
. 2
EJ e dp =0
Zo Jo
and
1 z*
Iy if; dz. (5.33)
z,)z—z,

Using z* = a?/z , we can write this as
a? dz
Iy =—¢p———
2y J2(z — 2,)

az[ lf{;dz 1% dz ]
=+ .
Zo | z)z zo)z—2,

For z, inside the contour, the factor in square brackets vanishes because of the
residue theorem and I, = 0. Then from Equation 5.32,

H*(z,) = Hy — iH,
o

I
=—_2mi+ 0] =i—.
47m[m+ ] "2

From this, we see that the field inside the current sheet is

H =0
Iy (5.34)
H, =——.
Y 2a

The field is only in the vertical direction and has constant magnitude everywhere
inside the sheet in agreement with Equation 4.36.

For z, outside the contour, we have®

Z*
= p—"d
! %ZO(Z_ZO) :

l-a2 21 1
=—| —d¢
Z, Jo ae? —z,
a> .
=—= 27i.
ZO

8 GR2.313.1.
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Substituting these results back into Equation 5.32, the field outside the contour is

If we write z, = x + iy and multiply the numerator and denominator by (z(*,)z, we find
that

. loa Ipa
H*(z,) = —°7xy—123,4(x2—y)

Equating real and imaginary parts, we find the Cartesian field components outside the

sheet are
lya lya
Hx:_o—xy: od sin 2¢
r 22
Ia I (5.35)
0 2

H,=—(x*— —Cos 2¢.
On the midplane (y = 0), H is positive, along the y direction, and falls off with distance
like 1/x.

Example 5.4: field from cos ¢ current distribution using the sheet theorem
Assume again that we have a circular sheet with radius a. The current elements are
located at

z = ae"

dz = izdg,

so we have

Using the current sheet theorem, Equation 5.31,

« « ]() Ioa
Hi(6) - 13(2) = i 32+ 25

The field inside the sheet H;, must be finite at z = 0 and for current in the positive
z direction in the first quadrant of the circle, the field must go in the negative
y direction. Therefore we identify H, with H;, and get
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1
~H}\(2) = ~Hip + iHjny = —i2
a

Equating real and imaginary parts, we find that

]—Iin,x =0
I (5.36)

iny — _%

in agreement with Equation 5.34. We identify the field exterior to the current sheet
H.,,, with H; in the sheet theorem.

[()a

Hext,x - iHext,y = _izzz

5.6 Green’s theorems in the complex plane

So far we have examined the fields due to current filaments and current sheets.
We next want to proceed to the case of conductors with finite cross-sectional areas.
However, before doing that, we need to review some important theorems that
allows us to replace two-dimensional integrations over the conductor surface
with contour integrals around the boundary of the surface. Besides the practical
importance of reducing computation times in numerical calculations, this allows us
to make use of some powerful results from the theory of complex contour
integration.
Recall from Equation 3.79 that Green’s theorem in the plane is

”@%‘Z—D dxdy=j€<de+Qdy>,

where P(x,y) and QO(x,y) are continuous functions with continuous partial
derivatives in a region R that is bounded by a curve C. Define the complex
function

F(z,z") = P(x,y) +iQ(x, ).

Using Equation 5.9, the derivative of F' can be written as

oF (oP 80\ (0P 00
2 & (L E <+ E). .
oz <8x 6y> +’<ay+ 6x> (5-37)

The closed integral of F around C is

TFFdz:%(de—Qdy)+if%(de+de).
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Applying Green’s theorem in the plane, we have

_li[(er_o0y . (e a0
fra:= M(ax ay) +’<ay * ax)]dx 4

Replacing the integrand on the right-hand side using Equation 5.37, we find the first
complex Green’s theorem.[1]

oF 1
= — F .
J - dS 214; dz (5.38)

Following similar arguments, we have

oF (0P 80\ [ oP 00
& (T E i
oz <6x+8y>+l< 6y+8x>

and

. ([[foP 8Q\ [ oP a0
%Fdz ——lJi”:(a—F@)—Fl(—@—Fa)}dxdy

After substitution, we obtain the second complex Green’s theorem.[1]

OF 1 )

5.7 Field from a block conductor

We next want to consider the case of a block conductor, which we define as one
with finite cross-sectional area. If we consider the conductor block as made up from
an array of current filaments, we can use Equation 5.21 and express the field as

H = ZJ 7_as, (5.40)

2n )z, —z

where ¢ is the current density in the block. If we assume the current density is
constant, we can rewrite this as

:27r

i"J ds (5.41)

z—z,
Powerful methods have been developed that allow the fields from block conductors
to be evaluated using contour integration.[1] Consider the Green’s theorem,

Equation 5.38. For our application, the integrand of the surface integral is asso-
ciated with the expression for the magnetic field in Equation 5.41. The integral has
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5.7 Field from a block conductor 125

Figure 5.5 Contour for the Green’s theorem calculation.

a singularity for the case when z,, is inside C, as shown in Figure 5.5. We can isolate
the singularity by constructing a small circular contour C; around it. Then we can
use Green’s theorem in the region between the two contours to transform the
surface integral into a contour integration. However, this requires evaluation on
both contours C and C;. Halbach proposed adding a constant term to the function
F in Green’s theorem that is (a) analytic in R and (b) makes the contour integration
around C; vanish.[1] He assumed that F’ could be written as the product of two
functions F; and F, with the property

oF OF,(z*
F _ (o225 (5.42)
oz* oz*
where F'; contains the singularity. Then  must have the form
F(z,2) = FQ)IRE) - BE)) (5:43)

Following this procedure, we define

io 1
e =5 =
Fy(z") = z*.

Then for use in Green’s theorem, we have

Pl
2n z —z,

(2" =2,

and

or ioc 1
oz 2wz—z,
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which is the integrand from Equation 5.41. Applying Green’s theorem, we find that

1 (ic 1
H* —— _ * . * d
21'%;27[ z—z, (& = z,)dz,
which simplifies to [1, 10]
= if —Zo . (5.44)
dr ] z — z,

Let us confirm that Equation 5.44 does indeed vanish for the circular contour C;.
Let

z—z, =re".

Then for the contour Cj,

% 2t
%Z Zo dz = irJ e do = 0.

zZ—Zy 0

Thus we can ignore the contours around isolated singularities inside the conductor

region and only evaluate Equation 5.44 on the outer boundary of the conductor.
Other quantities of interest can also be conveniently expressed in terms of

contour integrals. For example, the area 4 of a current block is given by [10, 11]

1
A= —_#z*dz. (5.45)
2i

Expressions have also been derived for the stored energy.[1, 12]

5.8 Block conductor examples

We consider three examples of using Equation 5.44 to find the field of a block
conductor. The first example, the cylindrical conductor, was treated already in
Chapter 1 using the Ampere law. Even though the calculation presented here is
considerably more complicated, we carry it out to demonstrate some of the techni-
ques involved and to compare with a result where we know the answer. The other two
examples cannot be computed straightforwardly using the Ampeére law.

Example 5.5: field of a solid cylindrical conductor
Assume we have a solid cylindrical conductor with radius a, as shown in Figure 5.6.
Let

z = ae
zy = re’.
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4 ZO
Z
/‘
a
X
® ()
Figure 5.6 Solid cylindrical conductor.
Then Equation 5.44 gives
2 —id —i0
. O ae’ —re’”
A
0 (5.46)
oa ;
=i . [al; —re T,

where

2
d¢
b= ae' — rei?
M (5.47)

e
b= | e
0

Case 1: z, inside the conductor

When z, is inside the conductor, we can use theorems from complex analysis
to evaluate the integrals. Define u = € and f = z,/a. Then

1 du

We would like to convert the denominator into a simple pole so that we can use
the residue theorem to evaluate the integral. To do this, expand the denominator
using the method of partial fractions. Then we can write Equation 5.48 as

)
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Applying the residue theorem, we obtain

= Lan(-La2) o

1 du
= :ﬁ(u iy

we apply the residue theorem and find

Turning next to I,

1 2
I, = —2mi (1) = ==
a a

Returning now to Equation 5.46,

oa o 2T
HY —i—(— —i0\ <=
147[( re ') p;

= —i%r[cos 0 — isin 6)].

Thus the field inside the conductor is

H, =— x sin 6
(5.49)
H, = %rcos 0.

Case 2: 7, outside the conductor

In this case, there are no singularities inside the contour, so we can treat I; and
I, as ordinary integrals. Performing the first integration gives’
]I B 1 . 1 i0 i) 2r
1= lip — In(—re” + ae?)] .
The logarithm term cancels because it has the same value at 0 and 2. Thus we
find that

L= et

° GR2.313.1.
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For the integral I, let # = r/a and u = €. Then

: _l$ du
> iafu— pe?

1 . .
_ i} it
== In [e — pe ]

2
0"

The second term in the logarithm is constant and the first term has the same
value at the two limits. Therefore, I, = 0, and Equation 5.46 gives

2

——
2rei?
oa?

= —i;[cos 0 — isin 4].

H =

Equating real and imaginary parts, we find the field outside the conductor is

2
H, = —azisin 0
; " (5.50)
oa
H, = —cos 0.
v =5, cos

The field of an elliptical block conductor has also been found using similar
methods.[12, 13]

Example 5.6: field outside a rectangular conductor

Assume we have a rectangular conductor oriented at an angle 8 with respect to the
x axis, as shown in Figure 5.7. We look for the field at the observation point z,,.
In terms of the variables (z, z*), a straight line from the vertex n to vertex n + 1 has the
equation [1, 10]

Z—Z
* Az(—) 5.51
z z, + Az ( )

where
Az =2z, — zp. (5.52)

Since the rectangle has four sides and has to close, we identify zs = z;. For the side
beginning with vertex 1, we define

Az a€7i9
_ _ ___—2i0

Az ael? ’

B

https://doi.org/10.1017/9781009291156.006 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291156.006

130 Complex analysis of transverse fields

Figure 5.7 Rectangular conductor.

where a is the length of side 1. The second equation comes from considering z; as the
origin of a line to z; in polar coordinates. Note that f is a constant because it is defined
in terms of fixed z locations. In a rectangle, the angles of the other sides with respect
to the x axis increase by 90° at each of the vertices. Thus for the side from vertex 2 to
vertex 3,

_ =2i(0+n/2) _  —im —2i0 __
pr=e (0+7/2) — =iz = -4

Similarly we find,

By =P
By =P
Then Equation 5.44 gives
o L[ EAE 2 oz

dz+ - -
4r )., z—2z, i

with similar expressions for the remaining three sides. Defining the constant
Oy = ZZ _ﬁn Zy — ZZ,
we can write
. O
H = E[alﬂl + L]+ (5.53)

For points z, outside the contour,

Z) d
]IIZJ o

22— Zo

= [In(z —z)[
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and'®

HzZJ z dz

ZIZ_ZO

= [z 4+ zIn(z — z,) ]2

Substituting into Equation 5.53,

o Zy — 2,
H* = 4—{alln( 2 ) + Bilza + zoln(za — z,) — z1 — z,In(zy —zo)]} 4.

-7 {ocﬂn(zz —Zo> +ﬁlzoln<zz _Z()> + By (22 —Zl)} 4.
A Z1 — 2, Z1 — Zo

:%{[Oﬂ +ﬁ120]1n<22 —Zo) + B (2 _Zl)} 4o,

Z] — Zp

Writing out the third term for all four sides gives
ﬁl[(ZQ — Zl) — (23 — Zz) + (Z4 —23) - (21 - 24)] = 2,81 [—21 +2zp —Zz3 +Z4].
For a rectangle, the directed line segments

724 —z3 = —(z — 21),

so this term cancels. Thus we find the field at z, due to the rectangular conductor
block is [5, 10]

0 = thn
T (5.54)
By = [(z0 — 20)" — B,(z0 — 2,)] In (“17_2)
Zn — Zo

Example 5.7: on-axis field for annular sector conductor

For our last example, consider a conductor with the shape of an annular sector, as
shown in Figure 4.11. We look for the field at the center of the circular arcs. Thus we
have

z=re"?
z,=0

and the contour in Equation 5.44 can be broken into the four parts.

19 GR 2.112.1.
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72 o—if) ¢, —i )
H*(0) :i{[ re e’¢ldr+J € ietdg

| reih | el

Simplifying and performing the integrals, we get

H*(0) :fﬂ{

7

) . > .
J e dr 4 iJ re dg + J
Al ¢

rn

. 4 ,
e P2y 4 iJ rle_’¢d¢}
¢2

o —ip —ig

—(rn—r)e ™ —e 7).

' ( 2 1 ) ( )

Expanding the exponentials, we find that the field of the annular sector conductor is

H*(0) = —%(rz —r1)[(cos ¢, — cos ¢,) — i(sin ¢, —sin ¢,)], (5.55)

which agrees with Equation 4.50. Note that the field strength is proportional to the
radial thickness.

5.9 Field from image currents

We now consider the magnetic field produced by a current distribution in the
presence of infinite permeability iron. The case of a filament near a planar iron
surface is shown in Figure 5.8. The current in the filament induces image currents
on the surface of the iron, which can be represented by an equivalent image
filament inside the iron. We have seen in Chapter 2 that the image current is in the
same direction as the conductor filament and is located the same distance from
the iron surface as the conductor filament. The field of the image filament is
given by

0 d x

Figure 5.8 Line current near an iron slab.
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5.9 Field from image currents 133

Hiz) = i ! (5.56)

2Tz — 2z,

The location of the image filament is

zy=d+(d—x)+iy
=2d—-z7".

For a uniform distribution of current, we have

o ds
H; =i— |
1 () l27rJ2d—z* -z,
To convert this surface integral to a contour integral, we use the complex Green’s
theorem, Equation 5.39. Choosing

o z
2t 2d—z"—2z,’
we find that the contribution to the field from the image current in a planar iron
surface is
o z
H; =——¢p——dz". 5.57
1(z) 47z'§;2d —z¥—z, ‘ ( )

We are also interested in the image currents near a circular iron surface at radius
R, as shown in Figure 5.9. From Chapter 2, we know the image current is in the
same direction as the conductor current. If p is the distance of the conductor
filament from the center of the circle, then the image filament is a distance R? /p
from the center. Thus we have

z = pe'?
2 2
o= &
*
p z
Zy
z
p
r Z,
as)
R

Figure 5.9 Line current near a circular iron cavity.
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134 Complex analysis of transverse fields

For a sheet conductor, the contribution of the images in a circular iron cavity to the
field is a sum over the corresponding image currents. Using Equation 5.27, we

obtain

HiG) = 5= | 2k

i

Z] — Z

e (5.58)
B iJ K
2R —z,z¢ =

where K(z) = dI /dz.

Example 5.8: image field for cos ¢ current sheet in an iron cavity
Let us examine the image field at the origin for a closed circular sheet with radius
a and a cos ¢ angular current distribution. When z,, = 0, the integrand does not have

a singularity. Applying Equation 5.58,

i Jz” Iycos ¢ ae ™

R

Hy(0) =

T2z

I 2
_ ia J cos ¢d¢
272,'R2 0 €l¢
il r” e 4 e

 47R? eld

dp.

0

After the integration, we find the contribution of the image field at the origin is

y oa )
H[ (0) = lﬁ = H[x - lH[y7
which gives the field components
H,=0
lya (5.59)
H[y - — ﬁ .

The contribution of the image field is in the same direction that we saw in
Equation 5.34 for the field of the conductor. The enhancement of the field due to

the presence of the iron is
H*(0) + H; (0)

H(0) (5.60)
a2

This shows that the iron cavity can contribute up to a factor of 2 to the field at the

E(0) =

origin.
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For a block conductor with constant current density, the image current in circular
iron is
Hiz) = s
L) =g )R — z,z¢

Using Equation 5.39 for Green’s theorem and choosing

io zz*

T2 RE - Zp2*’
we find that the field due to the image current in the circular iron is [1]

. o zz" .
HI (Zo) = —E§de . (561)

Example 5.9: on-axis image field in circular iron for annular sector conductor
Consider an annular sector conductor extending from radius r| to r; inside an iron
cavity of radius R. The image field at the origin is given by Equation 5.61 with z, = 0.

o % *
H;(0) = — = f{)zz dz

" v

‘ ) &, ) ) 7 4 i
47R . 2

Evaluating the integrals and simplifying gives the field contribution due to the iron.

- 67:R2 (r3 — r3)[(cos ¢, — cos ¢;) — i(sin ¢, — sin ¢,)]. (5.62)

H; (0) =

Note that this expression has the same sign and angular dependence as the field from
the conductor given in Equation 5.55. The presence of the iron gives the enhancement
factor at the origin [14]

l’%-i-l”l Vz—l-l’%

E0) =1

(5.63)

5.10 Multipole expansion

Since the magnetic potential, Equation 5.3, is an analytic function, it can be
expanded in a power series

https://doi.org/10.1017/9781009291156.006 Published online by Cambridge University Press


https://doi.org/10.1017/9781009291156.006

136 Complex analysis of transverse fields

The magnetic field can then be expressed as

i dw
H*(z,) = — y
Hy azo
= in n—1
= — WyZ,
n=1 10

H(z) =Y ez " (5.64)

The field can also be expressed in terms of the integral in Equation 5.41.

(@) =5 |

T

o

ds

zZ—2z,

I o
:ZJT—Z;‘)) ds.

Expand the factor in the denominator in a geometric series.

' 2
H(z,) :LJE [1 4 (2) +...]ds
2z ) z z z
This series converges for observation points inside the magnet aperture up to the
closest conductor. Equating this expression with Equation 5.64 gives

© j © n—1
B G

n=1
i ~=[0 /z,\"!
L J_ <_> ds.
2~ )z \z
n=1

The z, factor cancels from both sides of the equation. Then matching term by term,
we find
e =2 Jz”dS. (5.65)
2
We can convert this surface integral into a contour integral by using the Green’s
theorem, Equation 5.39, with

ioc z'™"

Tt l—n
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5.10 Multipole expansion 137
Thus Equation 5.65 becomes [1]

1 [ioc z'™"
A Juape
¢ 21'%2” 1—n"

o 1— *
-7 4y
4r(n — 1) jgz :

for n > 1. For the case n = 1, we return to Equation 5.65 and find

o 1
e ’—“J—ds.

(5.66)

:27r z

This time we use the Green’s theorem Equation 5.38 with

to find that [1]

c = ijgz—dz. (5.67)

Example 5.10: multipoles for an annular sector conductor

We consider an annular sector conductor with radius between 7| and r, that has
constant current density c. Let z = re’. For multipoles with n > 1, we have using
Equation 5.66

o S R %2 S len .
cnzm L (re') e_’¢ldr—iJ¢1 (r2e?) ""re ?dg

7| . | . ¢1
—l—J (re®2)' e qy — iJ

2

(rlei¢)17”r1 e_i¢d¢}.

2

After performing the integrations and simplifying the algebraic results, we find
that

o

= 27n(2 — n)

(A ), (s6)

Because of the factor in the denominator, this relation cannot be used when n =2. For
that case, we return to Equation 5.66 and find

o — *
165) :E%z ldz.
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For the annular sector, performing the integrals and summing terms, we find the
quadrupole multipole is

o r . )
q:—m<ﬁ@4%—fmu (5.69)
A "
We can get the n = 1 term from Equation 5.67. The dipole multipole is
o . .
1= —==(ry—r)(e ™ —e). (5.70)
27

Errors in the construction of magnet coils can lead to the introduction of
additional unwanted multipole contributions to the field.[1, 15] These errors can
include left-right and up-down asymmetries in the shape of the coils, displace-
ments, rotations, and errors in the excitation currents.

5.11 Field due to a magnetized body

We next look at the magnetic field produced by a magnetized body. This is the case,
for example, for a permanent magnet with net magnetization in the x-y plane.
Consider a pair of parallel filaments with currents flowing in opposite directions
located a distance d apart, as shown in Figure 5.10. There is a net field component
in the x-y plane, oriented perpendicular to the axis connecting the two filaments.
Such an arrangement is known as a current doublet.[16, 17] The field for the two

filaments is
[ 1 1
H (z,) = - [ - ] .

2n |2y — 2z, Z1 — 2,

Let
d= Z) —zZ1 = \d\ei"‘
Zg = 1/2(21 —|-22),

where a is the angle between d and the x axis. Substituting, we find
il d

x| L @
- -5

H'(z,) =

Recall that the magnetic dipole moment is

m=1I4=11d,
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5.11 Field due to a magnetized body 139

Figure 5.10 Model for a magnetized body.

where / is a unit distance along the z direction. Define m’ as the magnetic moment
per unit length. Then in the limit as d — 0,

I d—m’

2
<

4
and the field at z, due to the doublet at z is

. l m/ eia
H'(z,) = —5- .
2w (Z — Zo)

We now want to express the field in terms of the magnetization M. The direction
of m' is rotated by #/2 with respect to the direction of d. Let us define f to be the

direction of M with respect to the x axis.
T
= 0 — —
p 2

ol — ei/f eiﬂ/2 — ieiﬁ.
Then summing up all the magnetic moments in the magnetized body, we have [18]
1 M
H* =—|—dS. 5.71
@) =5 | oo (570
If the magnetization is constant in the body, we can convert this to a contour
integral by using the Green’s theorem, Equation 5.39. Defining

M 1
F=—— ,
2n z —z,
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we find that the field due to the magnetized body is [18]

M [ dz
H(z) = — . 5.72
(2) 4rmi i;z — 2z, (5:72)

Example 5.11: triangular block with constant magnetization
Consider a triangular block of magnetic material with vertices {z1,z,,23}. Assume
the magnetization has the constant value M. Define

Az, = z,11 — zp.

Since the triangle is closed, z4 = z;. The slopes of the sides are
AZ*
=g

so we can change the integration variable in Equation 5.72 from z* to z for side
n through the relation

dz" = p,dz.

The field produced by the block is

H () = oo Ufl dz+...]
M
=4 Prin(z2—20) = fyIn(z1 —25) + .

Collecting terms, the field of the triangular magnetized block is

H'(20) = 3B — B)lnCer = 2) + (81 — (e =)

+(By — B3)In(z3 — z,)}. (5.73)

5.12 Force
The vector force dF on a current filament is
— - =
dF =1dl x B.

If the filament is directed along the z direction, B is in the x-y plane, and so is F.
The force can then be written as the complex variable F* = F + iF,, where

dFy = —ulH,dz
dF, = uylH.dz.
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Define f'to be the force per unit length in the z direction.

dr
f=""=inlH

For a distributed current distribution, we can generalize this as
| =iug JaHdS. (5.74)

Using Equation 5.11 for o, we have

oH

To express this as a contour integral, use the complex Green’s theorem,
Equation 5.39, with

F= luOH27

which gives [1]
j":E%9$ H2dz" . (5.75)

This shows that the transverse force per unit length is proportional to the square of
the magnetic field intensity. Examples of complex force calculations can be found
in references.[1, 19]

5.13 Conformal mapping

Operating on a complex variable z with some function f

w=1(z)

produces another complex variable w. This can be interpreted as a mapping from
the z plane onto another w plane. Suppose that two curves in the z plane intersect at
a point with the angle 8 between them. A mapping is called conformal if the two
corresponding curves in the w plane also intersect with the same angle 6 between
them. If f(z) is an analytic function with df/dz#0 inside a region R, then the
mapping is conformal. Conformal mappings have the property that the function in
the w plane is also analytic, so the real and imaginary parts of the mapped function
are solutions of the Laplace equation.

Conformal mapping can frequently be used to transform a problem with com-
plicated boundaries in the z plane, for example, into a simpler problem in the upper
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half-plane or the interior of the unit circle in the w plane. Once the solution is found
for the problem in the w plane, an inverse mapping z = g(w) can be used to obtain
the solution to the original problem. The theory of conformal mapping is a major
subject in its own right. We only have space here to briefly introduce the subject
and present a few examples. Fortunately, approximately half the book by Binns and
Lawrenson is devoted to using conformal mapping in the solution of electric and
magnetic field problems.[20] The interested reader can find many useful examples
there.

The bilinear transformation combines the operations of translation, rotation,
stretching, and inversion.[21]

oz + f
w=—"
vz + 0

where a, f, y, and ¢ are complex numbers with the property that
00 — fy#0.

This transformation can map circles and lines in the z plane into circles and lines in
the w plane. It can be used, for example, to map a pair of separated circles to
concentric circles. The bilinear transformation has the property that a quantity
known as the cross-ratio is conserved.

(w—wi) (w2 —w3) _ (z—21)(z2 — z3) (5.76)

(w—w3)(wa —w1)  (z—z)(z2 —21)

This expression can be used to create a transformation that maps three given points
in the z plane to three corresponding points in the w plane. An important bilinear
transformation that maps any point z, in the upper half of the z plane into the
interior of the unit circle in the w plane is given by [22]

— (Z - Z”) . (5.77)

%
z Z,

The points on the x axis are mapped to the boundary of the circle.

Example 5.12: line current in an iron cavity

Suppose we have a line current at the point w) inside a circular cavity with unit radius
that is made from infinitely permeable iron, as shown in Figure 5.11. We use
Equation 5.77 to map between the physical situation in the w plane and the upper
half of the z plane. To determine the two unknown constants ¢, and z,, we associate
the points
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v (w) (2)
y
2 ® Z]
u x
®
z,

Figure 5.11 Line current in an iron cavity.

z=iow=>0

z = weow = —1,
which requires that
Z, =1
el = —1.

This gives the specific mapping function between the planes
iz
itz

The known line current at w; maps to a line current at z; in the z plane and the circular

w

iron boundary maps to an iron plane along the real axis in the z plane. The mapping

between the two line currents is
. i— X1 — iyl
Wy =u+v=——"—.
I+x1+ 1

Normalizing the denominator, we find

[1—xi — 3] +i [2x]
A4 (1+y)

U +ivy =

The real and imaginary parts of this equation can be solved for x; and y; as

2vi] +i [l — u} — V3]
ub +vi+2u +1

X1 +iy; =

In the z plane, we know there is an image current below the iron plane at the location
zy = z. We can then use the mapping function to find the location w;, of the image
current in the w plane. After some algebraic simplifications, we find that
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(2) . (w)

X U, U, Uy "

Figure 5.12 Schwarz-Christoffel transformation.

—vi +i(u; + 1)
vi +i(ud +vi+u)

w2:u2+iv2:

up + ivy
i+t

Representing wy and w, in polar coordinates, we find that

1
ry = —
r
92:917

which agrees with the result from the method of images.

Suppose that the boundary of some region in the z plane is made up of a series of
straight line segments, as shown in Figure 5.12. The line segments meet at the
vertices z1, 2y, . . . [t is possible to map this boundary to the real axis in the w plane
by using the Schwarz-Christoffel transformation,[23] which takes the form of the
differential equation

d

@ _ G(w— ul)al/n_l(w — u2)a2/”_1 e (w— u,,)“”/”_l, (5.78)
dw

where G is a complex constant and the a; are the interior angles. The points

uy,uy, ... on the real axis of the w plane correspond to the vertices in the

z plane. The interior of the figure in the z plane maps to the upper half of the

w plane.

Example 5.13: potential of a line current near the corner of two perpendicular
planes

Consider a line current near the perpendicular intersection of two infinitely permeable
plane surfaces, as shown in Figure 5.13. We solve the problem by using the Schwarz-
Christoffel transformation, which in this case takes the form
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A .,

Py
@ L4

B C x a b c U

Figure 5.13 Line current near a corner. ABC and abc lie on infinitely permeable
boundary surfaces. The line current is at z;.

dz

T Gw— ul)_l/z,

since the vertex angle a; = /2. Integrating this equation, we find

z=2G\/w—u +H,

where H is another complex constant. Solving for w, we get

72 —2H z + H?

w—u =
1 4G?
Breaking this equation into real and imaginary parts, leads to

x> —y? —2Hx+H* +2i(xy — HY)
4G2

u—u +iv= . (5.79)

We choose three points 4, B, C on the boundary in the z plane and demand that they
correspond to three points @, b, ¢ along the real axis in the w plane according to the
following prescription:

A:x=0y=1oa:u=-1,v=0
B:x=0,y=0b:u=0,v=0
C:x=1,y=0c:u=1v=0

Applying these constraints to Equation 5.79, we find that

u1:0
H=0
4G* =1

and the resulting transformation equation is

w=2z.
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v
. w,
®w,
u
©w1*
Figure 5.14 Image current in the w plane.
y
] Z0
® ('x1/y1) ® (xv%)
X
® ('xll'yl) ® (x1/'y1)

Figure 5.15 Line current and three images in the z plane.

In the w plane, the potential is due to the line current w; and the image current due to
the plane boundary of the infinitely permeable material, as shown in Figure 5.14.
The potential is given by

_ ol

W(w,) = 5 [In(w, —wi) + In(w, —wy)].

Transforming back to the z plane, we have

I *
W(z) =L (2 - ) + In(z - 24?)]

= %{ln[(zo —21)(20 + 21)] + In[(z, — 27) (20 +ZT)]}

1
- % [In(z, —z1) +In(z, +21) + In(z, — z}) + In(z, + 2})].
This shows that the potential in the z plane is due to the physical line current at z,
together with three image currents,[24] as shown in Figure 5.15. The four currents lie

on a circle centered at the corner of the iron surfaces.
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5.14 Integrated potentials

Suppose that ®(r;, 6, s) is a scalar potential describing some three-dimensional
magnetic configuration. Assume the conductors have a finite extent in the
s direction, so that @ vanishes as s — +oo. Define

E(r,0) = JOO D(r,0,s) ds.

Taking the derivative with respect to r gives

OE (* 0D *
5 = Jwg ds = —JwBr dS, (580)

while the derivative with respect to € yields

1 oF * 1 o0® *
; % = Jw; ﬁds = —JOOBQ ds. (581)

We can likewise define A(r, 0, s) as the vector potential describing the same three-
dimensional magnetic configuration. Since the conductors have a finite extent in
the s direction, 4, also vanishes as s— =+oo. Define

F(r,0) = J Ay(r,0,s) ds.
Considering the integral of B,, we find that

J B,ds = J(v x A ) ds

_J laAS %d
| \Gee e ¥

10 00
== | Ads — 4y
700 J @ =40
Assuming that 4 has the same value at +00, we find that
* 1 OF
B.ds =- —. 5.82
J LT 0 (5-82)
Similarly, the integral of By
* 0A, 04
By ds = — d.
Jw 04 J(@s 8r> s
o 0
= Ar . — EJAS dS,
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148 Complex analysis of transverse fields
so that

* oF
J Byds = ——. (5.83)
. or

Equating the expressions for the integrated values of B, and By, we find that

| OF  OE
ro0  or
OF 1 OE
o r oo

These two equations have the same form as the Cauchy-Riemann equations in polar
coordinates. Thus F and E represent the real and imaginary parts of the analytic
potential function

W(z) = F(r,0) +iE(r,0).

This potential can be used to describe the influence of a magnet end on the field
quality of a long magnet.[25]
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