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EXTENDING JORDAN IDEALS AND JORDAN
HOMOMORPHISMS OF SYMMETRIC ELEMENTS
IN A RING WITH INVOLUTION

KIRBY C. SMITH

Introduction. In this work, we show how the ideas in [3, pp. 6—12] can be
used to give conditions under which Jordan ideals in the set of symmetric
elements in an associative ring R with involution extend to associative ideals
of R in a natural way. We also give conditions under which a Jordan homo-
morphism of the set of symmetric elements will extend to an associative
homomorphism of R. Such work has been done on matrix rings with involution
in [5; 6]. An abstract definition of a Jordan ring may be found in [3] as well
as other background information.

Let R be an associative ring with involution » — r¥; that is, a mapping
r — r* such that

(ry + r2)* = r* 4 7%,
(7’17’2)* = ro*ry¥,
F*)* =r.

We will denote by S the set of *-symmetric elements of R, namely
S = {s € R|s* = s}. Likewise, let K = {k € R|k* = —F}, the set of *-skew
symmetric elements of R. If I is an ideal of R then we will call I a *-ideal if I
is invariant under the involution on R, i.e. if ¢* € I for every i € I.

If juxtaposition denotes the multiplicative binary operation on R, then -,
defined by s;: s = 5152 + sa51, $; € .S, makes the additive group .S into a
Jordan ring. Similarly, K forms a Lie ring under [k1, k] = kike — kok1, k; € K.

Throughout this paper our assumptions on R are:

(1) 2» = 0 implies7 = 0, 7 € R;
(2) 4 = {2ala € A} for every *-ideal 4 of R and every Jordan ideal 4 of S.

For example, R may be any algebra over a field of characteristic not two or R
may be any finite ring satisfying (1). We note that condition (2) says that
the mapping » — 27 of R is an onto mapping for every *-ideal of R and every
Jordan ideal of S. Our use of conditions (1) and (2) will be to allow divisibility
by 2. The notation 3e¢ will mean that element » € R such that 2 = «.
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If r € R, then r = 1(r 4+ 7*) 4+ 3(r — r*) and so every element in R can
be written as the sum of an element in S and one in K. Since SN K = {0},
this representation is unique. We will keep this property of R in mind by
writing R = .S 4 K.

Extending Jordan ideals of S. Let I be a *-ideal of R. Then * induces an
involution on the ring I. So I = U + L where U is the set of symmetric
elements of I and L is the set of skew symmetric elements of . An easy check
shows that U is a Jordan ideal of .S and L is a Lie ideal of K. We now seek
conditions under which a Jordan ideal U of .S is the set of symmetric elements
of a *-ideal I of R. If such is the case for a particular ideal U of .S then we will
say that U extends to a *-ideal of R.

Let E be the subring of the rationals generated by %. Using E we may, if R
does not have a unit element, imbed R in a ring R such that 1 € R. Such a
ring is R = {(e,7)|le € E,r € R} under the usual operations. It is easy to
check that R satisfies conditions (1) and (2). R is a ring with involution ’
defined by (m,r) = (m, r*). We note that R = S + K where

S ={(m,s)m¢cEscS and K = {0, k)|t € K}.

If U is a Jordan ideal of S we can correspond U with U = {(0, u)|u € U},
a Jordan ideal of S. It is easy to see that U extends in R if and only if U extends
in R. For easy reference we write this as the first lemma.

LemMa 1. If 1 ¢ R = S + K, let R be the ring with 1 in which R is imbedded
in the usual way. Then R = S + K is a ring with involution ' and if U is an
ideal of S then U extends to a *~ideal of R if and only if its corresponding ideal
U of S extends to a '-ideal in R.

LEMMA 2. Let R = .S 4 K be a ring with involution *. A Jordan ideal U of S
extends to a *-ideal of R if and only if aub + b*ua™® € U for everyu € U, b € R.

Proof. We may assume that 1€ R; for, if we identify U with
U= {(0,u)|u € U} in R, then U satisfies the conditions of Lemma 2 (using
assumption (2) on R), and by Lemma 1, U extends in R if and only if U
extends in R.

Let L be the Lie ideal of K generated by {aub — b*ua*|a, b € R}. K consists
simply of all finite sums of its generators. We let / = U + L and proceed to
show that I is a *-ideal of R. It is clear that the set I is invariant under the
involution. For every % € L we know that

h =Y aub, — b*uaX
a finite sum, where ¢, b; € R, u; € U. So if s € .S, we have
sh =33 (sa)ud; — b*ui(se)* + 5 2 @ai(bis) — (bys)*ua*
4+ 3 i(sadubs + bFu(sa)* + 33 — ami(bis) — (bis)*ua*.
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This means that sh € I for every s € Sand & € L. For & € K we have

kh = 33 i(ka)ud; + bFuy(ka;)* + 5 2 am(bk) + (bik)*ua*
+ 3 2 ika)ud; — b*ui(ka)* + 5 2 :(bik)*u.a* — aui(bik).

This shows that k2 € I forevery k € K, h € L. Fors € S,u € U, k € K we
have

su = 3(su + us) + 3(su — us),

ku = 3 (ku + uk*) 4+ 3 (ku — uk*),

which show that sz and ku belong to L. Since R = S + K, all of the above
calculations show that I is a left ideal of R. Since [ is invariant under the
involution, I is also a right ideal and hence an ideal of R.

We let {si52...8:,} = s1S2...8, + Sy ... 251, where each s; € S. Clearly,
{s152. ...} € S. Following Cohn [1], we will call {sises354) a tetrad in
S1, S2, S3, S4.

If U is a Jordan ideal of S then, clearly, {us} = us + su € S for every
u € U, s €S. We show now that {usis:} € U. For 2sus = [s(su + us) +
(su + us)s] — [su + us?] belongs to U and thus {siuss} = (s1 + s2)u(s: + s2)
—sjusy — sausy € U. So since {usiss] = {(usy + swu)ss} — {s1us.}, we have
{usise} € U. We will give examples later to show that the tetrad {us.s354} need
not be in U. This leads us to the main theorem of this section.

THEOREM 1. Let R = S + K be an associative ring with involution * satisfying
properties (1)—(2) and assume that the set of symmetric elements S generates R
associatively. Then a Jordan ideal U of S extends to a *-ideal I of R if and only if
{usssssa} € U for every ss, s3, 54 € S, u € U.

Proof. The necessity of {usss3s4} being in U is clear. For the converse, we
note first that since .S generates R, Lemma 2 tells us that it is enough to show
that {ses3...s#uSip1...8) € U for » = 2,3,... . We proceed to do this
by induction on %. Clearly, {us} = {su} € U which is the case # = 2. Now we
assume that we have shown that for every s; €S, u € U, we have
{5283 . .. SUS41 . . . Sp—1} € U regardless of the position ot #. Then we have
{usess ... s} = {(us2 + sau)ss ... s} — {sausy...s,}. Since usy + sou € U
as well as { (us; + sau)s3...s,} € U (by induction hypothesis), we conclude
that {usess...s,} € U if and only if {s.uss...s,} € U. Continuing, we get
{ussss . .. s} € U if and only if {ss...susi1...5,) € U. So to finish the

proof of the theorem, it is enough to show that {ussss...s,} € U for every
u E Uy Si E S-
For this goal we need the following general identities found in [1]:
(4)  {(s1S2 4 s251)83 .. . Su} = {s15283 . .. Sy} + {S25153. .. S}
(5)  {s15283 ... Sn—1) * Su = {S15253. .. Su} + {SuS1S2. .. Sp1};
(6)  {s152538a} < {S5 ... Su} = {Sn ... 5554535051} + {545359518, - . . S5}
+ {815253845’” P 55} + {Sn P 3551323354}.
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Finally, relative to the ideal U of .S we have, using our induction hypothesis,
) {ussss ... s} = (—1)°{tsts. . . t,} modulo U,

where the ¢; are some permutation of #, s, 3, ..., s, and ¢ = 0 or 1 depending
on whether the permutation is even or odd, respectively.

Case 1. Suppose that # is odd. Let s; = # in (5) and get (using the induction

hypothesis)
8) {Us2S3 . o Sy} = —{suSs. .. S,—1} modulo U.
Permuting u, s2, $3,...,5, tO Sy, #,Ss, ..., S,—1 IS an even permutation,

since # is odd. So by (7) we have
9) {usess ... 8} = {s;us2. .. S—1} modulo U.

Addition of equations (8) and (9) gives 2{usss3...s,} € U and thus
{usess ... s} € U.

Case 2. Suppose that # is even. Let s; = # in (6) and get

(10)  {sp...ssss538ou} + {suS352uS, .. .55} = —{s, ... S5U525354}
— {us25354, . . . 5} modulo U,

where we have used the assumption that {usssss4} € U. Since
Sny + o oy S5y S4y S3y S2y U and S4y S3y S2y Uy Sppy « <« 4 S5
differ by an even permutation, as do
Sny o oy S5, U, So, S3, Sa and  u, Sz, 3, S4y Spy -« . 5 S5y

we have from (7) and (10)

(11) {45253 . o . Sy} = — {8, ... Ssus25354) modulo U.

If u, ss, 83, ..., and s,, ..., S5 U, Sa, 3, sS4 differ by an even permutation,
which will be the case if 4 divides #, then (7) and (11) imply that
{usess...sy} € U. If 4 does not divide #, then wu,ss, s ...,s, and
Sny Sn—1, - - - , $1 differ by an odd permutation and so (7) says

(12) {usess ... sy} = —{sp...s35au} modulo U.

On the other hand, we always have
(13) {usess . . .Sy} = {Sy ... S35},

Comparing (12) and (13) gives {usass...s,} € U, completing the proof of
Theorem 1.

Let [S, S] denote the additive subgroup of K generated by
{SiSj - Sjsilsi, Sy E S}

Using this notation we have the following corollary.
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COROLLARY 1. If R = S + K such that [S, S] = K, then every Jordan ideal U
of S extends to a *-ideal of R.

Proof. We are assuming that .S generates R in a special way. For
sy, 82 € S,u € U we have

(s152 — ses1)u — u(s152 — s251) = [(sou + us2)s1 + s1(sou + uss)]

—[sa(siut 4+ usy) + (s1u + wus1)sq],

and hence (5152 — So81)u — u(s152 — s251) € U. Since [S,S] = K, every
element of K is a sum of elements of the form s;s5 — s251. Thus, [K, U] C U.
Since U is a Jordan ideal, we have S - U C U. This shows that ru + ur* € U
for every r € R. Hence, u(s15253) + (s15283)*u = {usis2s3) € U. Now we apply
Theorem 1.

COROLLARY 2. Let R = S + K such that S generates R. If U is a Jordan ideal
of S having the property that U? = U, then U extends to a *-ideal of R = S + K.

Proof. For every u € U, k € K we have u?k — ku? € U since u?k — ku® =
(uk — ku)u + u(uk — ku). Also, u?s + su® € U. This means that
ru? + u* € Ufor everyr € R, u € U. Linearization gives 7 (uyus + uqtt1) +
(ugtts + usu1)r* € U. Since U? = U, we have ru + ur* € U, so Theorem 1
applies.

COROLLARY 3. If R = S+ K 1is generated by two symmetric elements, then
every Jordan ideal U of S extends to an invariant associative ideal of R.

Proof. Choose u € U, s1, S2, 53 € S. If {usisss3} € U, then the same is true
of any tetrad obtained from a permutation of u, si, s2, s3 and conversely, as
seen in the proof of Theorem 1. Suppose that s; = x1xs + X201 where
x1, X2 € S. Then

{usise(wrxe + xox1)} = {{usisaxr}xe} + {{usisaxe}xr} — {x1us150%2}

—{x1Sos10200} + {{usisexi}ae} 4+ {{usisaxa}ar} — {x1{usisa)as}.

This shows, since {xi1{usise}x.} € U, that {usisess} € U if both {usisex:} and
{usissxs} are in U.

Now let v and w be two symmetric generators of R. It is known [1, pp. 305—
306] that v and w generate S solely by the Jordan product. Thus, by the above
argument, {usisss3} € U if {utibsts) € U for ¢, = v or w, 1 = 1, 2, 3. Since a
duplication of either v or w must occur, it is easy to check that {utitsts} € U.

Corollary 3 fails for more than two symmetric generators. For, let
R = F[x1, xs, x3], the free algebra over a field F generated by three independent
elements x1, X2, x3. Let * be the involution on R which reverses the order of
the generators; for example, (x1x2 + X3x2%1)¥ = %91 + X1x9x3. Let U be the
Jordan ideal of S in R generated by x1xs + xsx;. Then it has been shown
[1, pp. 307-308] that { (xyxs + xex1)x1xex3} ¢ U. So U does not extend to a
*.ideal of R.
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For an easy example of a Jordan ideal which does not extend, let R be an
algebra over F generated by xi, X2, &3, x4 such that xx; + xx, = 0 if 7 # 4.
Let the involution in R be the one that reverses the order of the generators, as
before. Let U be the Jordan ideal of S generated by x1, x2, x3, x4. It is clear,
since xx; + x4, = 01if ¢ # 7, that {x1xaxsxs} € U, so U does not extend.

THEOREM 2. Let R = S + K be a ring with involution *. Let U be the maximal
nilpotent ideal of S. Then U extends to the maximal nilpotent ideal I of R.

Proof. A Zorn’s lemma argument applied to the set of all nilpotent ideals
of S proves the existence of a maximal nilpotent ideal U. Since the sum of
two nilpotent Jordan ideals is another nilpotent Jordan ideal, U must be
unique. Similarly, we can show the existence of a unique nilpotent ideal I of R
which must necessarily be a *-ideal of R. Hence, I = U; + L where U, is a
nilpotent ideal of .S. We must have U; € U due to the maximality of U. To
show that U C U, we adapt an argument by Herstein [2, p. 633]. Consider
R/I, the associative ring having an involution induced by *. R/I has no non-
zero nilpotent ideals. For every 7 € R = U/I, 2 € U we have (#%)7 +
(7*) (@2) € U, the image of U, as seen in the proof of Corollary 2. So if # is
the exponent of nilpotency of U, then [(@2)7 + (7*)(@?)]* = 0. Let % have
exponent m. If m > 2, then there is an even integer ¢ such that #‘ > 0 but
(*)? = 0. We have [(@*2)2(7) + (7*)(@"2?)?] € U and hence [(#"2)2(7) +
(7)) (@"?)2* = 0. So 7[(@¥2)2r + (7*)(@"2)?]*(@)* = 0, which means that
7[(@*)7]*(@*) = 0. Therefore, [7(2*)]**! = 0 and the left ideal of R generated
by 4!, Ra', is nilpotent. It is well-known that the sum of all nilpotent left
ideals of R is a nilpotent two-sided ideal, which is a contradiction, unless
%% = 0. We may therefore assume that 42 = 0 for every @ € U. Since 5, +
totly = (@ + 2)? — 2 — 12 = 0, we have U2 ={0}. If € U, 5¢ S
then %54 = 0 since % (34 + 45) + (32 + 45)@ = 0. Hence, if # = 5 ++ £ then
arurd = 4(5 4+ B)a(3 + B)a = a(kak)d = 0. So Ra is a left ideal of R in
which every element cubes to 0. Again, this leads to a nilpotent associative

ideal of R. This shows that U = {0} and U C U,. So U extends to I.

CoroLLARY 1. If R = S + K 1is an associative ring with involution * such
that S is nilpotent, then R is nilpotent.

Proof. By Theorem 2, S extends to the maximal nilpotent *-ideal I of R.
If R # I, consider R/I. R/I contains no nilpotent ideals, since I is maximal.
On the other hand, R/I has an involution induced by * and the only symmetric
element is 0. This means that R/I contains only skew elements which must
square to 0; i.e., R/I is nil. Moreover, k&, + Esky = 0 and thus Eiksk; = 0
fOl‘ every k_l, k—g € R = R/I Since {Elk—zk—a} = (k—l + k-3)k_2(E1 + Eg) - k-lk_zk_l -
Esk.ks, we have

(14) {k-1k-2k-3} = U.
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Also, kikoks — Esksky is symmetric and so
(15) Elk—gk-g - EgEgEl = 0

Adding (14) and (15) shows that kik.k; = 0 for every ky, ks, ks € R. Hence,
R is nilpotent, which is a contradiction. So R = {0} and R is nilpotent.

COROLLARY 2. Let R = S + K have a nil Jacobson radical N. Then the
maximal nil ideal U of S extends to N.

Proof. N is a *-ideal of R, so N = U; 4+ L and the maximality of U implies
that Uy € U. We let R = R/I and let U be the image of U in R. If U = {0},
the proof of Theorem 2 shows that either U is nilpotent or else there exists a
# € U and an even integer ¢ such that 4° # 0 and the left ideal R#‘ is nil. In
either case, we are led to a contradiction of the fact that R has zero Jacobson
radical. Hence, U = {0} and U € U;. So U = U; and U extends to N.

Extending Jordan homomorphisms of S. Let ® be a Jordan homomor-
phism of S. In other words, ® is a mapping of S such that

‘I)(Sl + 82) = (I)(Sl) + CI)(S2)1
D (5152 + S251) = P(51) D (s2) + P(s52) D (s51).

Let R’ be an associative ring generated by { ®(s)|s € S}. We seek conditions
on R’ and ® which will insure an extension of & to an associative homo-
morphism of R = .5 4+ K onto R'. We note that if the elements of S generate
R associatively, and if ® extends to an associative homomorphism of R onto
R’, then this extension is unique.

THEOREM 3. Let R = S 4 K be a ring with involution such that the elements
of S generate R. Then any Jordan homomorphism ® of S into an associative
ring R’ generated by {®(s) = s’} can be extended to a unique associative homo-
morphism of R onto R’ if:

(1) {s1s25384)" = {s1's2/ss'sd’}, the tetrad identity; and

(ii) R’ contains no nilpotent central elements.

Proof. If r € R, then since .S generates R, we have 7 = > ;514824 - « « Spq. 1
® extends, we must have ®(r) = > 5152/ ... s, . It suffices to prove that
this extension is well-defined; in other words, we will show that > ;J]is:; = 0
implies that > ,JI:s:/ = 0" if conditions (i) and (ii) are satisfied.

Suppose that 152 . . . s, is the longest term in a given expression )_ ,JI:5;;, = 0
and assume that # > 4. Because siS2...5, = (5152 + S281)83...5, —
$281S3 . . . Sy, We can change si53 . . . 5, into — 525183 . . . 5, plus a term of smaller
length, since s1s2 4 s251 € .S, without disturbing the value of 3 ,T]:s;; under ®.
Similarly, we may then change —sss153. .. 5, Into s2535154. . .S, plus another
term of smaller length without changing the value of > ,JI:s;; under &.
Continuing in this fashion, we ultimately change s1525354 . . . 5, INt0O 545352851 . . . Sy
plus many terms of smaller length. We do this with every term in 3 ,J1:s;; of

https://doi.org/10.4153/CJM-1972-007-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-007-5

JORDAN IDEALS 57

maximal length #. Adding the original expression (3_,;IT:s:;) and the resulting
expression, we obtain an expression for 0 having terms of the form
{51525354} S5 . . . S, as well as other terms of length less then #. Since {s1525354}" =
{s1'se’ss’s)/} the new expression of terms of length less then # will have the
same value under ® as Y ,JI;s:; does. This shows that we may assume that
> I1:s:; is an expression of terms of length less than or equal to 3. Since
R =S + K, we may also assume that > ;J1:s;; is either skew-symmetric or
symmetric.

Suppose that > ,;IT:s:; is symmetric. Then (sis2 + s251) = si'se’ + so'sy/
and (s15953 + $35281)" = (s17s2’ss’ + s3'so’s1’). (The latter is true since ss;s =
[s(ssy 4+ s15) + (ss1 4 s15)s] — [s2s1 + s182] = (ss15) = §'s¢'s’, and

(s1 4+ s3)s2(s1 4 3) = S15951 + 35253 + {15253} = {s15253}" = {s1'54's5'}.)

This shows that ® is well defined on S.
Suppose that > ,JI:s:; is skew-symmetric. For any s € S we have

0" = [sCATwse) — (X ILsi)sl = s"(ZI1se) — CCAlse’)s,

since s I1:s:;) — O I1isi;)s € S. This shows that > ;JI:s:/ belongs to
the centre of R’. Also, since (3 ,I1:s:,)% € S, we have OV = [(3_,;I1:5:,)% =
(- I1is:/)?, and so > I1:s:/ is nilpotent. But by assumption, R’ contains
no non-zero nilpotent central elements, so > ;J[:s:/ = 0" and ® is well defined
on K.

COROLLARY 1. Suppose that the symmetric elements of R = S + K generate R.
Let I be a Jordan homomorphism of S into an associative ring R’ generated by
{®(s) = s'}. Furthermore, assume that ® satisfies the tetrad identity. Then P
extends umiquely to am associative homomorphism of R onto a homomorphic
image of R'.

Proof. As in the proof of Theorem 3, we first try to extend ® to a homo-
morphism of R onto R’ by defining ®(3" ,I1:s:;) = > 11:5:/. We see in the
proof of Theorem 3 that the tetrad identity implies that if > ,;I1:5:; is sym-
metric, then Y ;IT:s:; = 0 means that > ;JI:s;/ = 0’. On the other hand, if
> I1isq; is skew symmetric, then X ,J1:s;; = 0 means that > ,I].s;,/ is a
central nilpotent element a’ of R’. Let H' be the ideal of R’ generated by the
set of all such ¢’ € R’. Then R'/H’ is generated by the equivalence classes
s’ + H’, and considering ® as a Jordan homomorphism of S into R'/H’, we
have that ® extends to a Jordan homomorphism of R onto R'/H'.

For an example to illustrate Theorem 3 and its Corollary 1, we use one that
is given in [4, p. 483]. Let R = F[x, y] be the polynomial algebra over the
field F in two commuting indeterminants. R is a ring with involution using the
identity involution, so S = R. Let R’ = F[X, YV, Z] be the algebra over F
generated by X and Y subject to the relations Z = XV — YX, Z? = 0,
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XZ =2X,YZ = ZY. It is shown in [4] that the linear mapping & that sends
x*y?into 3 (X*Y* 4+ Y'X*) is a Jordan homomorphism of R into R’ which is
not an associative homomorphism. Note that Z is a central nilpotent element
of R'. Let H' be the ideal of R’ generated by Z. Then R’/H’ is isomorphic with
R, and ® becomes as associative isomorphism of R onto R'/H'.

For another example of a Jordan homomorphism which does not extend,
let R be the algebra over the field F generated by si, s, S, Ss subject to the
relations s;5; 4+ s;5;, = 0 if 2 % j and 5.2 = ;1 # 0, a; € F. R is a Clifford
algebra, 16 dimensional over F, with a basis consisting of the 16 elements of
the form s,f154825,835,84 where each 8; equals 0 or 1. The involution in R reverses
the order of the s;'s. Hence, S has a basis consisting of 1, s1, s2, $3, S, {S1525354}.
Let R’ = R and define ® on the basis elements of S by ®(1) = 1, &(s;) = s,
1 =1,2,3,4 and ®({s1525:54}) = —{5152535:}. We extend @& linearly to all
of S and check that ® is a Jordan automorphism of .S: It is clear that ® cannot
extend to an automorphism of R since

<I:’({515233.S'4}) = '—{51525354} #= {51525354},

violating the tetrad identity. We note that associatively we have ®(s;s;) =
B(s,)®(s;) and P(s1s;5:) = P(s;) D(s;)P(s;) which means that & may be
extended uniquely to the subspace of R spanned by at most three of the
generators si, Sz, 3, Si. We may extend this example by letting R be the
associative algebra over F generated by sy, s3, $3, . . ., s, where# = 1 modulo 4,
subject to the following conditions:

(i) sis;+ 555, =0, if 2 5 7;

(ii) s2.2 = —1, s%41 = 1;

(iii) if sy, s, Si, s, are four distinct generators such that z < j < k& < [ then
s:5;5;5; equals the product of all the other generators in order; that is, if
m < ¢ then s, precedes s,. For example, if # = 9 then

S15285354 = S556575859, S1535456 = S255575899, etc.

We let R’ be the Clifford algebra over F generated by s/, ..., s, where n
is the same as above. So we have s/s/ + s/s/ = 0" for 7 j and let
(s2)? = —1, (s'2441)? = 1. The involutions in R and R’ reverse the orders of
the generators. Since .S is generated by the Jordan products of si, ss, ..., s,
and all their tetrads (see [1]), it suffices to define a Jordan homomorphism
®:S— R by ®(s;) = s/ fort=1,2,...,n and if

n—4
{sisjsp8.) = III Smi
i=
where 1 < j < k <land m < my < ... < my_4, then

n—4
®({sisi58:1)) = IIls,,”’.

A check will show that & is a Jordan homomorphism of S into R’ which does
not extend. Once more the tetrad identity is violated.
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Finally, we give another corollary of Theorem 3 similar to Corollary 3 of
Theorem 1, and since the proofs are similar we omit the proof here.

CoRrROLLARY 2. If R = .S 4 K is generated by three symmetric elements, then
any Jordan homomorphism ® of S imto R’ satisfies the tetrad identity. Hence,
® extends to a homomorphism of R onto perhaps a homomorphic image of R’.
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