A MINIMUM PROBLEM FOR THE EPSTEIN ZETA-FUNCTION

by R. A. RANKIN
(Received 28th January, 1953)

1. In some recent work by D. G. Kendall and the author 1 on the number of points of a
lattice which lie in a random circle the mean value of the variance emerged as a constant
multiple of the value of the Epstein zeta-function Z(s) associated with the lattice, taken at
the point s=%. Because of the connexion with the problems of closest packing and covering
it seemed likely that the minimum value of Z(3) would be attained for the hexagonal lattice ;
it is the purpose of this paper to prove this and to extend the result to other real values of the
variable s. :

Let

L h(m, ) =amP A 28mn - FR2 i (1)

be a positive definite quadratic form of determinant «f — 8% equal to unity. In particular,
the special forms @ (m, n) and g (m, n) are defined as follows :

Q(m, n)=%/3q(m, n)=%/3(ME+mR+n2). .coiriiiiniiniiininnn, (2)

We consider the Epstein zeta-function i ,

m=-—m0 B=—w

where the dash denotes, as always, the exclusion of the term m=mn==0. This double series is
absolutely convergent for fis>>1. The function Z, (s) can be continued over the whole s-plane
and is regular except for a simple pole of residue 1 at s=1.

It is easily shown that in the particular case (m, n)=@Q (m, n)

Zo(8)=6F/3P L) L(8) werereeiiiiiiiiii 4)
where {(s) is the Riemann zeta-function and L (s) is the Dirichlet L-series

1 1 1 1 1

Leo=l-5t5 5 n &

We shall, throughout the paper, be concerned with real values of s in the half-plane of
convergence. We prove the

TurorEM. For all s>1-035, Z,(s)=>Zy(s). Equality occurs only when h and Q are
equivalent forms.

In view of the closeness of the lower bound 1-035 to unity and the fact that all the
functions Z, (s) are asymptotically equal as s—>1-+0 it seems very likely that the conclusion
of the theorem remains valid for all s>1, but I have been unable to prove this. Further, I
have not been able to find any single method which is applicable to the whole range s=>1-035,
as will be seen from the proof.

+.en

1 “ On the number of points of a given lattice in a random hypersphere.” (To appear in the Quarterly
Journal.)

1 For the general theory of Z,(s) see Max Deuring, “ Zetafunktionen Quadratischer Formen” J. reine
angew. Math. 172 (1935), 226-252.
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2. In this section we introduce some new notation and prove 10 lemmas. In the first
Place, as is well known, we may, by means of a unimodular transformation on the variables
m and », assume that « is the minimum of the form for all pairs of integers m, n, not both
zero, and that

0<20<Ca<<B, 1<<aB<E v (5)
With these restrictions on the coefficients, the Theorem states that, for s>>1-035, Z, (s) =2, (s)
and that equality occurs only for A=0Q.

We now introduce some symmetry by defining

y=a+B-28=a+BF-2/(af—1), ceirrriiiriiiiiriiinni (6)
so that
2(By +yataf) — (2 By =4, oo )
and, by (5),
. 0<aKBCYy<Ca+B. ceieriiirinieiiic e, (8)
Also define
Flm =By~ ehmn o= m ) | o)
g (m, m)=ym 4 (y+ o~ Bymn+ amd=h(m-n, —m)f © T

Then we find that

2(gh+hf+fg) — (f2+ g2+ RB=4g% .covviiiiiiiiiiiin (10)
and deduce that

f=g+ht2/(gh—q?), g=h+f£2/(Af-0%), h=f+g+2/(f9—®). ... (11)
Lemma 1. If a+B+y<4, the minus sign must be taken in each of the three relations (11).
Proof. We prove that f+g— h cannot take negative values. We have
F+g=h=(B+y =) m?+ By - a—B)ymn-t (y+ o~ B)m?.
By (8), the coefficients of m? and »? are non-negative and the determinant of the form is, by
7,
v (B+y—a)ly+a—B) =By —a—BP=4—f(a+B+y)*=0.

In a similar way it can be shown that g+ % —f and A+ f— g are not negative.
We now introduce new variables , ¥ and z defined by

=8/, Y=1la, Z=Z4 1Y, cveireerrrrirrrirriieraniieeirnnn. (12)
so that we have
hm, m =122
: Y
and the conditions (8) imply that z belongs to the modular region 7B defined by
O0<<e<<d, ¥>0, 2249221 i, (13)
Put
1 1 1 1 1
¢(£l?, Y 8)——y {1 + (x2+y2)’+{(x— 1)2+y2}8} =§+B§+’}TS * eeeesssiecsseces (14)
We prove
Levma 2. If s>2 we have
1 1 1
il 5 + ;,23 (3./3).

E‘quality holds only when a=B=y=2/,/3.
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Proof. By Hélder’s inequality, since s>2
¢ y; 2)<{p(x,y; 8} 32,
Accordingly, it is enough to prove.that

and equality can only occur when =%, y=1./3.
d(x, y; 2)=>%in IB and that equality occurs only for x=%, y=14/3 and =0, y=1.
1

Write y*=7 and put
| _ . 9ymn | 1 .
pamm=n s A= G (e

Then
|
ax 407[(902—#7/ {1-=) +77}3—J

and is positive if

x f x2+1; ]3

T-z <~ (T-ap+n/
Smcen>1~x2inm,%>0if

1

w1
I-z 8(1-ap®’

Le. if 0<<e<<} (3 —\/b)=m,, say.

Suppose now that x>=>x,. We have
o4 -y (1-2)-
Ho14. , .
oy @l (-2
and .
1% -2 n-2(l-2)®
20m* (+q)t {(L-2)+p)t

Now, by evaluating the derivatives at y=a+b it is easily verified that
(= 2a)(n+b)*+ (1 - 28) (p +a)*
is not negative for »>>a+b, and since y2=a?+ (1 —x)? in B we deduce that 0%/on*=0 in B

106 W_,, @
Ty

290y on°

Hence, since 5>1-22 in I,

since ro<r<}.
Accordingly we deduce that ¢ (z, ») attains its minimum value in 7B either on the line
Now, if =0, y=1 we have

x=0,fy>1 or on theJarc a2 +y2=1, O<r<<}

0

Bn il 1y (00
so that $(0,y; 2)>4(0,1; 2)="4

Finally, if 22+ 3?=1, 0<<e<<} we put
é_v—l .
| ol YT e
so that 1<<v<3, and obtain
8v
$(@y3 D=dv+ =9 0),
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say. Since
sy (v=3) (v +6v—11)
¢ (’l)) - 4 ( v+ 1)3 L]

we deduce that as v increases from 1 to 3, ¢ (v) increases from § to a maximum at v=2,/5 -3
and then decreases to a minimum value of § at ¥=3. This completes the proof of Lemma 2.

We note that all that has been. assumed in the proof of Lemma 2 is that >>2 and that
«, B and y satisfy (7) and the inequalities (8). We use this fact to prove

LemMa 3. If a+B+y<4 and s>2 then, for any values of m and n, not both zero,

: + ! + 1 >3 (1/—3>s .
{flm,n)}* {g(m, n)}* " {h(m, )}~ “\2¢

Equality occurs only when a=8=y=2/,/3.

Proof. Denote by a, b and ¢ the three quantities f/g, g/q, h/q arranged in ascending
order of magnitude. Then, by (10) and Lemma 1,

2(bc+ca+ ab) — (a4 b2 + c2)=4,
and
: O<ahb<<ea+b,
so that, by Lemma 2, ‘
: a5 4+-b- ¢ 23 (1./3)%.

Equality occurs only when f=g=h=2¢/,/3, and then, since f+g+h=(x+B+y)q, we have
a+B+y=2/3. Le., in terms of z and y, (x— %)+ (y — 4/3)?=0, so that z=%, y=4,/3 and
therefore a=B=y=2/./3.

Levma 4. If a+B+y=4 and s>2, then

‘ w2427

Proof. In terms of the point z, defined by (12), we have to consider the region 0<<z<(1,
(z—-3)?+ (y— 1)®=1, which we denote by B*.

Write

| r=@ ), r={@-1)Pry,
go that y=3{2(r 2+ 7y?) — (ry2 —r3)%— 1}*, and r,>=r,>>1 by (13). Also B*=B** where JP**
is the part of B in which r,>>./2. Then
B,y 5 8)=27{2(r+73%) — (g~ 1?2 = L (L ry=20 47y ),

and it is easily verified that, for r, constant,

ggﬁz 218 g7 {2 (r 24 1,2) — (rg2— ry2)2 — 1}Es-1 o,
1
where
w=(rg? =) (rs? = 2)ry 272 (14792~ %) (L +7728) = 3ry 72 -y 22,
Now

o, —a% (L g2 = 12) (L 1) = 12212 — (5= D]rgt 8 (2 = 1) }>0,

since 7,222, r,%>>1 and 25>>s—1. Thus, since r,>>7; in IB** we have

(Lbr?—r2) (L4 7y 2)=>1 47,72
and therefore ]
w4728 3r 24 r, 78221 - 2r, "B 47,7420,
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Hence 0¢/0r,>20 in P** and it follows that ¢(x, y; s) attains its minimum in JB* on the
line =0, y=>1. Since

0 e elien {st_l y2s
b0 uia=syee-n {Lor - Y

>sy-1(y2 - 1) (s~ 1)>0,

we have
¢(O: Y, 8)>¢(O’ 1 5 8):2',"2_3,
which completes the proof of the Lemma. ,
Levma 5. The real function f(t) is defined for all real t and possesses the following

properties : (i) f(t), f' () and f'(t) are continuous for all t, (ii) the integrals N f(&) dt and
on [ f7 (&) | dt converge, (iii) f(t) and f'(t) tend to zero as t— w0, (iv) f''(t) is negative for
t <<#<t,, but otherwise mon-negative. Then S= > f(») is convergent and, for some real ¥
satisfying | ¥ | <1, "

s=[" 10 @+ 6 -1 @),

Proof. We use the Euler-Maclaurin sum-formula in the form :
N
m=[" goderga s [T noroa
n—-—M -M
where r(t)=¢—-[t]— % and

ry ()= —ftr(u)du.

It is easily shown that 0<<r, (t) § for all ¢, and we deduce that the infinite series converges
and that

s- " f(t)dt:fo r (O f () =R

say. From condition (iv) it follows that

wre-ren=i [ roase<y([" +[)roa=ire-re,

which completes the proof.
In the next two lemmas we are concerned with the function Z,(s) expressed in terms of
the variables x and y, and write

G @, Y)=Zn(8)=Z 29 | M1 |, oo (15)
Lemma 6.7 For s>1,
r)res-1%
5 Gules )=y 129 -y o= D 2(s - ) ER T e
where
[ (2s+1)pH (2s+3)m+)
l8(28+—"2)s—+1 (s 1)(“_2 +4)s+2j

t Deuring (loc. cit.) gives a somewhat similar formula for the function G (, y), but with a different
form of remainder and without the explicit numerical constants which are essential for our purpose.

| B | <3y—2{(2s+1)
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Proof. We have, because of uniform convergence,

1 1 , 0 Y s
2s Gy (@, y)ﬁégm:z—‘—w n=2—co 5}/ {(mx+”)2+m2?/2}
| mz+n [2—2m2y?
| mz+mn |2+2
2y/5+1 -1
- 2 F o BV

L M B
m=1 n—-oolmz+nl2s+2 n__wlmz+ans

=1 X g1
m n

We now apply Lemma 5 to each of the two inner sums. Put

FO=r mz+t |20’
where p=sors+1. Then

)= - 2py? (mx+t) )= 200°{ (2p+1) (mx +1)? — m?y%}
T Tt Ec .
so that the conditions are satisfied with
my my
Mr+t=——F——, MTtlg=—pg——*
T/ (@2p+1) P JCe+ 1)

We deduce that
s (% ydt 9o (2p+1pt
Sro=[" [zt i[> " Smior s (2p 2 ?
and, since the integral is

y> IHI'p-3)
mz"‘l I(p)

H

the result follows from (16) on taking p=s+1 and s in the two parts of the sum over 7.
Lemma 7. If s>1 and y=% then @, (x, y)>0.
Proof. By Lemma, 6,

'21‘3G” (@, )=y {(28) ~ Yy 1 ()~ Y2 by (s),
where
'@+ 26-1Di2s-1)
PO=—peiTy T 9s-d g

(284 1)+ 2
b=t {3 G e 0 S g 0+ i

say. Since

and

® e 2s—1
€(28—1)<1+f1 'ul 2 du—2—(";—1) y
and
F(%)P(S-f'%)_fw di <F(%)F(%)_l#
I+l ~) . @sm < rE i

it follows that ¢, (s)<<is.
Also, it is easily proved by differentiation that both ¢;(s) and ¢,(s) are decreasing func-
tions of s for y=>%. Thus we have, since ¢,(1)<<0-8174 y~2,

52 O (2, ) >4 (L (26) = dr >~ 08174y} =g o, 9),
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say. In order to show that ¢,(s, y)>0 for y==3 it is enough to prove that ¢,(s, §)>0. Now,
for 1<<s<<1-3 we have

&s(8, $)=20(2-6) — 47 (3)~1 - 0-8174(3)~3>0-016>0,
for 1:3<<8<<2 we have
5306, 1> L) 1 (@) - 08174(3)2>00190,
and for s>2 we have
Ba(8,2)=1 — (3w +0-8174) (3)-2>0-292>0.
This completes the proof.

Lemma 8. Let b and p be fived positive numbers and suppose that the function H (u)
possesses continuous derivatives H' (w), H' ( u) Jor uz=uy and that H'' (u)>p2H (u) for all u>u,.
Then

H,(u)=H (u+2h) ~ 2 cosh uh H (u+h)+ H(u)>0
Jor all uzu,,.
Proof. This follows from the formula

h +h
H, (1) =e—+ f T g gy f " g (HY () — p2H ()} diw,

which is easily checked by integration.

For the remainder of the paper we write

Hw)=wstH K,y (8), iriiiiiniiiiin i ecincennncrenans (17)

where K,_, (u) is a Bessel function,

Lemma 9. If 0<<u<<1 then H'' (u)>p2H (u) provided either that (i) u (1 — u2)=>2s where
821 or (ii) (1 - pH)uz=3(1 -~ u2)+ 2su?, when 1<Cs<C2,

Proof. By using the relations (1) and (5) of § 3.71 of G. N. Watson’s Besgel Functions,t
we obtain

H' (w) - p2H (u) = (1 — p2) u K 3 (u) — 2605 2K 3 (1), wovevveeenrrenennnnn (18)

and sinc ®
© K, (u)= f e—wooshi cogh vt dt,
0

and cosh (s — 1) ¢>>cosh (s —$)¢, the first part of the Lemma follows,
Suppose now that 1<<s<<2. Then if we substitute for K,y (u) in terms of K, 3(u) and
K5 (u) in (18) and use the fact that K,(2)=K_,(2), we get

B (u) - p2H () = (1 - p2) ¥ Ky () - {3(1 - ) + 25022} w K (),
and (ii) follows from this in a similar manner.
Lemma 10. We have H' (u)>u2H (u) for all u>u, in the following cases : (i) uy=3%mr,

,L:,,,,;% cosh—1 (14+921-%) (1<s<®; r=1,2), (i) wg=Smr, ,L:,L,:E cosh1 {{(2s—1)}
(1-035<s<2; r=3, 4,5, ...), (iii) uy=2m, ,L:l cosh=1 {{(2s - 1)} (2<<s<<3).

Proof. (i) Put a=%x. We suppose first that 1<{s<<§. By Lemma 9 (i), it suffices to
show that

a— % {cosh= (1 +21-29)}2>2s,
since %(1 - p,?) is an increasing function of u. This is true since
cosh {a(a — 28) ¥ =>cosh {a(a - 3)}}>2-838 >3 >1+ 212,
1 Cambridge, 1922.
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Suppose next that §<s<<2. Since (1 —pu,?)(u — 3) — 2su,? increases with w, it is enough,
by Lemma 9 (ii), to show that

a?(a—3) — (@ — 3+ 2s){cosh~1 (1 4 21-29)}2>0,

1+ 21‘23<Coéh {a (J——3—>%} .

i.e. that
a-34+2s

This follows since 1 4-21-25< 2 2.383 <_cosh fa (a—~_—3 %} <Ccosh {a ———0-6———3—— ¢ .
L " \a+1 a—3+2s

(ii) By Lemma 9 (i) we have to show that

ar {1 - ;11—2 [cosh~1 ({(25— 1)) ]2}>2s
for r=3, 4, 5, ..., when 1:035<Cs<C2, i.e. that
£(2s —1)<cosh {a(a —2s)}}.
If 3<<8<<?, { (25— 1)< (2)<cosh {a(a — &)} <cosh {a(a—%s)}}. Hence we need only prove
that, if 1-035<Cs<<Z then
g(s)=log cosh {a (a - 2s) ¥ ~log { (25— 1)>0.
Now, if 1<s<$,

7 0= -1 {725 eanh fea- g -2 5 25 1)
a \% 2 ! .
>3 (a_—i) tanh {a(a— )} -2 5 2)>0751>0,

!

since £(2)= ~0-5699610. Hence g(s) is an increasing function for 1<s<3, and since g(3)>0

14

it follows that there exists a unique s, such that 1<<s,<% and g(3,)=0. By using Gram’s
tables of (s—1){(s) we find that 1-03<s,<<1-035, and this completes the proof.
(iii) By Lemma 9 (i) we have to show that

{(2s — 1)<<cosh {dm (m~ )}
for 2<s<C3. This is true since {(3)<cosh {4 (7 — 3)}.
3. We now prove the Theorem for s=3.
Suppose first that «+f+y<<4. Then we have, by (9) and Lemma 3,

Zn(&)= M2y ()+ 2, (9)+ Zr(9)}
=45 Z(fr g

=(33)° 2 27 g0 =24 (s),
m n

equality oécurring only when A=¢. To complete the proof we have therefore to consider
the case «+pB+y=>4. Now we have, by (14) and (15)
Zn(s)=y 22" | mztn |["B>20 2842y ; ),
m n
since the last expression is the part of the double sum corresponding to the terms

(m, n)=(0, +7), (x7,0), (xr,Fr)
forr=1,2,3,....
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By Lemma 4 and (4) it remains to prove that
F(s)=2+27°-3(3/3)°$(s)=0,

LOLE) Lo L+p7y,
ps)= £(2s) =(1+3 )pEI(mod3><1_p—s>

Now it is easily shown by the method described in the appendix to a paper by D. G. Kendall ¥
that L (3)=0-8840238 and so F (3)>0-0896>0. Also, by considering the infinite product, we
see that i (s) — 1 is a decreasing function of s, and since 2% — 3 (./3)* is an increasing function
it follows that F (s) is an increasing function and is therefore positive.

4. In this section we assume that

where

1-035<Cs<3.
The function G (z, y) of (15) is an even periodic function of x of period unity ; we express it
as a Fourier series : '

. o w
G, )~ 2 a,e"*=gy+2 I a, cos 2mrzx.

re=—00 r=1
We have, for >0, ‘

¥ Q Bmire gy — 9 Z°,° g H e—2mire g
a, = s —2mir® (o — D8 .
! f—i (@ y)e Y el n=—o J —3 { (M +n)%+m2y?}s

In the inner sum we put n=m\+v where 0<v<<m and obtain
©w m—1 fo e—2mire dz
a, =2y X X
r ym=1 y=0J — {(mx+v)2+m2y2}s
0 g—2mirt Jt «© 1 m=1 i
=98 3y X ezmrv/m
y f—ao (t2+?/2)s m=1 m2s r=0

@® e—?.ﬂirt dt
=9 sJ. 2 mi-2
S R R S

477311%
=5 ® it oo (r) Koy (27ry),
where
o (n)=2d*.
d|n

Similarly it can be shown that
'WI(s-1
ag=2y7 {(28) + 291 L2 - ) T =)

The inversions of the orders of summation are all justified because of the absolute convergence
of the series concerned. Also the Fourier series is uniformly convergent in z, and so we have,
in fact,

Gz, y)=a,+2 2 a, cos 2mrz.
r=1
Also, again by uniform convergence,

G.(x,y)= —4n X ra, sin 2nrx

r=1
16 @ . o .
_ o 16 2 A sin 2are= — 4 X ), sin 2ar,
25t g I'(8) y=1 r=1
1 ¢ On the number of lattice points inside a random oval,” Quart. J. Math., Oxford Ser. 19 (1948),

1-26.

https://doi.org/10.1017/52040618500035668 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035668

158 R. A. RANKIN

say, where
A, =01 9s (1) H 2T1Y), ciiiiiiiiiiiiiiiiiiciorinirnsinennsn (19)
in the notation of (17). By partial summation we obtain, for x40,
A . .
Gz, y)= — mri (Arp2— 27,1+ A) {(r+1) sin 27z — sin 27 (r+ 1) 2}, ...... (20)

Now since ,
' 1<oy_g, (1) <<1 + 2172 (r=1, 2, 3),
1<oy 55 (1) <{(2s-1) (r=1),
it follows that we shall have
A —2X, 1+ A0 (r=1,2,3,.00) ciiiiiniiiiiiniean (21)
if
H{(r+2)h}-2 cosh p,h H{(r+ 1)h}+:H(rh)>0 (r=1,2,...),
where A=2xy and y, is defined by
cosh p h=1421"% (r=1,2; s<2),
" cosh u,h={(28—1) (otherwise).

By Lemmas 8 and 10 with u=rk we conclude that (21) holds in the following cases:
(@) 1-035<s<<2, y=>2, (b) 2<<s<3, y=1. It follows from (20) that G, (x, ¥)<O in cases (a)
and () if 0<<x<{.

5. We now suppose that 2<<s<{3. By Lemma 7, the minimum of G(z, y) is attained at
a point z of B for which y<<§. Now z must lie in the circle (x — §)2+ (y — 1)2<} as otherwise
y==1, and, by case (b) of § 4, it would follow that G(z, y) could be diminished by increasing .
Hence (x— 1)+ (y—1)2<3, ie. a+B+y<<4, and the argument given at the beginning of § 3
shows that G(z, ¥)=G (4, }./3), equality occurring only when =%, y=1./3.

6. It remains to consider the range 1-035<Cs<<{2. Again by Lemma 7 we know that
G (z, y) attains its minimum at a point z of I for which y<}. Since G, (z, y)<0 in I except
on z=0 and x=1} it follows that z=1 +4y where }/3<<y<<%. Now, if L/8<y<}, G(z,y)
takes the same value at the point

1 2 . 4y

z—1 =4y2+1+z4y2+1
But 0<a’<<} and y'=>% so that G, (x', y')<<0 and hence G(x, y) can be decreased still further "
by increasing «’. This contradiction establishes that Z, (s) attains its minimum at 2=3+¢4/3
and at no other point of I ; i.e. the minimum is attained only when k(m, n)=@ (m, n). This
completes the proof of the theorem.

We remark, in conclusion, that it is of course possible to reduce the lower bound 1-035
of s somewhat by more detailed arithmetical analysis, but, since the method places an upper
bound on {(2s - 1), it cannot be used without alteration to prove the Theorem for all s>1.

=y = —
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