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Asstract. The continuity relationship that is often used in the study of ice sheets and ice shelves is
developed by integrating the equation of continuity through the ice thickness. This equation is then
integrated again with respect to horizontal distance from an ice divide, showing that the difference between
the true ice velocity and the balance velocity, which is defined, is a measure of the time change of the mass
of a column through the ice thickness.

The relationship is applied using data from along the “Byrd™ station strain network, Antarctica. This
region is found to be thinning slowly (0.03 m a1 of ice of mean density) and uniformly, but it is still close
to steady-state. The calculations would show a larger thinning rate if bottom sliding contributed more to
the ice movement and integral shear contributed less, but the “Byrd™ station bore-hole tilting results of
Garfield and Ueda (1975, 1976), together with surface velocity measurements at “Byrd” station, indicate
that most of the ice flow is by deformation within the ice mass. This large amount of internal deformation is
more than that predicted by most “flow laws”, probably because of the strongly oriented ice-crystal fabric
in the ice sheet. The cause of ice thinning is probably decreased surface mass balance beginning before
A.D. 1550.

The consistent relationship between measured velocity and balance velocity indicates that the ice flow
is simple and that flow lines are in the same direction at depth as at the surface when considered smoothed
over a distance of 10 km. Because the ice sheet is at present thinning, the balance velocity, calculated only
from flow line and surface mass-balance data, and the somewhat mistaken assumption of steady-state, is
15% less than the true ice velocity. This rather small difference confirms the use of balance-velocity estimates
where velocity measurements are not available,

REsuMmE, L'équation de continuité et son application a la calolte glaciaire prés de la station ““Byrd™ en Antaretique.
La relation de continuité que 'on utilise souvent dans Pétude des calottes glaciaires et des banquises est
développée en intégrant 1’équation de continuité 4 travers I'épaisseur de la glace. Cette équation est alors
intégrée & nouveau par rapport a la distance horizontale depuils un point de séparation de deux écoulements
glaciaires; clle montre que la différence entre la vraie vitesse de glace et la vitesse ““de balance”, qui est définie,
est une mesure du changement avec le temps de la masse d’une colonne a travers I'épaisseur de la glace.

La relation est appliquée en utilisant des données recueillies dans le réscau de déformation de la station
“Byrd” dans ’Antarctique. On trouve que cette région est en train de s’amineir lentement (0,03 m a~t de
glace de densit¢ moyenne) et uniformément, mais est encore proche de son état stationnaire. Les calculs
aboutiraient 4 une vitesse d’amincissement plus forte si le glissement sur le fond contribuait plus au mouve-
ment de la glace, et le cisaillement interne y contribuait moins, mais les résultats des mesures d’inclinaison
des trous de forage a la station “Byrd” obtenus par Garfield et Ueda (1975, 1976) ainsi que les mesures de
vitesse de surface a la station “Byrd”, prouvent que la plus grande part de "écoulement de la glace est le
fruit de la déformation interne de la masse de glace. Cette grande importance de la déformation interne est
supérieure A celle prévue par la plupart des *‘lois d’écoulement”, probablement en raison de la forte orienta-
tion préférentielle des axes optiques des cristaux dans la glace de calotte. La cause de Pamincissement
est probablement une baisse du bilan de masse superficiel commengant avant a.p. 1550.

L’existence d’une relation étroite entre la vitesse mesurée et la vitesse de balance indique que ’écoulement
de la glace est simple et que les lignes de courant sont dans la méme direction en profondeur qu’en surface
dés lors qu’on considere des resultats lisses sur 10 km. Comme la calotte glaciaire est en cours d’amincisse-
ment, la vitesse de balance, calculée seulement 2 partir des lignes de courant et des donnes du bilan de
surface mais avec I'hypothése quelque peu erroné d’un état stationnaire, est de 159, inférieur 4 la véritable
vitesse de la glace. Cette différence assez faible confirme la légitimité de l'utilisation des estimations de la
vitesse d’aprés les bilan lorsqu’il n’y a pas de mesures de vitesse disponibles.

ZUSAMMENFASSUNG. Die Kontinuititsgleichung und ihre Anwendung auf das Inlandeis bei der *Byrd”-Station,
Antarktika. Die Kontinuititsbeziehung, welche oft beim Studium von Eisschilden und Schelfeisen benutzt
wird, wird durch Integration der Kontinuititsgleichung iiber die Eisstirke hergeleitet. Diese Gleichung
wird dann nochmals iiber die Horizontalentfernung zu einer Eisscheide integriert, woraus sich ergibt, dass
die definierte Differenz zwischen der wahren Eisgeschwindigkeit und der Ausgleichsgeschwindigkeit ein
Mass fiir die zeitliche Anderung der Masse einer Siule durch das Eis ist.

Die Beziechung wird auf Daten aus dem Spannungsnetz lings der “Byrd”-Station, Antarktika, angewandt.
In dieser Region findet eine langsame (0,03 m/Jahr von Eis mittlerer Dichte) und gleichférmige Ausdiinnung
statt, doch verhilt sie sich fast noch stationdr. Die Rechnungen wiirden eine grossere Ausdiinnungsrate
ergeben, wenn Gleiten am Untergrund mehr, innere Scherung dagenen weniger zur Eisbewegung beitragen
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wiirde; doch weisen die Neigungsergebnisse von Garfield und Ueda (1975. 1976) vom Bohrloch bei der
“Byrd”’-Station zusammen mit Messungen der Oberflichengeschwindigkeit an der “Byrd”-Station darauf
hin, dass die Eisbewegung hauptsichlich auf der Deformation innerhalb der Eismasse beruht. Dieser grosse
Betrag innerer Deformation ibertrifft die Vorhersage der meisten “‘Fliessgesetze”, vermutlich infolge der
Bildung straff orientierter Eiskristalle in der Eisdecke. Der Grund fiir das Ausdiinnen des Eises liegt vermut-
lich in der abnehmenden Massenbilanz an der Oberfliche, die vor a.p. 1550 begann.

Die bestehende Bezichung zwischen gemessener Geschwindigkeit und Ausgleichsgeschwindigkeit zeigt an,
dass der Eisfluss einfach abliuft und dass die Stromlinien in der Tiefe dieselbe Richtung aufweisen wie
an der Oberflsiche, wenn man tber Strecken von 10 km Lange glittet. Infolge der gegenwiirtigen Aus-
diinnung des Eises ist die Ausgleichsgeschwindigkeit, berechnet ausschliesslich mit Daten von Stromlinien und
aus der oberfléichlichen Massenbilanz sowie unter der manchmal missverstandenen Annahme eines stationdren
Zustandes, 15%, geringer als die wahre Eisgeschwindigkeit. Diese recht kleine Differenz lisst die Benutzung
von Ausgleichsgeschwindigkeiten dort, wo Geschwindigkeitsmessungen nicht vorliegen, als zuldssig
erscheinen.

1. INTRODUCTION

One of the most useful concepts for the study of glaciers is that of mass continuity. The
concept can be used to calculate the steady-state balance velocities of glaciers for which field
measurements of velocity are not available and, for glaciers whose velocity has been measured,
the theory can be used to test for steady-state and to calculate the rate of thickness change.
However, there are difficulties in the use of the equation, particularly because ice velocity at
depth is normally expected to be different from that near the surface.

The theory will be developed from first principles and then applied using data from the
“Byrd” station strain network (BSSN), Antarctica. The balance velocity, which is calculated
largely from surface mass-balance information (net accumulation of snow), will be compared
with measured velocities as a test of the balance velocity, and then used for calculating rates of
ice thickness change.

The variations of balance velocity and of measured velocity along the BSSN will then be
compared with one another in order to test the assumption of simple ice flow that is used in
the application of the theory.

2, THEORY

The basic theory is described by Shumskiy (1965) and Shumskiy and Bauer (1965), who
integrated the equation of continuity through the ice thickness. This method is followed here,
and an equivalent but simpler expression is obtained. This expression is then integrated
again, but with respect to horizontal distance from an ice divide, and a balance velocity is
defined that can be compared to measured velocities to calculate rates of ice thickness change.

The equation of continuity states that the time-rate of mass change of a volume element
is balanced by a net mass movement into or out of the element. Letting the symbol p denote
the mass of an element of unit dimensions (density), ¢ time, and u the ice velocity vector, the
equation of continuity is written:

op
'a—t+V'P“:0, (1)

where V- pu is the mass flux divergence for all three orthogonal directions. This is a basic
relationship that is true for glaciers in which pu describes the true mass flow. (Effects such as
water flow through the glacier are not considered.)

The behavior of the whole thickness of the glacier is the concern here, and advantage
can be taken of known boundary conditions at the upper and lower surfaces of the glacier by
integrating Equation (1) through the ice thickness.

Taking the differentiations outside the integrations, Equation (1), integrated through the
ice thickness, is:
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—(pu)e:Vze+(pu)p'Vzp =0, (2

where V is the divergence operator for just the two directions, x and y, that are perpendicular
to the z-direction. Italic subscripts denote vector components and Roman subscripts t (for
top) and b (for bottom) indicate the position where the value is to be taken.

Many terms in Equation (2) can be made to cancel or simplify when the vertical velocities
at the upper and lower boundaries (u;); and (uz) b are considered. The vertical velocity at
each surface is the combined effect of the mass balance at the surface, any net change in
surface elevation, and the z-component of ice movement as constrained by the slope of the
surface (Fig. 1). That is:

(uz)t = Ut‘VZt—5afpt+8ztf8£,
(uz)p = Ub'VZb+5h,"pb-{ dzp/oL,

where by and by, are the mass balances of the top and bottom surfaces, respectively (measured
in the z-direction). The signs of the mass-balance terms are different for the two boundaries
because positive mass addition is upward at the bottom and downward at the top surface.

Surface
of
ice sheet

—

—
Buried surface, A ~—
one unif of time old s

(u, azll:m /ax)_ - X~direction

-~
-

= }B/,o net snow accumulation

Fig. 1. Relationship of terms in the upper boundary condition for the case of zero net change of surface elevation, and two-
dimensional flow.

Substituting these boundary conditions into Equation (2), the thickness-integrated equa-
tion of continuity becomes:

B4

p [ o
% f pdz—b—by1-V- f pudz = o. (3)
Zb

It has not been necessary to define the origin of the coordinate system carefully, except
that it should be suitably fixed for the velocities to have meaning. Considerations of the
adjustment of the Earth’s crust, or of the ocean water in the case of an ice shelf, to a changing
ice load do not affect the relation. The coordinate system could be fixed with respect to the
geoid, to an isostatically adjusting substrate, or to a mean upper surface of the ice mass.

Equation (3) could have been obtained directly by considering the mass flow into or out
of a column taken through the ice (Fig. 2). The change in mass of the column,

2t

- d
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2
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Fig. 2. Schematic illustrating the terms in Equation (3). For simplicity, uy = o, in the figure. The figure in heavy lines
represents a column through the ice thickness.

is the difference between the sum of the mass balances at the two surfaces (by-+bp), and the
horizontal divergence of total mass transport. This relationship has, however, not always been
correctly stated, (for example by Whillans, 1973), and it is valuable to have developed
Equation (3) from the basic equation of continuity (Equation (1)).

The integrated continuity equation (Equation (3)) is further simplified by defining a
density-weighted mean ice velocity. First, however, the mean density g is defined by:

Zn

Zt

and Equation (3) becomes:
0 ”
= (pR)—bi—bp+ V- pRl = 0. (4)

This equation is exact, and variations of it have been used by other workers. Mellor
(1968) and Thomas (1976) assumed that the horizontal velocity is constant with depth and
that there are no horizontal variations in mean density. They calculated thickness change
rates for parts of Greenland and western Antarctica, respectively. Budd (1970[b]) and Budd
and Radok (1971) supposed that the divergence of mean velocity was related to the divergence
of top-surface velocity by a multiplication factor obtained from the horizontal velocity profile,
and so calculated thickness change rates for the Law Dome, Antarctica. This approach is
very similar to that taken here. Hughes (1973) and Whillans (1973) used expressions similar
to Equations (5) and (6) below.

The balance velocity is obtained by integrating Equation (4) with respect to the x-direction
from an ice divide. An ice divide is a site where

iy = O.
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The x-direction will later be constrained to follow, or nearly follow, the mean ice-flow direction,
Integrating Equation (4):

=5 [ 560 ax = o, 5

in which x4 is the value of x at the divide and the balance velocity g is defined by

=t (msn—% ﬁzay) . ©)

The next section shows how separate determinations of gz and #; can be made. The
difference between the two is a measure of the total up-glacier rate of change of mass due to
non-steady-state behavior. For steady-state, 95.2/dt = o, and the balance velocity is, by
Equation (5), equal to the x-component of the mean ice velocity, ig.

In the case of steady-state, if the x-axis is a flow-line direction, and if @ is the mean (over
depth) spacing between two flow lines; then,

I " 5
iy il = Wf @(by-+-byp) dx, (7)

This, essentially, is the formula used by Budd and others (1971) to estimate ice-sheet velocities
using data on the shape of the ice sheet and surface mass balances.

If the ice mass is also two-dimensional (zero velocity components in the y-direction),
Equation (7) can be written more simply in the form often used in theoretical analyses (for
example, Bentley, 1971; Nye, 1959; Weertman, 1976):

que = g = ﬁiz‘f (5t+5b) dx.

The term “balance velocity” for g, needs explanation. The name is appropriate because
the velocity is calculated from mass balance integrated up-glacier with allowance made for
flow-line convergence and divergence. The balance velocity is, however, not necessarily the
velocity needed for the glacier to attain steady-state. Non-steady-state could, for example,
be due to a change in climate, affecting &, or to a change in the dynamic interaction within
the ice mass or between the ice mass and the substrate that alters the velocities and flow lines.
Both surface mass balance and velocity or flow-line spacing enter into the calculation of the
balance velocity. Thus, although the difference between the balance velocity g, and the
actual mean velocity #, is a measure of the up-glacier thickness change, the difference does
not immediately suggest the cause of any thickness change.

A quantity g, has not been defined because it is not needed and because it cannot be
calculated with available data from the BSSN. The subscript in gy is retained to emphasize
that ¢, is a component in the x-direction.

3. APPLICATION

"The continuity relationship developed above calls for quantities averaged through the ice
thickness, but generally, except at a very few sites, only surface values are available. The mean
density can be calculated or obtained from ice cores and this mean probably does not vary by
important amounts over distances of the order of 100 km for a thick ice sheet. The most
critical need is the depth variation of velocity.
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Because of the uncertainty in the mean velocity, the -integrated form of the continuity
relationship (Equations (5) and (6)) is used here. If the x-direction approximates the flow
line, this relationship separates the problem associated with the vertical variation of the
x-component of velocity that is due to basal drag at the substrate, from the problem of changing
flow-line direction with depth. As will be shown below for the BSSN, the problem of flow-line
direction change at depth is not critical to the analysis, but the problem of the depth variation
of the x-component of horizontal velocity is very important, and the use of the x-integrated
relationship has the advantage of deferring that problem to the interpretation stage.

Before discussing the depth variation of velocity, Equation (6) can be made more simple
by assuming that the mean density is constant in the study area. Density increases very
rapidly with depth in the upper 200 m and varies by less than 5%, in the remaining thickness
(Gow, 1970). Although variations in thickness and deep temperatures along the BSSN will
influence it, changes in the density profile of the upper 200 m are expected to have the largest
effect on the mean density. The density profile near the surface (in the firn) is determined
largely by surface temperature and mass balance (Gow, [1975]), and neither of these vary in
an important way along the BSSN, except perhaps near the ice crest. The mean density can
therefore be taken as independent of position and Equation (6) simplifies to:

X
e 2
o=t [ (322 R0, %) o ®)
<J\p ? ay o
da

When considered on a broad scale, the velocity vectors for ice in a vertical column through
the ice sheet must all lie in a single plane. This is because the flow of the ice at all depths is
due to the component of gravity directed down the mean surface slope. Variations in the
substrate cause perturbations to this average flow, but the perturbations are in all directions
and should not cause any systematic mean deviation in flow-line direction with depth. Local
variations on a scale of less than about ten times the ice thickness are not considered here, and
the resulting calculations will show the effects of these local variations. The constraint that
horizontal flow is in the same direction at each depth is expressed by:

Uz = x| P,

uy = ty[,
in which ¢ is a function of depth and of horizontal position and describes the shape of the
horizontal velocity profile.

The shape ¢ of the average profile of horizontal velocity is determined by the mean
surface slope, ice thickness, the temperature profile, and the crystallographic fabric of the ice
mass. All of these factors vary with distance from the ice divide but are not expected to vary
significantly at the appropriate scale in the perpendicular, or y direction. The function ¢ can
thus be taken to be independent of y, and, using this concept, the transverse strain-rate at
the top surface is

and Equation (8) becomes

F 16 b 2
z = —éf (Ft-"f—'?stzéyyt—‘ﬁf-uyt a%f) dx. (9)

The shape factor ¢ for the velocity profile can be calculated using a flow law for ice. T he
relationship between stress and strain-rate at the shear stresses (< 0.4 bar) appropriate to the
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BSSN is, however, not well established. The dominant shear stress 74 is given by the familiar
formula (Paterson, 1969, p. go):

Tzz = pgd sin a,

where d is the depth and « the surface slope. Figure g shows the relative velocity profile from
the “Byrd” station bore hole as obtained by Garfield and Ueda (1975, 1976). The measured
strain-rate between 800 and 1 500 m depth, where the ice temperature is lower than —22°C,
is only about six times smaller than that found by Mellor and Testa (1969) on laboratory
samples at the same deviator stress but at the very much higher temperature of —2°C.
Studies on the temperature dependence of the flow law predict that the strain-rates at these
two temperatures should differ by much more, depending on the study (see review of Glen,
1975). The discrepancy is also very great (two orders of magnitude) between these hole-
tilting results and the extrapolation to low stresses of the laboratory-determined flow law of
Barnes and others (1971). That relation was found capable of describing ice-shelf spreading
at somewhat higher stresses (Thomas, 1973).

Relative  velocity (ma™')

| I I I I T

— 500
Depth (m)

—1000

— 1500

_ - —2000

—2500

Fig. 3. Relative ice velocity profile at **Byrd™ station from Garfield and Ueda (1975). The dotled line is the maximum relative
velocity and the solid line is the relative velocity component in the direction S. 40° W. The dashed line is the interpolation
to the total relative velocily al the bottom. Ice depths are adjusted to the mean ice density of gr1.7 kg m~3 ( personal com-
munication from A. J. Gow in 1976). Relative velocity measurements were not possible below the densitv-adjusted depth of
1 492 m because the bore hole became blocked.

The available flow laws are thus unable to describe the measured hole tilting. The
explanation may be in the strongly oriented crystallographic fabric in the ice sheet deeper
than about 400 m (Gow and Williamson, 1976). The fabric is conducive to shear on hori-
zontal planes, but there is no published quantitative theory describing the effect of the
crystallographic fabric on the flow law.

It is therefore necessary to obtain the shape factor ¢ empirically. The surface velocity at
the “Byrd” station end of the BSSN has been calculated by assuming that the ice crest (km o)
is stationary. The velocity at “Byrd” station, 2 km beyond the end of the BSSN, has been
obtained from repeated Doppler satellite fixes (Anderle, 1974; personal communication from
W. H. Chapman). Both methods find that the surface velocity is about 12.7 ma~'. An

https://doi.org/10.3189/50022143000021055 Published online by Cambridge University Press


https://doi.org/10.3189/S0022143000021055

366 JOURNAL OF GLAGCIOLOGY

extreme velocity—depth profile is then obtained by linear interpolation between the deepest
relative velocity obtained by Garfield and Ueda and the net velocity of 12.7 m a—!' with
respect to the substrate (dashed line in Fig. 3). In this limit, there is no basal sliding. The
limit in the other extreme is ice motion entirely by basal sliding (¢ = 1, and uy = @). The
bore-hole tilting results suggest, however, that the true situation is closer to that of no basal
sliding, for which ¢¢ = 0.86, and the surface velocity is 1.8 m a—! faster than the mean
velocity. *

Figure 4 shows the balance velocity ¢, of Equation (g) plotted for the case of by = o,
uyt 62/ = o, and ¢, equal to 0.86 (solid line) and to 1.0 (dotted line). Note that this
widest range of values for ¢ affects g, by only about 79%,. Since uyy 2.J/9y is set to zero, the
plot is valid where the BSSN follows the flow line (uyy = o).

—] 15
—i0
(ma™)
45
T T 0
e T T T T T T T
-20 o 20 40 60 80 100 120 140 160 180

x (km)

Fig. 4. Surface velocity w., and balance velocity gz for ¢ = 0.86. Dotled line is for ¢ = 1.0 and dashed line is for ¢ = 0.86
including the cross-traverse ice advection term. “‘Byrd” station and the deep bore hole are at km 162.

The surface velocity uyt is also shown. As described above, at “Byrd” station this velocity
is at most 1.8 m a~! larger than the mean velocity ii;. Atkm 131, for example, ii; > (9.8 —1.8)
ma~!, gz <6.4 (for ¢y = 0.86), and J = 2 6oo m, so that by Equation (5), if the mean
ice density is not changing, the ice sheet between km o and km 131 is thinning at an average
rate of at least 0.03 m a~'. If the movement were totally by basal sliding the calculations
show an average thinning rate of 0.08 ma'. As discussed earlier, however, the “Byrd”
bore-hole tilting results indicate that most of the ice motion is by internal shear, and 0.03 m a~!
is the best value for the thinning rate.

4. RELIABILITY OF CALCULATIONS

The calculations leading to the solid lines of Figure 4 assumed that by = 0 and that
iy 2|7y = 0. These are reasonable simplifications for the BSSN region. Generally, the
flow line does follow the axis of the BSSN (Fig. 5), so that #, = o, and neither important net
melting nor freezing at the base of the ice sheet is probable.

A basal net freezing rate of 41 kg m=2 a~! down-glacier from km 4o (or proportionately
less for a larger region)T would alter the calculations so that there is no thickening or thinning
(for the favored ¢ — 0.86). However, such a freezing rate would have developed more than
580 m of basal regelation ice at “Byrd” station, where only 4.8 m is observed by core analysis
(Gow and Williamson, 1975). A thickness of a few centimeters or less of regelation ice is

* Using velocity components in the net direction of flow (S. 40° W.).

+ Sustained basal freezing may not be possible near an ice divide. Ice flow is slow and basal freezing would
freeze the ice sheet to the substrate and further freezing would occur within the substrate and not at the glacier
sole. For discussion purposes, a point 40 km from the ice divide has been selected where there may be sufficient
basal sliding to maintain a balance between basal accretion and removal of regelation ice by the glacier.
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Fig. 5. Map view showing the location of the **Byrd™ station sirain nelwork (rectangle), ice thicknesses in meters, and surface
velocity vectors. In the insel map the strain network is the shorl straight line.

expected due to pressure melting and freezing connected with the basal sliding process (Kamb,
1970; Nye, 1970) and the larger observed thickness argues against the possibility of net ablation
of ice from the base of the ice sheet. The bottom mass-balance is apparently very small and
positive, but for present purposes, not importantly different from zero.

The second assumption, that the term wy ¢/ is equal to zero, is valid where the BSSN
follows or nearly follows the ice flow line (since uyy ~ 0). The flow line does deviate from the
BSSN axis beyond km 131 and, in principle, the term, ¢iuyy 25/, could be calculated.
Ice thickness gradients in the y-direction are, however, not adequately known. A rough
calculation has been made for the region beyond km 131 using the very large value for
0|2y of —0.067 taken from Figure 5. The resulting calculation is shown as a dashed line in
Figure 4 for ¢ = 0.86. Ice thickness gradients in the y-direction and the amount of cross-
traverse ice advection uy; are much smaller elsewhere along the BSSN, except perhaps near
the ice crest (Fig. 5), so that setting uy; 0J/dy equal to zero is justified for most of the BSSN.

The surface velocity uz¢ is obtained by assuming that the ice crest (point of highest eleva-
tion) is also the ice divide. This assumption is supported by the agreement of the velocity so
calculated for near “Byrd™ station with the Doppler satellite-determined wvelocity. The
agreement is still good, however, if there is a small horizontal velocity at the ice crest. There
is a small surface slope in the y-direction at the ice crest and u,, is expected to be small and
positive there, instead of being zero as assumed. Accounting for this possibility alters the
balance velocities near the ice crest, especially because of important cross-traverse ice-
thickness gradients in that area (Fig. 5), but it does not significantly affect the results of calcula-
tions elsewhere.

The x position of the ice divide is also not critical to the analysis. Even if the ice divide
should occur, rather improbably, 30 km on the “Byrd” station side of the ice crest, the
agreement between the surface velocity and the balance velocity is not strongly affected.
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The calculation uses mass balances obtained from stake measurements for the interval
1964 to 1974 (Whillans, 1975). Mean mass balances for a time comparable to the reaction
time of the ice sheet to mass-balance changes are most appropriate to the analysis, and this
reaction time is many thousands of years (Whillans, 1973). Thompson (1973) finds that the
spacing of layering of microparticle content at a depth of 180 m in the ““Byrd” station core is
compatible with the assumption that the layers are annual, and that surface mass balances and
strain-rates have not changed by a large amount during the past 1 500 years. The surface
mass-balance distribution in the immediate vicinity of the core hole is, however, not known
well enough to apply this finding with confidence to the present work. Gow (1968) obtained
surface mass balances from pit and core studies at “old Byrd” station (Fig. 5). The maximum
ten-year mean difference from the 1 700 year mean mass balance is 28 kg m—2 a~' (for the
period A.D. 1570 to 1580). This time record finishes in 1960 and it is not tied either to Gow’s
stake network that was started in 1962 (Gow and others, 1972) or to the BSSN network.* It
is thus not known how the surface mass balance along the BbbN for 196474 compares with the
long-term mean for the same area, but this mass balance is unlikely to differ more from the
long-term mean than the 1570-80 mass balance differs from the mean for “old Byrd” station.

It would require surface mass balances about 41 kg m~2a"!, or 309, greater than those
measured, for the region between km 407 and km 160 in order for the continuity calculation
to show perfect steady-state. This difference exceeds the maximum recorded change in
Gow’s 1 700 year mass-balance record from “‘old Byrd™ station. It is considered very unlikely
that the measured mass balances for the BSSN are 41 or even 20 kg m=2a~! less than the
long-term mean and the thinning rate calculation is considered significant.

5. D1scussION AND CONCLUSIONS

The continuity calculations show that the ice outflow rate is not quite compensated by the
surface mass balance, and the ice thickness, or more correctly, the ice mass is diminishing
slowly at about 0.03 m a—! (of ice of mean density). This interpretation is consistent with a
recent analysis of radio-echo-determined layering in the ice sheet (Whillans, 1976). That study
found that the ice sheet is and has been close to steady-state, but that small deviations from
steady-state, due perhaps to a proportional change in surface mass-balance, would not be
detected by the technique.

The change in ice mass determined by the present study could be interpreted as ice-sheet
thinning, as a decrease in the mean density of the ice column, or as a combination of both
effects. In the present work, the complication of a secular change in mean density is avoided if
the thinning result is considered as a rate of loss of mean-density ice, and the changing ice
sheet is adjusted in thickness to the present-day mean density. Secular density changes are
quite probable due to the penetration of Holocene warmth into the ice mass causing thermal
expansion and a density reduction, or to changes in the density of the firn profile caused by
more recent changes in surface temperature or mass balance. Such secular density changes do
not, however, alter the essential result of this work, that the mass of a vertical column through
the ice sheet is diminishing.

For the BSSN region, the balance velocity ¢, is about 809, of the true mean ice velocity
and as such is a reasonable estimate of the mean velocity. The balance velocity was calculated
using accurate present-day surface mass balances, ice thicknesses, and measured rates of
change of flow-line separation. Budd and others (1971) calculated balance velocities by a

L]

* The records from “old Byrd” and “new Byrd™ stations do not seem to correJate with the stake measure-
ments. These records are contained in: U.S. Weather Bureau. Climatological data for Antarctic stations, Nos. 5-7.
Washington, D.C., 1964-65; U.S. Environmental Data Service. Climatological dala for Antaretic stations, Nos. 8-10.
Washington, D.C., 1966-70; U.S. Environmental Data Service. Climatological data for selected U.S. Antarctic stations,
No. 11. Asheville, 'N. C., n.d. [1972?]; U.S. Environmental Data Service. Climatological data for 4vmmirm—Smtt
Antarctica, No. 12. Ashevtllc N.C, 1974.

t Choosing km 40 here bccausc it is between two mass-balance regimes (Whillans, 1974).
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formula (Equation (7)) which is nearly equivalent in the present near-steady-state case, but
obtained changes in flow-line separation from elevation contours. Using BSSN thickness,
mass balance, and flow-line data, in the formula of Budd and others, which assumes steady-
state, the balance velocity is only 15%, less than the true mean velocity, and this confirms
the use of the balance velocity where true velocity measurements are not available. A calcula-
tion of balance velocity from elevation data in the BSSN region could be very misleading
because the elevation data, excluding BSSN elevations, are precise to only +100 m (Behrendt
and others, 1962), and it is imprecision in elevation data that is most likely to cause errors in
balance velocity calculated by Equation (7).

The velocity-profile shape function ¢ and the difference between the surface and mean
velocities were obtained using data from “Byrd” station. The ice flow there may be more
complicated than elsewhere because the flow line turns and there is a hill in the substrate at
“Byrd” station (Iig. 5), so that it could be argued that the “Byrd’* station bore-hole results
should not be applied even only 40 km away, as is done here. The ““‘Byrd” station bore-hole
tilting data are the only data available for the ice sheet and cannot lightly be discarded;
moreover the favored values for ¢¢ and (uyt—i,) are already extreme values for *‘Byrd”
station, and although the temperature profile and ice thickness may be different elsewhere,
the values of ¢y and (uz1—ii;) cannot be very much more different from 1 and o, respectively,
than are the values used. Should this argument be disregarded and allowance made for an
increased contribution of basal sliding, the ice sheet would still be found to be close to steady-
state and to be behaving simply.

The curves for balance velocity g, and surface velocity uy in Figure 4 are smooth and vary
together, except near “Byrd” station where the change in flow-line direction invalidates the
calculations. There are no sudden changes in the main features of flow due perhaps to
deviations of deep ice flow from the main flow direction, or to surge-like behavior of a portion
of the studied region. This confirms the assumption that, if local-scale variations are smoothed,
ice flow at any one site is all in the same direction. In fact, the assumption seems to work on
a scale of 10 km or about three times the ice thickness instead of ten times as earlier supposed.
This is an important change in interpretation compared with that of Whillans (1973), where
deep ice advection off the BSSN axis was inferred. That conclusion arose because the ice
thicknesses then used were, in part, based on an interpretation of gravity measurements that
have since been altered due to the availability of radio-echo depth-sounding data.

That the ice flow can be treated in the simple manner used here is important to other
studies of ice flow. This model is similar to the uniform flow model of Budd (1970[a]) and is
like that of Weertman (1973) and many other studies because it assumes that the ice is flowing
in the same direction at each depth and in the same manner everywhere. The use of the velo-
city-profile shape function ¢ has similarities with the shape factor of Philberth and Federer
(1971), and to the methods used by Budd and Radok (1971, p. 25), Dansgaard and Johnsen
(1969), and Dansgaard and others (1971). The confirmation of this model for near “Byrd”
station supports many aspects of the temperature profile modelling (Budd and others, 1973),
and some time scales for the “Byrd” station ice core (Gow and others, 1973; Johnsen and
others, 1972).

The ice mass is diminishing slowly, and nearly uniformly. If, for example, conditions at
the glacier bed had changed so that the ice velocity changed, certain portions of the flow line
would be changing thickness more rapidly than other portions. The rates of change in the
x-direction of balance velocity and of surface velocity (slopes of the curves in Figure 4) differ
by an approximately constant amount, indicating that the rate of thickness change is nearly
uniform in the study area. Such a uniform misbalance is not likely to be caused by changes
in ice dynamics; rather, the non-steady-state behaviour is most likely associated with a
change in surface mass balance, due perhaps to a decrease in annual snowfall that began
before the beginning of Gow’s mass-balance record in a.p. 1550.
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