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INITIALLY STRUCTURED CATEGORIES 
AND CARTESIAN CLOSEDNESS 

L. D. NEL 

I n t r o d u c t i o n . In recent papers Horst Herrlich [4; 5] has demonstrated the 
usefulness of topological categories for applications to a large variety of special 
s t ructures. A particularly striking result is his characterization of cartesian 
closedness for topological categories (see [5]). Spaces satisfying a separation 
axiom usually cannot form a topological category in Herrlich's sense however 
and some interesting special cases, e.g. Hausdorff ^-spaces, remain excluded 
from his theory despite having many analogous properties. It therefore seems 
worthwhile to under take a similar s tudy in a wider setting. To this end we 
relax one of the axioms for a topological category and show tha t in the resulting 
initially s t ructured categories a significant selection of results can still be 
proved, including the characterization of cartesian closedness. Moreover 
initially s t ructured categories have useful hereditary properties not shared by 
topological categories. We apply the categorical results to several special cases. 
These include categories of convergence spaces, limit spaces and pseudo-
topological spaces (with or without separation axioms) and also some "non-
topological" examples such as preordered, ordered and bornological spaces. The 
category theory enables us to establish in a rather effortless way tha t each of 
these categories have well-behaved function space structures i.e. is cartesian 
closed. The same is true of their quotient-reflective or non-trivial finitely 
productive coreflective subcategories. 

1. In i t ia l ly s t ruc tured categor ies . This section is mainly but not exclu
sively to prepare the way for the s tudy of cartesian closedness in Section 2. 
Some key facts to be established include the equivalence of the notions extremal 
epi-sink and final epi-sink, the characterization of coreflective subcategories and 
the closedness of initially structured categories under formation of certain 
reflective and coreflective subcategories. 

Frequent use will be made of the usual functorial version of Bourbaki 's 
initial s tructures, which can be formulated as follows. Let U : 31 —> ï be a functor 

and (A —> A t) iei a source in SI. To say tha t (a*) is U-initial means tha t for any 

source (B —* A t) iei and any m o r p h i s m / in X such tha t Ucii o } = Ubi for all i 
there is precisely one 31 morphism c such tha t Uc = f and at o c = bt for all 
i £ I. The dual concept will be called a U-final sink. 
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We are now ready to formulate the central concept of this paper. 

Definition: A category 21 is initially structured with forgetful functor U if 
there exists a functor £ / : ? !—» S e t such t ha t the following hold : 

151. Any source {X —> UAt)iel in S e t has an (epi, mono-source)-factorization 

such t ha t (gi) is [/-initial. 
152. U has small fibres, i.e. for every object X in Se t there is a t most a set of 

pairwise non-isomorphic 2l-objects A with UA = X. 

153. There is precisely one object P (up to isomorphism) such t ha t UP is 
terminal and separat ing in Set . 

1.0 Examples. 
(1) Every topological category in the sense of [5] is initially s t ructured. 

Indeed, if in IS1 we were to replace (epi, mono-source)-factorization by (iso, 
any source)-factorization then the above definition would reduce to t ha t of a 
topological category. I t will be shown below (see 1.13) t ha t initially s t ructured 
categories are closed under formation of non-trivial coreflective and epiu-
reflective subcategories. T h u s if such subcategories are formed iteratively from 
the basic topological categories Born (bornological spaces), PNear (prenear 
spaces, see [4]), Con (convergence spaces), PrOrd (preordered spaces) one 
obtains a vas t collection of examples. These include the usual categories of 
Hausdorff topological spaces, ^-spaces, uniform spaces, ordered spaces and 
many others. 

(2) If ' ' initially s t ruc tured" is defined by LSI and IS2 alone, then all results 
through 1.14 would still hold and moreover in this case S e t could be replaced by 
Vec (the category of vector spaces over the real or complex numbers , with 
linear maps as morphisms) ; more generally, S e t could be replaced by any 
category £ which is balanced, complete, co-complete, well-powered, cowell-
powered, with every epimorphism regular and every monomorphism a section. 
T o make clear the possibility of such replacement we retain general terminology 
and thus speak of epimorphism in Se t ra ther than onto function. Wi th Vec in 
the role of Se t the results have obvious applications to functional analysis, e.g. 
to topological vector spaces, bornological vector spaces, ordered vector spaces. 

For the remainder of the paper 21 will be an initially s t ructured category with 
forgetful functor U. Init ial i ty and finality in any initially s t ructured category 
will always be with respect to the forgetful functor in question. 

The s ta tement IS1 is an equivalent way of saying t ha t U is (epi, mono-
sources)-topological in the sense of [3]. T h u s several useful properties of 21 and 
U are known from [3]. We summarize some of them in the next theorem to 
which frequent reference will be made, not always explicitly. 

1.1 T H E O R E M . 
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(1) U is faithful. 

fi 
(2) A source (A —> Dt)iei is the limit of a diagram D : / —>• 21 if and only if 

Ufi 
this source is initial and (UA > UD{)iei is the limit of UD. 

(3) For any sink ( UD t —* X) ia there exists a sink (Dt—* A) and an epimor-
phism e with e oft = Uatfor all i and such that for any d : X —> UB and any sink 

(Dt —* B)m with doff= Ubifor all i there exists a (unique) c : A —H> B such 
that Uc o e = d. 

UB 

UDf 

(4) 21 is complete and cocomplete. 

Note tha t the e in 1.1.3 is a monomorphism hence an isomorphism whenever 
the available morphisms d form a mono-source. 

fi 
1.2 LEMMA. Any sink (A{ —> C)ia in 21 has a factorization 

{AAA^C)(iI 

such that (at) is a final sink and Uc an isomorphism. 

Proof. By 1.1.3 there exists a final sink (a*) and an epimorphism e such tha t 
e o Ufi = at and also there exists c such tha t Uc o e = U\A. But then e is a 
monomorphism and since S e t is balanced we conclude tha t e and Uc are 
isomorphisms. 

A morphism / in 21 which forms an initial mono-source will be called an 
embedding. Dually a morphism which forms a final epi-sink will be called a 
quotient. 

1.3 PROPOSITION. 

(1) / is a monomorphism in 21 if and only if Uf is a monomorphism in Se t . 
(2) / is an epimorphism in 21 whenever Uf is an epimorphism in Se t . 
(3) Every extremal monomorphism in 21 is an embedding. 

https://doi.org/10.4153/CJM-1975-139-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1975-139-9


1364 L. D. NEL 

(4) Every product in 21 of embeddings is an embedding. 
(5) If (gi of) is an initial mono-source, then f is an embedding. 
(6) (gi of) is an initial source whenever (gf) is an initial source andf is initial. 

fi 
1.4 PROPOSITION. If (A{—> A) iÇI is a final epi-sink in 21 then (Ufi) is an epi-

sink in Se t . 
et m 

Proof. Form the (epi-sink, extremal mono)-factorization (UAt —> X —> UA) 
of (Ufi) in Set . Then m is a section, so there exists r such t h a t r o m = lx. I t 
follows t ha t m or o Ufi = Ufi and since (fi) is final we have m o r = Ud for 
some d : A -+A. But d oft = fi = 1A oft for all i. Hence d = 1A and 
m o r = Ud = 1UA. We conclude t ha t m is an isomorphism. 

1.5 P R O P O S I T I O N . A sink in 21 is an extremal epi-sink if and only if it is a final 
epi-sink. 

Proof. Factorize the given sink (ft) as (c o at) with (at) final and Uc an 
isomorphism (see 1.2). Then c is a monomorphism (1.3). So if (fi) is an extremal 
epi-sink, c is an isomorphism and (fi) is final. Conversely, suppose (fi) is a final 
epi-sink and (fi) = (m o gi) a factorization with m a monomorphism. Then 
(Ufi) is an epi-sink (see 1.4) and hence Um is an epimorphism in S e t therefore 
an isomorphism. By finality (Um)~l = Uk for some k which is clearly the 
required inverse for m. 

1.6 PROPOSITION. 

(1) If (f o gi) is a final epi-sink, then f is a quotient. 
(2) ( / o gi) is final whenever f is final and (gi) is final. 
(3) For any %-morphism f the following are equivalent: 

(a) / is a quotient, 
(b) f is a regular epimorphism, 
(c) f is an extremal epimorphism. 

Proof. 3 (a) implies (b) : If/ is a quotient , then Uf is an epimorphism hence a 
coequalizer in S e t of (say) c, cf : X —> UA. By IS1 we have factorizations 
c = Ud o e, c' = Ud' o e where e is an epimorphism. I t is easy to check t ha t Uf 
is then also the coequalizer of Ud, Ud'. Hence (see 1.1(3)) / is the coequalizer 
of d, d'. 

1.7 PROPOSITION. 21 is well-powered, epiircowell-powered, and quotient-cowell-
powered. 

Proof. This follows from the well-poweredness and co-wellpoweredness of S e t 
by IS2, 1.3 and 1.6. N o t e : f is epi^ (respectively \sou) means Uf is epi 
(respectively iso). 

1.8 PROPOSITION. 21 is an (©, 9)1) -category where (S, 9W) is any of the following 
pairs: (a) (epiv, embedding), (b) (epiv, initial mono-sour ces), (c) (quotient, 
mono), (d) (quotient, mono-sources), (e) (final epi-sink, mono). 
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J* 
Proof. For (a) the result is immediate from IS1. Let (A —•> Ai)ia be any 

source in 21. By IS1 we have an (epi, mono-sources)-factorization Uft = Unii oe 
in Set , with (Wj) initial. Hence e = Ud for some d w i t h / * = m < o J a n (epi^, 
initial mono-source)-factorization in 21. The (epi^, initial mono-sources)-
diagonalization property follows by initiality from the (epi, mono-sources)-
diagonalization property in Set . Thus (b) holds. By vir tue of its properties 21 
is clearly an (extremal epi, mono)-category (see [2]) hence (c) follows by 1.6. 
From the factorization fi = rniod above we obtain a (quotient, mono-
sources)-factorization ft = (mt o m) o q by forming the (quotient, mono)-
factorization d = q o m and the (quotient, mono-sources)-diagonalization 
proper ty follows by finality from the (epi, mono-sources)-diagonalization 
property in Set . Thus (d) holds. Again 2Ï has the (extremal epi-sink, mono)-
factorization property (see 35.6 in [2]) hence by 1.5 the (final epi-sink, mono)-
factorization property and the corresponding diagonalization property follows 
as above by finality. 

1.9 LEMMA. For any final epi-sink (/*)*€/ in 21 there is a set J C I such that 
(fj)iv is likewise a final epi-sink. 

Proof. Form the (quotient, mono)-factorization of each /* and use the quo
tient cowell-poweredness of 31 to get the required set-indexed sink. 

1.10 LEMMA. A functor F : 21 —> 21' between initially structured categories which 
preserves colimits preserves final epi-sinks. 

ft 
Proof. Let {At-^ A) ia be a final epi-sink in 21. Form a set-indexed sink 

(fj)jçj a s m 1-9 a n d let 

AjH UkeJAk^A 

be its obvious factorization through the coproduct. Then q is a quotient hence 
a regular epimorphism. By assumption (Fs)j)jeJ is a coproduct and Fq a 
regular epimorphism. Since every colimit is an extremal epi-sink and thus a 
final epi-sink we conclude tha t (Ffj)jeJ is a final epi-sink. Then so is (Ffi)iei. 

A class S of 2l-objects will be called non-trivial if for any object A in $1 there 

/< 
exists a sink (Ct —» A)ia with all Ci in S such tha t (Uft) is an epi-sink in Set . 

Note tha t S is non-trivial whenever P £ S bu t this criterion does not apply 
when Se t is replaced by Vec (see 1.0.2). We call S closed under formation of 

ft 
final epi-sinks if A is in Ë wmenever there exists a final epi-sink (Ct ~~> A) iU with 
all Ci in S. 

1.11 T H E O R E M . For a non-trivial subcategory Ë of 2Ï the following statements 
are equivalent. 
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(a) S is coreflective in 2Ï. 

(b) S is isojj-coreflective in 2Ï. 
(c) S is closed under formation of colimits. 
(d) E is closed under formation of coproducts and quotients. 
(e) S is closed under formation of final epi-sinks. 

Proof, (c) => (d) => (e) is pa t te rned after 1.10 and its proof. T o prove (e) => (b) 

fi 
we consider the sink (Ct —> i 4 ) i € / of all possible f x with the fixed codomain A 

and with domain d in S. By 1.2 there exists a factorization (C* ~~~* J3 ~* ^4)^/ 
of (fi) such t ha t (g<) is final and UeA an isomorphism. Since S is non-trivial, 
(ft) and (g*) are epi-sinks. Hence B is in S and eA is the required coreflection 
(counit). (a) =» (b) trivially and (b) => (c) holds for any coreflective subcategory. 

1.12 COROLLARY. Let 33 6e a non-trivial class of ^[-objects. The following state
ments are equivalent for an %-object A. 

(a) A is in the coreflective hull of 33 in 21. 
(b) A is a quotient of a coproduct of 33-objects. 
(c) There exists a final epi-sink from ^8-objects to A. 
(d) The sink of all possible morphisms from ^-objects to A is a final epi-sink. 

Of course, several additional s ta tements are known to be equivalent with 
these in 1.11 and 1.12 respectively; this is by vir tue of 21 being cocomplete, 
well-powered and epi^-cowell-powered (see [2, section 37]). 

1.13 T H E O R E M . Let 33 be a subcategory of 21 with embedding functor E : 33 —> 21. 
Then 33 is initially structured with forgetful functor UE whenever one of the 
following holds: 

(a) 33 is a non-trivial coreflective subcategory of 21. 
(b) 33 is an epiv-reflective subcategory of 21. 

Proof. (liven the source (X —> UEB t) ia we apply 1S1 to get the factorization 

(X-Ï->UA ^H UEBt)iei 

with e an epimorphism and (gt) a ^/-initial source. T o prove 1S1 in case (a) 
consider the right adjoint R of E and coreflection eA : ERA —> A and observe 
tha t 

(X ^ r l ^ i VERA i ^ i ^ H UEB,-) , € , 

is an (epi, mono-source)-factorization of (ft). By fullness of E we have 
gi o eA = some Ehi and the c/-initiality of (g{) together with the universal 
proper ty of eA forces (ht) to be cXE-initial. T o prove IS1 in case (b) we consider 
the left a d j o i n t e of E and uni t of adjunction 77 : / —> ER and observe tha t they 
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give rise to a factorization (Eh( o rjA) of the mono-source (gt). Hence UrjA is a 
monomorphism and thus an isomorphism. I t is easy to check tha t (ht) is a 
t/E-initial mono-source and thus t ha t UEhi o (UrjA o e) will be a factorization 
of (fi) as required by IS1. Verification of IS2 and IS3 is straightforward in both 
cases. 

I t should be noted tha t the above proof in conjunction with 1.11 also shows 
t h a t if 21 is topological then 93 is topological whenever (a) holds. T h e corre
sponding conclusion cannot be made when (b) holds. 

We note for convenient reference the following fact which is a special case of 
[3, 7.4]. 

1.14 LEMMA. A subcategory 93 is quotient-reflective in 21 if and only if an object A 

fi 
is in 93 whenever there exists a mono-source (A —* Bi)i€I with all Bx in 93. 

We now begin to exploit axiom IS3. I t gives us an object P in §1 such tha t UP 
is a set with precisely one member, UP = [p\ (say). 

1.15 PROPOSITION. 

(1) Every f £ 21 ( P , A) is an embedding. 
(2) Every f £ $L(A, P) is a quotient. 
(3) The correspondence a >—> Ua is a natural bisection of 2l(P, A) onto S e t 

(UP, UA). Hence P is a separator in 21. 
(4) The correspondence t >—> Ut is a natural bijection of 21(^4, P) onto S e t 

(UA, UP). Hence P is terminal in 21. 
(5) There exists a natural isomorphism <p : U —•> 2Ï(P, — ). In fact <p can be 

defined so that for each a G UA we have U(pA(a)(p) = a. 
(6) Every projection pA : A X P —> A has (1A, tA) as inverse, where tA is the 

unique morphism in 21(^4, P). 
(7) U preserves coproducts. 

1.16 PROPOSITION. Every projection pA : A X B —» A is a quotient (UB 9^ 0). 

Proof. Take any b : P —> B and let qA denote the projection A X P —> A. 
By 1.15.6 qA is a quotient and by 1.1.2 we have 

UpA o U(lA X b) = UpA o (UlA X Ub) = UqA. 

T h u s pA is a quotient by 1.6.1. 

1.17 PROPOSITION. For an ^-object D the following statements are equivalent. 
(a) UA : %(D, A) -> S e t (UD, UA) is a bijection, where UA(f) = Uf. 

d 
(b) (P —* D)dç$nptE» is a coproduct. 

Objects D which enjoy these equivalent properties will be called discrete. 
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2. Cartes ian c l o s e d n e s s . We are now going to characterize cartesian 
closedness for initially s t ructured categories 21 along the lines of Herrlich's 
characterization for topological categories. 

Cartesian closedness gives a Set- l ike qual i ty to 21. T o emphasize this aspect 
and also because it seems technically more natura l we will until further notice 
replace the functor [ / by 2I(P, —). Since 2I(P, —) is natural ly isomorphic to U 
(see 1.15) all of Section 1 remains applicable. T h e use of 2I(P, —) emphasizes 
the role of morphisms a : P —» A as "po in t s " of the object A. 

2.1 T H E O R E M . The following statements are equivalent. 
(a) 21 is cartesian closed i.e. it has finite products and for every ^[-object A the 

functor AX— has a right adjoint ( — ) A . 

(b) A X — preserves colimits for all A in 21. 
(c) A X — preserves coproducts and quotients for all A in 2t. 
(d) A X — preserves final epi-sinks for all A in 21. 

Proof. As in [5] the implications (a) =» (b) =» (c) are clear and (c) =» (d) 
follows by 1.10 and 1.6. 
(d) => (a) : The diagram 

a ( 1 , 0 
p y A >A x P 

(1) 1 X c 

C——+P X C y A X C—: *B 
(/, 1) a X 1 

in 21 is always commuta t ive . The definition 
gtcic) = / o ( l X c) o ( l , / ) 

gfc 
gives us an epi-sink ?t(P, C) > 21(^4, 2$) (indexed b y / , C). By 1.1.3 there is 

. . /* 
a final epi-sink (C —* BA) and an epimorphism hAB such tha t the diagram 

2l(P, C) £ £ - > ? l ( y l , / j ) 

( 2 ) ? i ( p , r \ X,i/i 

?r(p, tf-1) 

commutes for a l l / and C But /^ f i is monic hence invertible since there exists a 

ma 
mono-source %(A,B) > 2 l ( P , 5 ) indexed by a G 2t(P, A) such t\mtmao gfC = 
2l(P, da,f) for 2I-morphisms da>f (see 1.1.3) ; indeed we can take ma = 21 (a, B) 
and dfl / = / o (A X 1) o (/, 1) (see Diagram 1). We can now form the commu-
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?((P, B) 

\kAB 

(3) 2I(P, A) X 2I(P, C ) — 1 X gfc • 2I(P, A) X 9!(i4,13) 

i X hAIr
l 

*W(P,A) X %(P,BA) 

where we define kAB(a, r) = r o a. Since (/*) / i C is a final epi-sink, so by assump
tion is (1 X /*) / ,c - Hence there is a unique Sl-morphism eAjB with 21 ( P , e i B ) = 
fe^ o (1 X fcx*-1) and gAB o (1 Xf*) =f for all / . If eAB o (1 X /*) = 
^AB o (1 X g) then (see Diagram (3)) hAB~l(f* o c ) o a = hAB~1(g o c) o a for 
all a : P —> ^4, c : P -+ C w h e n c e / * o c = g o c for all c and / * = g. We con
clude t ha t eAB is co-universal for B with respect to A X —. 

2.2 COROLLARY. Suppose 21 is Jfee coreflective hull of a class of objects St. Then 21 
is cartesian closed whenever one of the following holds for all A in 21: 

(a) A X — preserves colimits of $ -valued diagrams in 21. 
(b) A X — preserves coproducts of ^-objects and quotients. 

f 
(c) A X — preserves final epi-sinks (Kt —> C) iu with all Kt in St. 

When A X — has a right adjoint the associated natural bi-jection of 
%{A X C,B) onto 21 (C, BA) will be denoted by $CB(f) = f* where / * is 
characterized by the commutat ive diagram 

A X BA 

1 

A X C yB 

Henceforth rP will denote the image of r under the isomorphism hAB : 21(^4, B) 
-> 2 l ( P , P A ) . 

The next theorem lists a number of nice properties of cartesian closed initially 
structured categories. Most of them have been noted for topological categories 
in [5]. We will sometimes denote BA by [A, B]. 

2.3 T H E O R E M . When 21 is cartesian closed the following hold ( ^ denotes 
isomorphism). 

ta t ive diagram 

?i(P,n 

?1(P, 1 X /*) 
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(1) The counit eA gives an internal evaluation for 3t in the sense that the diagram 

P {(h Yp) > A X BA 

eAB 

commutes for all a : P —> A, r : A •—> B. 
(2) 31 has internal compositions i.e. there exist morphisms o, s o —, — o: 

(r G 31(̂ 4, B), s £ %(B, C)) such that the following diagrams always commute 

(rP, sP) 
P — *BA X CH 

(sor)P 

+ CB 

— or 
(s o r)> 

' CA CA 

(3) 31 has an internal hom-functor i.e. for each pair of morphisms 
r w 

(B <r~ A, E —> F) there exists a morphism oTW such that the following diagram 
commutes for all u : B —> E 

(w o it o r) F 

Moreover the assignment (r, w) —> orw defines a functor ( — ) ( _ ) : ^[op X 3( —> 31 
such that %(P, — ) o ( — ) ( - ) is naturally isomorphic to 3I( —, — ). 

(4) The object BA is characterized by the properties 3l(P, BA) c^ %(A, B) and 
for any class $ of objects whose coreflective hull is all of 31 the epi-sink 

(K ^KB{f) ^ 
B )f.-AXK->B,K£® 

is final. 
(5) Finite products of quotients are quotients. 
(6) i 5 x c - (AB)C 

(7) [ 4 , n < € 7 5 J ~ n < € / [ ^ f 5 J 
(8) A X Uiei Bt c^ JJ i € / A X Bt; in particular A X D = lld^(PtD)A when 

D is discrete. 
(9) [II ie/ 4̂ <, £] — n ^ 7 [yl,-, B] ; iw particular BD = IIdç3i(p,z»^ w/zew Z) is 

discrete. 
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Proof. (1) Implicit in the proof of 2.1. (2) Pu t D = BA X CB, E = BA, 

F = CBj o = ypDc(g) where g is the composition 

AXBAXCB eAsXlF
)B X CB 6BC , C; 

let 5 o —, — or respectively be the compositions 

BA (!*>**)yBAxp
 1*Xs*yB

AX c B °__>CA 

CB itF) 1F) ) P X C B rPX 1 , BA x c * ^ _ _ c A . 

(3) Apply 2 and calculate. (4) We note t ha t for each C in 21 there is a final 

gi ÏCB(J) 
epi-sink {Kt -+ C) iei with all Kt in S ; hence if C > 5 is a final epi-sink, 
then so is \PCB{J) O g< and any larger sink. (5) With / : A —> B and g : C —> D 
we have 

/ X g = ( l B X g ) o ( / X l c ) . 

(6) The right adjoint of 5 X C X - is the composition of the right adjoints of 
C X — and J3 X —. (7) and (8) Right and left adjoints preserve products and 

coproducts respectively. (9) Given the coproduct (Aj —* JJtei Ai)KI we have 
the 1 - 1 correspondence (rk) k^j <—> [r J z^/ between n , «(,4*, 5 ) and 81(11,4 , , 3 ) 
where [r,] o ^- = r;- for all j . We lift this correspondence to 2I-morphisms. Define 
w : [ I l i ^ i , 5 | - > n * [4*, B]bym = ( - o ^ ) . T h e n w o [rt]P = ( r * P ) . T o g e t 
an inverse for m we need n such tha t n o (rfcP) = [r J P . I t is enough to pu t 
w = g* where g : JJ[ ̂  At X 11* [̂ 4 ,̂ 5 ] —> J5 is so chosen t ha t g o (a, (rAP)) 

always has a factorization P ~^> Aj—> B for some a7-, since in tha t case we can 
conclude g* o (rkP) = rP where r o eù-, = rj for all j . Now the composition 

u«4ix n*wt,-B].—*—> i i «(^.x UM^B}) 
11 X H UMtX[At,B))J^LB 

will furnish such a morphism g if we can find an isomorphism h such t h a t 
h o (a, (Vj-p)) always factors through some (a,, (rkP)). The existence of such ft 
follows by finality from the fact tha t 21 ( P , — ) preserves coproducts (see 1.15). 

Indeed we can sharpen (8) above by saying there exists an isomorphism 

h : C X I I M , - > I I < ( C X 4 , ) 

such tha t for every (c, a) : P —» C X XI t A twe have h o (c, a) = (1, e3) o (c, a;-) 
for some j . 

We proceed to show tha t cartesian closedness is inherited by certain kinds of 
reflective and coreflective subcategories. These inheritance properties will be 
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used frequently in section 3. We resume the use of U as forgetful functor in 
preference to 2I(P, — ). 

2.4 PROPOSITION. If 21 is cartesian closed and 33 is a non-trivial coreflective 
subcategory of 21 such that the embedding functor E : 33 —> 21 preserves finite 
products, then 33 is cartesian closed. 

Proof. Note first t ha t 33 is initially s t ructured by 1.13. Let D : I —» B be a 

, U . . . Eft 
diagram and (D{-^ C) ia its colimit in 33. Then (ED t > EC) ia is a colimit in 
21. Since 21 is cartesian closed, 

(EB X ED, l X Ef\ EB X EC)ie 7 

is a colimit in 21 for each object B 6 33. But EB X ED = E(B X D) by 
assumption and since 33 is closed under colimits in 21 we conclude tha t 

{B x D t ^ I i B X C)iei 

is a colimit in 33. 

2.0 PROPOSITION. If 21 is cartesian closed and 33 a quotient-reflective subcategory 
of 2b then 33 is cartesian closed. 

Proof. Note first t ha t 33 is initially s t ructured by 1.13 and 1.6. Note also tha t 
since 21 is a (quotient, mono-sources)-category (see 1.8), 33 has the characterist ic 
proper ty of being closed under mono-sources (see 1.14), in part icular, C Ç 33 
whenever there is a monomorphism m : C —» B and B G 33. Suppose now tha t 

ft . gi m 
(B t —> C) ia is a final epi-sink in S and let (EB i —> A —* EC) iU be the (final 
epi-sink, mono)-factorization of (Efx) in 31, where E : 33 —̂  21 is the embedding 
functor. Then A = ED and by fullness gt = Eg/, m = Em' for some D, g/, m' 
in 33. Since/* = m' o g / is an extremal epi-sink (see 1.5) the monomorphism m' 

Ef* 
is an isomorphism and we conclude tha t (EB t > EC) iU is a final epi-sink in 21. 
Since 21 is cartesian closed and E preserves products , 

(E(B XB{
 £ ( 1 Xfi\E(B X C ) ) , € / 

is a final epi-sink in 21 for any object B in 33. The left adjoint R of E preserves 
colimits, hence final epi-sinks (see 1.10). Hence (lB X ft) is a final epi-sink in 33 
as required. 

The following result is useful in applications, part icularly where the class $ 
of compact Hausdorff spaces are involved. 

2.6 PROPOSITION. Suppose 2( is cartesian closed and S is the coreflective hull in 
21 of a nontrivial class $ such that 33 contains all finite ^{-products of ^-objects. 
Then 33 is cartesian closed. 
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Proof. In view of 2.4 it is enough to show tha t 33 is finitely productive. If B 

ft &i 
and B' are 93-objects, we have final epi-sinks (Kt —> B)i(zT and (Kj —> B') jU> 
with all Ku Kj in S . Then (ft X gj)i,j is an epi-sink with the factorization 

Kt x K;—L2Lk—>B x B' 

Since 21 is cartesian closed (ft X 1) is a final epi-sink (with j fixed) and 
(1 X gj)jti' likewise. We conclude tha t (ft X g3)i,j is a final epi-sink and hence 
tha t B X Bf is in 33 (see 1.12). 

3. A p p l i c a t ion s . In this section we apply the preceding theory to special 
cases. T h e categories of Hausdorff ^-spaces and sequential spaces are perhaps 
the best known examples of cartesian closed initially structured categories. We 
prefer to consider some less known examples where more new results will be 
generated by our applications. 

All special categories will have objects which are pairs (X, a) where X is a set 
and a some structure on X. In all cases the forgetful functor U in question will 
be the obvious one such tha t U(X, a) = X. 

3.1 Categories of ordered spaces. A preordered space is a pair (X, ^ ) where X 
is a set and ^ a reflexive transitive relation on X. PrOrd will denote the 
category of preordered spaces and order preserving functions. 

(3.1.1) P r O r d is a topological category. 

fi 
(3.1.2) A source (A —> A^)iU in P r O r d is initial if and only if x ^ y holds 

in A precisely when fi(x) ^ fi(y) holds in A t for all i d I. In particular, 
(a, b) ^ {a',bf) holds in the product space A X B if and only if a S ci' and 
b S b' holds in A and B respectively. 

fi 
(3.1.3) An epi-sink (Bt —> C) iei in P r O r d is final ij and only if c ^ c' holds 

in C precisely when there exists an (fi)-chain from c to c', i.e. a finite chain 
c = Wo ^ w\ S • • • ^ ivn = c' such that for each k = 0, 1, . . . (n — 1) there 
is a pair bk ^ bk' in some B iik) such that fi(k)(bk) = wk andfi{k)(bk) = wk+1. 

(3.1.4) P r O r d is cartesian closed. 

fi 
Proof. Let A be any object and (Bt —> C) iei any final epi-sink in PrOrd. Our 

aim is to show tha t 

(A XB{±*MA X C) 
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is a final epi-sink. Suppose (a, c) ^ (a', cf) holds in A X C. Then a ^ a', c ^ c' 
holds in ^4, C respectively. Hence there is an (/*)-chain from c to c', say 
Wo = c, Wu • • • , wn = c ' - But then (a, w0), (a, Wi), . . . (a, wn_i) , (a', wn) is a 
(1 X/z ) -cha in from (a, c) to (a', c'). On the other hand, if z0, . . . , zn is a 
(1 X / i ) - c h a i n from (a, c) to (a', c') then clearly z0 ^ Zi ^ • • • ^ ^^ and 
(a, c) ^ (a', c'). Applying 3.1.3 we conclude t ha t (1 X ft), which is clearly an 
epi-sink, is final. 

Ord will denote the subcategory of PrOrd determined by those objects 

(X, ^ ) for which x ^ y and y ^ x imply x = y. If (A —* A^)m is a mono-
source with all A i in Ord, then clearly A is in Ord. By applying 1.14, 1.13 and 
2.5 we have the following result. 

(3.1.5) Ord is quotient reflective in PrOrd, hence Ord is an initially structured 
cartesian closed category. 

3.2 Categories of convergence structures. Let X be a set and q a function whose 
value a t each x in X is a set qx of filters on X "convergent to x" such t ha t 

(1) x Ç qx where x is the ultrafilter with base {x\, and 
(2) J ^ 6 qx and ^ D ^ implies ^ G g*. 

Then (X} q) is called a : 
convergence space if and only if J^~ P\ x G <?x whenever J^~ £ qx ; 
/inn/ s^ace if and only if J ^ C\ ^ ^ qx w h e n e v e r J ^ , ^ ^ qx; 
pseudotopological if and only if J^~ £ #x whenever & £ qx holds for every 

ultrafilter & D ^ ; 
pretopological space if and only if «yKp Ç gx w h e r e - ^ is the intersection of all 

filters in qx. 
A pretopological space is topological when^K^ always has a member V such 

tha t V £ ^ y for each y (z V. For background we refer to [1] and [7] where 
references to further basic papers will be found. The above spaces are the objects 
of the categories Con, L i m , PsT, PrT and T o p to be discussed ; the morphisms 
in each case are all continuous funct ions / , i.e. those carrying filters convergent 
to x to filters convergent t o / ( x ) . The following are easy to check and essentially 
well-known. 

(3.2.1) Con, L i m , PsT, PrT and T o p are topological categories. Each is a 
bireflective subcategory of every category preceding it in this list. 

We proceed to examine these categories for cartesian closedness. 
/ . 

(3.2.2) A source (A —» A,) ia is initial in Con, L i m , PsT, PrT and T o p if 
and only if ^~ £ qx holds in A = (Xy q) precisely when f'i(^~) (E Qifi(x) holds in 
A i = (X iy qf) for all i £ I. In particular, ^ converges to (x, y) in a product space 
A X B if and only if the projections pA^, PB^~ converge to x,y respectively. 
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T h e characterization of final epi-sinks for various categories of convergence 
s tructures in this section generalize the characterizations for quotient maps 
given in [7]. 

(3.2.3) An epi-sink {X u qt) ~> (X, q)(i G 7") in Con is final if and only if for 
each y G X J ^ £ qy implies that there exists ft and S such that F Z)fi(^) <%' G q^ 
andfiipc) = y. 

Proof. I t is straightforward to verify tha t the refinements of filters fi(^) 
described above form a convergence structure and moreover tha t this is the 
finest such s t ructure for which all functions ft will be continuous. 

(3.2.4) Con is cartesian closed. 

fi 
Proof. Let ((Xtl qf) —• ( Y, q)) i€I be any final epi-sink and (Z, r) any object 

in Con. Suppose J^~ converges to (z, y) in (Z X Y, r X q) = (Z, r) X (Y, q). 
By 3.2.2 py(f) e qy and by 3.2.3 pY(!F) Dfi(#) where ê G ç , x a n d / , ( x ) = y. 
But then pz{^) X S G (r X qt)(z, x), (1 X / , ) (« , x) = (z, y) and # ~ D (1 X 

fx){pz{$r) X (o). By 3.2.3 (1 X /<) is a final epi-sink and thus the result follows 
by 2.1. 

Next we consider the subcategory H C o n of Con as prototype of many 
others t ha t may be defined by a separation axiom. Objects of H C o n are the 
Hausdorff convergence spaces (i.e. those in which limits are unique). If 

f. 
{A —• Hi)iei is a mono-source in Con with all Ht in HCon, then clearly A is in 
HCon. By 1.14, 1.13 and 2.5 we have the following. 

(3.2.5) H C o n is quotient reflective in Con. Hence HCon is a cartesian closed 
initially structured category. 

fi 
(3.2.6) An epi-sink (X t, qf) -^ (X, q){i £ / ) in L i m is final if and only if for 

each y £ X é? (z qy implies that 

& D/W^ 1 ) r\fim{é^)... r\fi(n){<?n) 

for some finite set of filters (fl, . . . (fn such that é°k £ qwc)Xk and fn/c)(xk) = y 
for k = 1, 2, . . . n. 

The proof of the next result may be pat terned after tha t of 3.2.4. 

(3.2.7) L i m is cartesian closed. 

This w^as already established in [1] by a different method. As in the case of 
3.2.5 we have also for H L i m (Hausdorff limit spaces) the following. 

(3.2.8) H L i m is quotient-reflective in L im. Hence H L i m is a cartesian closed 
initially structured category. 
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(3.2.9) An epi-sink (X u qt) —» (X, q)(i Ç I) in P sT is final if and only if for 
each y (z X and each ultrafilter S^ on X, J^~ Ç g^ implies S^ — f fj?) for some 
ultrafilter <S such that S Ç ç̂ x; andft(x) = ;y. 

The proof of the next result may again be pa t te rned after t ha t of 3.2.4 
(Pz(^~) X $ has to be replaced by an ultrafilter containing i t) . 

(3.2.10) PsT is cartesian closed. 

For H P s T (Hausdorff pseudotopological spaces) we have the following 
analogue of 3.2.5. 

(3.2.11) H P s T is quotient reflective in PsT. Thus H P s T is a cartesian closed 
initially structured category. 

As a consequence of the preceding results we also have a t once the following 
fact. 

(3.2.12) Every finitely productive non-trivial coreflective subcategory of Con, 
HCon, L i m , H L i m , PsT, HPsT, is an initially structured cartesian closed 
category. So is in particular the coreflective hull of all compact Hausdorff spaces in 
each category or (if sequential spaces are desired) the coreflective hull of the space N* 
( = one-point compactification of the discrete space of natural numbers). 

Thus in part icular the category of locally compact Hausdorff convergence 
spaces studied in [8] is cartesian closed. I t is well known tha t T o p is not 
cartesian closed. 

3.3 The category of bornological spaces. A bornological space (see [6; 9]) is a 
pair (X, Se) where X is a set and S§ a family of ' ' bounded" subsets of X such 
tha t 

(1) A, B e Se implies A \J B £ Se, 
(2) B e Se and A C B imply A G Se, and 
(3) B finite implies B G Se\ 
A function between bornological spaces is called bounded if and only if it 

carries bounded sets onto bounded sets. Born will denote the category of 
bornological spaces with bounded functions. T h e util i ty of this category for 
functional analysis has become apparen t through [6] and [9]. 

(3.3.1) Born is a topological category. 

fi 
(3.3.2) A source (X, Se) —» (Xu SS\)(i £ / ) in Born is initial if and only if 

B G Se holds whenever f i(B) £ Se if or all i £ / . 

fi 
(3.3.3) An epi-sink (X t, Bt) ~^ (X, B)(i £ / ) in Born is final if and only if 

every B £ Se is contained in a finite union of sets f\(M) with M £ Se x. 
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(3.3.4) Born is cartesian closed. 

Proof. Let (Xu SB^ -^ (X, 38){i G /) be an epi-sink and (Z, ^ ) an object in 
Born. Suppose A C Z X X is bounded in the product structure 38 X ^ 
(see 3.3.2). Then by 3.3.2 and 3.3.3 

Px{A) Cf«i)(M*)KJ...KJf«n)(M») 

where Mk G 38 m for each k. Then £z(,4) X M* G ^ X ^ U ) and 

ACUk(l Xfm)(pz(A) X Jlf*). 

Thus (1 X ft) is a final epi-sink and we can apply 2.1. 
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