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Higher Order Tangents to Analytic Varieties
along Curves

Riidiger W. Braun, Reinhold Meise and B. A. Taylor

Abstract. Let V be an analytic variety in some open set in C" which contains the origin and which
is purely k-dimensional. For a curve -y in C", defined by a convergent Puiseux series and satisfying
v(0) = 0,and d > 1, define V; := t’d(V — 'y(t)) . Then the currents defined by V; converge to a
limit current T, 4[V] as t tends to zero. T, 4[V] is either zero or its support is an algebraic variety of
pure dimension k in C". Properties of such limit currents and examples are presented. These results
will be applied in a forthcoming paper to derive necessary conditions for varieties satisfying the local
Phragmén-Lindelof condition that was used by Hérmander to characterize the constant coefficient
partial differential operators which act surjectively on the space of all real analytic functions on R".

1 Introduction

A classical concept in analysis is to approximate a given analytic variety by simpler
tangent varieties and to relate properties of these objects. For linear partial differ-
ential operators P(D) with constant coefficients an important illustration of this
method was given by Hoérmander in his fundamental paper [7], in which he char-
acterized the surjectivity of P(D) on spaces A(f2) of all real analytic functions on a
convex open set €2 in R”. He proved that this property depends only on the prin-
cipal part P, of P and is equivalent to a condition HPL({2) of Phragmén-Lindelof
type for the zero variety V(P,,) of P,,. Necessary for HPL({2) and characterizing for
HPL(RR") is that V(P,,) satisfies the local Phragmén-Lindel6f condition PLj,(§) at
each{ € V(P,) NR", |§] = 1. When n = 3, PLjo(§) is equivalent to the local
hyperbolicity of P,, at £ by Hormander [7]. A different geometric characterization
was given by Braun [2].

Other results in the same spirit but for different conditions of Phragmén-Lindelof
type for algebraic varieties were obtained by Meise, Taylor, and Vogt [8] and [9] and
by the present authors in [3] and [4]. Through the latter work it became clear that
more refined tangent objects were needed to investigate the behavior of the given
variety near the singularities of the tangent variety since the approximation by the
tangent variety in these regions is not good enough. Finally, our attempt to find a
geometric characterization of the property PLjo. (£) showed that the following exten-
sion of the concept of tangent varieties is useful (see [5]).

For a precise statement, let V be an analytic variety in some open set in C" which
contains the origin and which is purely k-dimensional, let v: B(0,¢€) \ [—¢,0] — C”
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be defined by ~(¢) = Z;’iq ajtj/q as a convergent Puiseux series, and fix d > 1.
Then the varieties V; := t_d(V — Ay(t)) ,t € B(0,¢€) \ [—¢,0], are defined in larger
and larger open sets in C" as ¢ tends to zero. As main result of the present paper we
show that the currents of integration over V; converge to a limit current T, 4[V] as ¢t
tends to zero and that T, 4[V'] is either zero or a holomorphic k-chain. In particular,
its support is a purely k-dimensional analytic variety, which even is algebraic. An
explicit description of T, 4[V'] in terms of algebraic equations can be derived using
canonical defining functions. This description is applied to derive properties of the
limit current. When d = 1, the limit current T, ; [V] is supported by ToV — v/(0),
where ToV denotes the tangent cone of V and v/(0) = lim,\ o y(¢)/t. Whend > 1,
then the limit current T, 4[V] is invariant under shifts parallel to v/(0). We also give a
precise statement concerning the approximation of V by T, 4V and several examples.

The results of the present paper are used in [5] to derive a necessary geometric
condition for a purely k-dimensional analytic variety V in C" to satisfy PLjy(§) at
& € VN R". The necessary condition of [5] is also sufficient in the case of analytic
surfaces in C* and it implies a geometric characterization of those polynomials P €
ClZi,. .., Z4) for which P(D) is surjective on A(R*).

2 Preliminaries about Currents, k-Chains, and Convergence

In this section we introduce the basic notions and facts which are needed to introduce
limit varieties and to investigate their properties.

We denote by N the set of positive integers and by B"(z,r) the ball {w € C" :
|w—z| < r}, where |-| denotes the euclidean norm. The exponent n may be omitted.

Definition 2.1  An analytic variety in C" is defined as a closed analytic subset of
some open set £ in C". If V is of pure dimension k, its current of integration [V'] is

defined by
vie)= [ o
v

where ¢ is any C*°-form of bidegree (k, k) with compact support in 2.

Definition 2.2 A holomorphic k-chain in an open set {2 in C" is a locally finite sum

W=> V]

where n; € 7Z and [V;] is the current of integration over an irreducible analytic sub-
variety of 2 of pure dimension k. Recall that the support of W is equal to the union
of those V; for which n; # 0.

Definition 2.3  The following definitions are taken from Chirka [6, 10.1, 11.1, 12.1,
12.2, and 11.3]. Fix an analytic set V. C C" of pure dimension k, an affine plane
L C " of dimension n — k, and an isolated point z of V N L. Then there is a
neighborhood U of z such that the projection 7,: U NV — 7 (U NL) C L along
L is an analytic cover. Its sheet number in z is denoted by (77 |v).
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The minimum of the sheet numbers (7 |y) when L ranges over all (n — k)-
dimensional affine subspaces for which z is an isolated point of V' NL is the multiplicity
w (V) of Vatz.

If D C C"is open and D NV N L is finite, then the intersection index ip(V, L) is
defined as

in(V,D):= D pl(mly).

weDNLNV

Ifw = Z?;l n;[V;] is a holomorphic k-chain and D N L N Supp W is finite, then

i:(W,1):=) mip(mly) and ip(W,L):= Y i, (W,D).

j=1 weDNLNSupp W

i,(W, L) is called sheet number of the holomorphic chain W in z.

If V is a purely k-dimensional algebraic subset or a holomorphic k-chain in C* and
L C (" is an affine (n — k)-dimensional subspace such that V N L is finite and such
that the projective closures of V and of L do not have points at infinity in common,
then i (V, L) is the degree of V.

Remark 2.4 Note that, in the setting of Definition 2.3,

/J'z(ﬂ-LlV) = MZ(V)

whenever L is an affine (n — k)-dimensional subspace of C" which is transversal to V
at z (see [6, 11.2, Proposition 2]).

In order to define convergence of holomorphic k-chains, we recall first the notion
of convergence of a sequence of sets in a metric space (see Chirka [6, 15.5]).

Definition 2.5 A sequence of sets (V) jen in a metric space is said to converge to a
set V if

(i) V coincides with the limit set of the sequence, i.e., consists of all points of the
form lim,, _, x, where x,, € V;, for an arbitrary subsequence (j,),en of N, and

(ii) for any compact set K C V and any € > 0, there is an index j(e, K) such that K
belongs to the € neighborhood of V; for all j > j(e, K).

Definition 2.6

(a) Asequence (T;);en of currents of bidegree (n—k, n—k) on some open set {2 in C"
is said to converge to the current T if T() = lim;_, T;(¢) for each C*°-form
 of bidegree (k, k) with compact support in €.

(b) A sequence (W;);en of holomorphic k-chains in ) converges to a holomorphic
k-chain W if

(i) the supports of W; converge to V' := Supp W as subsets of (2 in the sense of
Definition 2.5, and
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(ii) for each regular point a € V and each (n — k)-dimensional plane L through
a, transversal to V at a, there is a neighborhood U of a such that VNLNU =
{a} and such that iy (W;, L) = i,(W, L) for all sufficiently large j.

The main facts about convergence of varieties are collected in the following theo-
rem. For the proof of these facts, see Chirka [6, Proposition 16.1].

Notation 2.7 LetV be an analytic variety of pure dimension k in some open set 2
in C". Fora € Q and p > 0 satistying B(a, p) C Q let vol(p, V, a) denote the 2k-
dimensional Hausdorff measure of V. N B(a, p). f W = > . n;[V;] is a holomorphic
k-chain with nonnegative n;, then vol(p, W, a) := ), n; vol(p, V;, a).

We say that a sequence (W) jen of analytic varieties or holomorphic k-chains in
some open set {2 C C" has locally uniformly bounded volume if for all a € €2 there
are p,C > 0 such that B(a, p) C  and vol(p, W;,a) < Cforall j € N.

Theorem 2.8  Let (V) cn be a sequence of pure k-dimensional analytic varieties. Fur-
thermore, let (W) jen be a sequence of holomorphic k-chains in some open set ) C C"
with locally uniformly bounded volume. Then the following assertions hold:

(a) (W;)jen converges as a sequence of holomorphic k-chain if and only if it converges
as a sequence of currents. In particular, the limit current is a holomorphic k-chain.

(b) If ([V;])jen converges, then it has locally uniformly bounded volume and (V ;) jen
converges as sets in the sense of Definition 2.5.

(c) If ([V;Djen has locally uniformly bounded volume, then it admits a convergent
subsequence ([V;,])ven.

3 Existence of Limit Varieties

In this section we show that limit varieties of order d > 1 along curves +, given by
certain Puiseux series, always exist and that they are algebraic varieties in C". To do
this, we will use the following notions.

Definition 3.1

(a) A simple curve y in C" is a map ~y: B'(0,¢€) \ ]—00,0] — C" which, for some
q € N, admits a convergent Puiseux series expansion

) =&t + Y &P, &l =1,

j=q+1

where for a real number d > 1, t4 denotes the principal branch of the power
function, i.e., t = |t|?exp(idarg(t)), where —7 < arg(t) < mfort € C\
|—00, 0]. The vector &, will be called the tangent vector to + in the origin.

(b) For a pure k-dimensional variety V in B"(0, r) which contains the origin, a sim-
ple curve v, and a real number d > 1 we let

Vii=Voa i={weC" :y(t) + tw e vV}, te€ B (0,¢)\]—¢0].
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Remark Note that V, is a pure k-dimensional variety in B"(—t~%y(t),[t|™r).
Therefore, as t tends to zero in B1(0, r) \ ]—r, 0], the varieties V; are defined in larger
and larger open balls in C". The following theorem shows that the currents [V, ] have
a limit.

Theorem 3.2  Let V be a purely k-dimensional variety in B"(0, r) which contains the
origin, let v be a simple curve, and let d > 1. For the varieties V; defined in Def-
inition 3.1(b), the currents [V,] converge to a limit current W as t tends to zero in
C\ ]—00,0]. W is a holomorphic k-chain the support of which is an algebraic variety
in C".

Definition 3.3  Under the hypotheses of Theorem 3.2 we define

TyalV] = lim(V;]

and call it the limit current of order d along the simple curve . Furthermore,
T,4V = Supp T, 4[V] will be called the limit variety of V of order d along .

Remark Theorem 3.2 can be viewed as an extension of Chirka [6, 16.6, Proposi-
tion 2], where it is explained how the currents [%V] converge to the current Ty[V]
ast — 0, where Supp To[V] is the tangent cone TV in the sense of [6, 8.1]. In fact,
when d = 1, the variety T,V is exactly equal to this tangent cone up to a translation
by &, as we will show in Proposition 4.1.

To prove the theorem, we will show that the varieties V; have locally bounded
volume so that they form a relatively compact family of varieties. Therefore, the
family of varieties will converge if we can prove that there is a unique limit variety in
(C". This will be shown by studying the convergence of associated canonical defining
functions for V;. Lastly, it will be clear that the volume of the limit variety in a ball of
radius r is O(r?¥), so that the limit is algebraic by Stoll’s theorem. The first step is to
find a bound for the volumes of the V.

Lemma 3.4 LetV be an analytic variety of pure dimension k in C" which contains the
origin. Then there are constants C, € > 0 such that

vol(p,V,a) < Cp*, |a|+p <eacC"
Moreover, there are Ry, ro > 0 such that for each simple curve v and each d > 1
vol(r, V,,0) < Cr?
whenevert € C\ ]—00,0], 0 < |t| < ro, and r < Ry/|t|".
Proof For the proof we can assume that V' is irreducible at 0 since otherwise the

lemma can be applied to each irreducible component of V. The first inequality of
the lemma is well known and follows from Wirtinger’s Theorem that the volume of
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an analytic variety is the sum of the volumes of its projections, counted with mul-
tiplicity, onto the coordinate subspaces [6, 13.3]. That is, if the multiplicity of V' at
the origin is m, then we can make an orthogonal choice of coordinates such that in
some ball about the origin, say B(0, €), the projection maps of V to the k-dimensional
coordinate subspaces are proper and at most m-sheeted [6, 3.4 and 3.7]. Therefore,
in any ball B(a, p), the projection of V to a coordinate subspace covers that subspace
at most m times, so the volume of the projection is at most mm*p? /k!. Wirtinger’s
Theorem then shows that the first inequality holds with C = () mm*p* /k! whenever
B(a, p) C B(0,¢).

The variety V; is obtained from V by making the affine change of variables, z =
4(t) + |t|*w. Therefore, vol(r, V;,0) is equal to |t| 2% times the volume of V in the
ball B(y(t), |t|?r) , so the second inequality follows from the first whenever ¢ is small
enough that [y(t)| + |t|r < e. [ |

Corollary 3.5 ForV,~y, and d > 1 as in Theorem 3.2 let (t;) jen be a null-sequence
inC\ (—o0,0].

(a) There exists a subsequence (t;,),en for which [thy | converges.

(b) Iflim,oo[Vy] = W for some holomorphic k-chain W then Supp W is either
empty or an algebraic variety of dimension k. Further, the degree of W is at most
equal to the multiplicity of V at 0.

Proof Part (a) is a consequence of the previous lemma and Theorem 2.8. The same
theorem implies that the limit holomorphic chain W is either empty or of pure di-
mension k. The total mass in a current in a closed ball is a lowersemicontinuous
function of the current. Therefore, if [V,;,] — W, then the second estimate of
Lemma 3.4 shows that the volume of W in the ball of radius r about the origin is
o), so Supp W is algebraic by the Stoll-Bishop Theorem [10], [1] (see also [6,
Theorem 17.2]). Because V; is obtained from V' by an affine transformation, the in-
tersection of V; with a generic (n — k)-dimensional subspace also contains at most
m points. By [6, 12.2, Proposition 2], this implies that the degree of W does not
exceed m. [ |

In the sequel we will complete the proof of Theorem 3.2 by showing that there is a
unique limit for the convergent subsequences of (V,) jen. That is, there exists a holo-
morphic k-chain Wy such that for each null-sequence (#;);cy for which the sequence
([Vy])ien converges, the limit chain equals Wy. To prove this, fix V as in Theorem 3.2
and a null-sequence (#;);en and assume that W = lim;_, o [V, ] exists. To describe W
in a way which shows that it does not depend on the sequence (#;);cn we will study the
canonical defining function of V' as defined in Whitney [11, Appendix V, Section 7].
For that purpose we choose excellent coordinates for the varieties V and W in the
sense of [11, 7.7]. This means that we assume that for C" = C"* x C the projection
m:z=(z",2") — (0,2’) is proper when restricted to V and W and that

|z| <Cln(2)], z€V,l|z| <e

(3.1)
lz| <C(1+|n(2)]), z€ SuppW.
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In the remainder of this section we will assume these hypotheses, even when they are
not mentioned explicitly.

Note that in the above situation the (n — k)-dimensional subspace C"~* x {0}
is transverse to V and Supp W. To see the existence of such a subspace L, it suffices
to construct an affine subspace L’ of dimension n — k — 1in {1} x C"~! such that
L'n{z e ToyVNW :z; =1} = &. Such an L’ exists by [6, Corollary 3.5]. The space
L is then the cone over L’. If B is the branch locus of 7: V — U C Ck, then B and
m(B) are analytic varieties of dimension at most k — 1 and

m: V\B— U\ 7n(B)

is a covering map. The number of points in a fiber over z/ € U \ 7(B) is a constant,
say 11, SO we can write

(2" = {(ai(),2) : 1 <i<m}

where the o;(z') = «;(z’ ; V) are all distinct. We will also use the same notation
for z/ € U N 7(B) by repeating each «;(z’) as many times as indicated by the sheet
number 7,(V, L), where z := (ai(z’), z’) and L := C" % x {z}.

For u,w € C"7 K, let (u,w) = uyw; + - - - + u,_tw,_ denote the dot product. Let
us call the canonical defining function for V:

m

(3.2) P(z,¢5V,m) = [[ (2" — ail2"), §).

i=1

We will write
P(z,6) =P(z,£;V)=P(z,£; V,m)

when the missing data are clear from the context. A point z belongs to V if and only
if
P(z,€) =0 forallé € C"F,

Equivalently, one can expand P as a homogeneous polynomial in &,

P(z,6) = > Py2)¢’
|Bl=m

and then z € V ifand only if Pg(z) = 0 for all | 3] = m.

Note that P is a polynomial of degree m in z'/ and a homogeneous polynomial of
degree m in & € C"7k. It is defined at first for z/ € U \ m(B) but extends, by the
Riemann removable singularity theorem, to be analytic on all of C"~% x U x C"~*,
With the convention made about counting the points «;(z’) with multiplicity when
z' € m(B), the formula (3.2) is still valid.
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To express the canonical functions of V, in a useful form, write y(t) =
(’yl(t),fyz(t)) where v, (t) = w(fy(t)) and then

P(y(t) +t'w,€) = [[(m(@) +t'w"” — aj(ma(t) + t*w") ,€)

j=

—

(3.3) y
=" TLw" = 8;w',0),€),
=1
where
. AN
(3.4) ﬂj(w/,t) _ oc](’Yz(t) + zdw ) 'yl(t).

The last formula gives the canonical functions for the varieties V, with respect to the
projection 7 onto the z’ coordinates up to the scale factor ¢,

The limit chain W of a sequence ([V}])jen is not necessarily a current of inte-
gration over an analytic set, so its associated canonical defining function must take
account of multiplicities. To fix the notation, let us suppose that

(3.5) W =m[Wi]+- - +n,[W,]

where the W; are the irreducible components of Supp W, and
(3.6) W, ={(Bji(w),w) :w' € c1<i< m;}
where m; is the degree of W ;. Then

(3.7) V= nmy +e 4 npm,

is the degree of W, so v < m by Corollary 3.5. The canonical defining function of W
is then

p mj
(38)  Pw&;W)i=Pw,&;W,m) =[] - 8w, &)™,

j=1i=1
Lemma 3.6  The canonical defining function P(w, & ; W, ) is a polynomial.

Proof The function P is clearly a polynomial in w'/ and £. It grows at a polyno-
mial rate as a function of w’ by (3.1) and the definition of P. Therefore, it is also a
polynomial in w’ by Liouville’s theorem. ]

The degree of a limit chain will frequently be smaller than that of V,. This oc-

curs when some of the 3;(w’, t) go to infinity while the others converge to points in
Supp W.
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Lemma 3.7  Suppose lim;_, o [V,] = W for some holomorphic k-chain W in C".

(i) For all R,e > O there is ly such that for each | > ly and each w' € C* with
|w'| < R there are exactly v values of j for which the point ( 3;(w’,t;), w') lies in
the e-neighborhood of Supp W.

(ii) For each R > 0 there is M(R) > 0 such that for each M > M(R) there is ly such
that for each | > Iy and each w' € C* with |w'| < R there are exactly m — v values
of j for which the | 3j(w', ;)| > M.

(iii) For eachw = (w'',w') € C" there is €y such that for each 0 < € < € there is |
such that for each 1 > ly the number of j with |3;(w') — w''| < € is exactly equal
to the sheet number of W in w, i.e.,

p
[{j: 18w 1) —w''| < e}| = Znﬂ{i :Biw) =w''H  forl> 1.

j=1

This implies that for fixed w' the [(; can be numbered in such a way that
lim;, o0 B (W', 1)) exists for 1 < j < v and |lim;_,o Bj(w',t)| = oo for j > v. The
sequence of functions w' — [;(w', 1) converges uniformly on compact sets (although
they may have discontinuities).

Proof To prove (i), fix Rand €. Let D C C" consist of all those points w = (w’’, w’)
for which there are j,i with |3;;(w’) — w”’| < e. For w' € Ct define the affine
subspace L, := C"7F x {w'}. It suffices to show the existence of I, such that for
each I > Iy and each w’ € CF with |w’| < R we have ip(Vy,Ly) = v. To prove
this claim, assume for contradiction that for each j there are [; > j and w; with
|w/| < R and iD(thj,LW]() # v. We may assume the existence of lim;_, W]{
w’. Then lim;_, o0 LW]( = L,/ in the sense of Definition 2.5. Thus Chirka [6, 12.2,

Proposition 2], implies that i D(Vt;j , LW],/) = ip(W, L,) for sufficiently large j. Since

ip(W,L,,+) = v by (3.7) we have arrived at a contradiction.
The proof of (ii) is the same, except that now e is replaced by M > M(R), where

M(R) =1+ max{|z"|: (z",2") € W, |z'| < R}.
For w € C" define
€ = %min{|w” =" (¢, w') € Supp W, " £ w''}.
Then the proof of (i) implies (iii) for € < €. [ |

In order to derive a description of W from the canonical defining function
P(-,-; V,m) of V we will use the following notation.

Definition 3.8 Ford > 1,q € N,and ! € Ny, a polynomial p € Cwy, ..., w,,t"/1,
&, ..., &l is called d-quasihomogeneous in w and t of d-degree w if

POTW, AL E) = N p(w,1,6), A >0,
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It is easy to check that p is d-quasihomogeneous of d-degree w if and only if p has

the form 4
pmt, = Y D ajgan’tice,

j+d|Bl=w aeN)
where j runs through g7'Ny and 3 through NZ.
Remark 3.9 For Pasin (3.2),y as in Theorem 3.2,and d > 1, let
(3.9) Fw,t,8) :=P(y(t) +w, &5V, 1) = > ajgat/w’e®
jBa

where the sum is the power series expansion of the holomorphic function F(w, s1, £)
in's = t/4, w, £ in a neighborhood of the origin. Collecting all terms in (3.9) which
have the same d-degree, we can regroup the series as

(3.10) F(w,1,€) = Fu,(w, 1,) + Y Fu(w,t,£),

where F,, is the d-quasihomogeneous part of d-degree w of the series and
(3.11) wy = wo(d, V, ) = min{w : F,, does not vanish identically}.
Now note that for t € B(0,€) \ ]—00,0] the quasihomogeneity property implies
F(tiw,t,&) = t“F, (w, 1,€) + wao t“F,(w, 1,&) and hence
(3.12)  limt™“P(y(t) + t'w, &5V, ) = limt ™ F(t"w,t,£) = E,,(w, 1, ),
t—0 t—0

where the convergence is uniform on compact subsets of C" x C" .

Lemma 3.10  Assume that lim;_, o, V,, = W for some holomorphic k-chain W. Then
there is a polynomial ® on C* x C"~* such that

Fa(C",¢ 1,6 = P, ¢, €5 W), €)
forall¢ = (¢", ¢y e C"Fx ke et
Proof We work in the coordinate system of (3.1), and we let v be as in (3.7). Then
Lemma 3.7 implies that we may assume that for each ¢’ the 3; are numbered in such
a way that the sequence (,6’ (¢, tl)) leN either converges to a finite limit or has no
bounded subsequence and that the first alternative holds if and only if 1 < j < v.
Fix R > 0, set By := {(¢"",¢",€) € C"F x CF x €% : |¢'| < R} and let M(R)
be as in (ii) of Lemma 3.7. Set M = 2M(R) and let [; be as in (ii) of 3.7. For [ > I,
Riemann’s theorem on removable singularities implies that the functions
fi,g: Br = C,

v

f¢" ¢ =TT =8¢ w,8),
j=1

g(¢", ¢ &) =" T (¢ = B¢ 0),€)

j=r+1
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are holomorphic. Now Lemma 3.7 implies that

p mj
Jim fi¢”,¢".&) = [T TI¢<" - 8;:(¢". €)™,

j=1i=1

where convergence is uniform on Bg. On the other hand, tl_“"’F(tldC 1,8 =
fi(¢, &)g(¢, &) and limy, oo tl_“’(’F(tldC, 11,€) = F,, (¢, 1, &), where convergence is uni-
form on compact sets. Hence, also the sequence (g;);eny converges to a function g,
which satisfies

p mj

Fo (61,8 =g O T - 81, &)

=1 i=1

Since g does not depend on R, it is entire. In fact, g is a polynomial, since it divides
F.,.
To complete the proof, we have to show that g does not depend on ¢*’. Fix ¢’ € C*.
There is a a subsequence (#;, ) .en for which the limits
. ﬂ] (Cla U] )

lim —/————= =:¢;

r—oo |3;((',1,) ¢i
exist for v < j < m. Let A be the set of all ¢ € C"~* such that (¢;, &) = 0 for at least
one j. Since A is a proper algebraic subset of C"~¥, it suffices to show the claim for
£ ¢ A. Letsucha{ ¢ Abe fixed. Then [(3;(¢’,1,),£)| — 0o as K — 00, and the
claim can be deduced in the following way

g, ¢ . 1 K =8¢1),6)
ALNE LR LT
8(0,¢%,€) roa H (=B’ 1,),€)

j=r+l

i . ¢" B¢’ 1) >
4H< £r¢) Hl)rgo<|ﬁj(é’,tzm) Iﬁj(C”tzﬁ)V5 b

Lemma 3.11  Suppose that lim;_, [V, ] = W for some holomorphic k-chain W. For
eachw' € CF the set {€ € C"~%: ®(w',€) # 0} is open and dense in C"F,

Proof Fixw € C",set L := C"* x {w'}, and let u = i,,(W, L). Lemma 3.7 implies
that we can arrange the 3;(w’, ;) in such a way that

converges to w'/, for1 <j<up,
(3.13) (ﬂj(w’, tz)) len § converges, but not to w'!, forp < j<v,
has no bounded subsequence, forv < j.

Next, find a subsequence (;,) .en of (#1)ien such that

Biw',t)

im =
r—oo |Bi(w', 1) g
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exists for v < j < m. We assume in the sequel that the passage to subsequences was
unnecessary, i.e., that t;, = t.. Now define three sets A, B, C, all open and dense in
(Cnfk’ bY

A={geC™: (€,€) #0forv < j < m},
B:={£ ek (w" — (" &) # 0whenever (¢"',w') € Wand ¢" # w''},
C:={¢¢c ck: F,, (-, 1,&) does not vanish identically}.

Let & € AN BN C be arbitrary. To keep notations simple, we assume &, =
(1,0,...,0). Since this amounts to a rotation in C"~* only, the property (3.1) of
the coordinate system remains valid. Let ﬂ;l) denote the first coordinate of 3;, i.e.,
B;”(C’,t) = (B;(¢’,1),&). Then liml_>oo|6§1)(w’,tz)\ = oo for j > v because
& € A. Since & € B, (3.13) implies that (ﬁ;l)(w’,tl)) jen converges to w for
1 < j < p, and converges, but not to wy for u < j < v. Forl € N consider the
polynomial in one variable

m
— d— 1
g Tt F( Tt wa, ot &) = O T [ (7 - BV )
i=1

We have just seen that for an arbitrarily small neighborhood U of w; thereis M € N
such that g has exactly p zeros in U, counting multiplicities, provided I > M. Since
& € C, (3.12) and Rouché’s theorem imply that

(3.14) T+ Fu (T, w2, ..., Wy, 1,&) has a zero of order exactly v in 7 = w;.

By Lemma 3.10 we have that F, ((,1,§) = P((, ¢ ; W)P((',€). Since

P(-,wa, ..., wy, & 5 W) has a zero of order at least p in 7 = wy, it follows that
q)(wl’ gO) # 0. u
The following proposition allows us to recover P(-,- ; W) from F,. Hence

it shows the independence of lim;_, [V},] from the null-sequence (#;);cn and thus
completes the proof of the main Theorem 3.2.

Proposition 3.12  Suppose that lim;_, [V, ] = W for some holomorphic k-chain W.
Let

A
Fuy(w,1,8) = [ ] Falw, )™
a=1
be the decomposition of F,,, into powers of mutually nonproportional irreducible factors.
Let I be the set of all a for which there is w € C" with F,(w, ) = 0 for all . Then there
is ¢ # 0 such that

Pw, &3 W) = c[[Faw, &, weC, e

acl
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Proof Recall that F,,, (w, 1,£) = P(w, & ; W)®(w’,£) by Lemma 3.10. If a € I, then
F, must be a factor of P, since by Lemma 3.11 it cannot be a factor of ®.

For the proof of the other direction fix a such that F, is a factor of P. Choose
w= (w’,w') € C"and & € C"* with F,(w, &) # 0. Consider F,(("’,w’,£) as a
polynomial in C[¢"/, £]. Then it is a factor of

pmj

P, w', &) =[] - Biiwh,&)".

j=1i=1

In particular, there is a pair (j, 1) such that (¢"" — 3;,;(w’), £) divides F,(¢"’, w’, §) in
C[¢",€]. Then F,(B;;(w'), w’,€) = 0forall{ € C""*and hencea € I. ]

Proof of Theorem 3.2  For each null-sequence (#;);cn the sequence ([V,])ien has an
accumulation point W by Corollary 3.5(a). This accumulation point is unique and
does not depend on the null-sequence (#);en by Proposition 3.12. Hence W is the
limit. Its supportis either empty or algebraic of pure dimension k by Corollary 3.5(b).

|

In [5] we will apply the following corollary of Theorem 3.2, which is obvious from
the proof of this theorem.

Corollary 3.13 LetV C C" be an analytic variety of pure dimension k which contains
the origin, let vy be a simple curve, and let d > 1, R > 0, and a null-sequence (t;) jen
in C\ ]—00, 0] be given. Then the varieties V;, converge to T., 4V in the sense of Meise,
Taylor, and Vogt [8, 4.3], as j tends to infinity.

It is possible to determine the sheet number of T, 4[V'] at each point. This pro-
vides a purely geometric description of T, 4[V]. If p is a polynomial in one variable,
we denote by ord, p the vanishing order of p at the origin.

Proposition 3.14  Let w = (w'',w') be excellent coordinates for V and for T 4V as
in (3.1). Forw’ € CFset L, := C"~* x {w'}. Forw € C" and ¢ € C"~* consider the
polynomial pyc: T — F, (w" + 76w’ 1,6), 7 € C. Then

iy(TyalV], L) = min{ordy pue : € € C"F}.

Proof We start with the proof of “<”. Choose & € C"~* with min{ordg p,.¢} =
ordy py¢,. Assume for convenience § = (1,0, ...,0). By Proposition 3.12, p,,¢, isa
multiple of

p o mj

Pwy +7,wy, .o wu, &5 W) = [[ [T (w1 +7 = B w)) ™,

j=1i=1

where 5(‘,11') denotes the first coordinate of 3; ; as in (3.8). The definition of 3;; implies
that the order of this polynomial is not smaller than #,,(T, 4[V], Ly/).
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To prove the converse inequality, use Lemma 3.11 to choose & € C"~* such that
D(w', &) # 0and such that ("', &) # (w'’, &) whenever ({'',w’) € W and "' #
w'’. Again, we may assume &, = (1,0,...,0). Then

p mj
Pue(T) = Pwy + 7wy, . iy & s W) = [[[[ (w1 + 7 = B w)) "W, &)

j=1 i=1

This shows that ordy py.¢, = i, (T 4[V'], L) for the special choice of ;. The propo-
sition is proved. ]

Remark Proposition 3.14 holds under the general hypothesis that the coordinates
are excellent for V and for T, 4V (see (3.1)). When investigating examples, one wants
to be able to see from F,,, that a given system of coordinates is excellent. So let us
assume that the standard coordinate system is excellent for V/, i.e., the first inequal-
ity in (3.1) is valid. Then it is possible to define the canonical defining function
P(z,& ; V,m) as in (3.2) and, for a given simple curve vy and some d > 1, the ex-
pansion ofP(v(t) +2z,£;V, 7r) into d-quasihomogeneous terms as in (3.10) exists.
Hence
Z:={weC" :F,,w,1,§) =0forall§ € ck

is defined, and the following holds:

Assume that dim Z = k and that the standard coordinate system is also excellent for
Z, i.e., there is C > 0 such that |w| < C(1 + |w'|) forallw = (w"/,w') € Z. Then
it is excellent for T, 4V. In particular, Z = T, 4V and Proposition 3.14 holds in these
coordinates.

Proof Since (3.1) is inherited by subvarieties of the same dimension, it suffices to
show T, 4V C Z. So fix w € T,4V and an arbitrary null-sequence (¢,),en. By
Definition 2.5 there is a sequence (z,),en such thatz, € V., 5, and lim, o z, = w.
Fix ¢ € C"*. Then

0= t_“’OP(’y(tn) +192,,€5V, 7r)

= Fuy (20, 1,) + Y 7 0F, (20, 1,6) 7= Fuy(w, 1,6).
w>wo
Hence w € Z, and the claim is shown. |

Definition 3.15 Forq € Nandd > 1let

hiw,t) = > hy(w, 1)

weN/q

be a convergent series in w and t'/7 such that h,, is zero or d-quasihomogeneous of
d-degree w in w and ¢. Then for wy := min{w : h, # 0} the term h,, is called the
d-quasihomogeneous localization of h at the origin.
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If  does not depend on ¢ then the d-quasihomogeneous localization of h at 0 co-
incides with the localization in the classical sense. Recall that the localization of a
holomorphic function f at 8 is defined as the lowest degree homogeneous polyno-
mial in the Taylor series expansion of f at 6.

In the case of a hypersurface the vanishing ideal is principal, and its generator
replaces the canonical defining function as indicated in the next statement.

Corollary 3.16 LetU C C" be a neighborhood of zero, let p: U — C be holomorphic,
let V.i= {z € U : p(z) = 0}. Furthermore, assume that there is a dense open
subset A of V. with grad p(z) # 0 for all z € A. Let ~y be a simple curve and set
flw,t) := p(y(t) + w). Ford > 1 let f,, be the d-quasihomogeneous localization of
f at the origin. Then T, 4V = {w € C" : f,(w,1) = 0}. Let Wy,..., W, be the
irreducible components of T, 4V, and let n; := p,, (W;) for an arbitrary regular point

of W;. Then
P
ToalVl= ) nW)l.
=1
Proof We may assume that coordinates are chosen in such a way that p(7,0,...,0)

does not vanish identically. Replacing U by a smaller neighborhood of zero if neces-
sary, we may also assume that U is a polycylinder and that VN (C x {0})NU = {0}.
Then the Weierstraf§ preparation theorem states that there are m € N and a holo-
morphic and zero-free function ¢ on U such that

p=Wo whereW(z):=zI"+c1 ()" ' + -+ a(2))2).
To determine P as in (3.2), let B denote the branch locus of 7: V. — U C C"~!, For
z' € U\ B there are a neighborhood U; of z’, holomorphic functions a;j: U — G,
andm; € N, j=1,...,m,such that

m
W) =[[(z2 - i)™, 2 €U
=1
The hypothesis concerning the gradient means that p is square-free, i.e., m; = 1 for

all j. We have shown that P(z,£ ; V) = "W (z) forz € U, £ € C. If F is defined as
in (3.9), then

F(W,f,f) :P(’Y(t) +W7§ ; V) = (p(fyé;n_'_w)p(fﬂt) +W)

_ " B
= 90(7(1«)+W) %a]7ﬂt wo.

Since ¢(0) # 0, division by ¢ does not affect the lowest order term of the expansion
into terms with constant values of j + d| 3|, except for a multiplication by 1/¢(0), i.e.,

m
Fwo(W,t,E) = 5— E aj_ﬂtfwﬂ.
p(0) =
j+d|B|=wo
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Now the claim follows immediately from Proposition 3.14. ]

If f defines the hypersurface V geometrically without generating the correspond-
ing ideal (i.e., if f is not square-free), then it is still possible to determine the tangent
variety T, 4V.

Corollary 3.17 Let U C C" be a neighborhood of zero, let A: U — C be holomor-
phic, let V := {z € U : A(z) = 0}. Let v be a simple curve and define f(w,t) =
A(v(t) + w) . Ford > 1 let f,,, be the d-quasihomogeneous localization of f at 0. Then
T,aV ={weC": f,(w,1) = 0}.

Proof Decompose A in the ring of germs in the origin. Reducing the size of U if nec-
essary, we may assume that all these factorsliveon U. Thus A = A" - - -A;”’ with mu-
tually nonproportional holomorphic irreducible functions A;. Then r := A, ---A;
satisfies the hypotheses of Corollary 3.16, hence T, ;V = {w € C" : g, (w) = 0}
where g, is the d-homogeneous localization of g(w, ) = r(y(t) + w). Let fj.,
be the d-homogeneous localization of f;(w,t) = Aj(v(t) + w) . It is easy to see
that d-homogeneous localizations are multiplicative, hence g,, = fi, - fiw, and

|

foo = flo fl";’l Thus the zero sets of g,, and of f,,, coincide.

4 Properties of the Limit Varieties

It is convenient to record some simple properties of the limit varieties before study-
ing specific examples in Section 6. Invariance properties of T, 4[V] are studied in
Proposition 4.1, while in Proposition 4.3 the influence of d is discussed. The main
tool in the proof of the latter is the Newton polygon.

Proposition 4.1  Let V be an analytic variety in a neighborhood of the origin in C".
Let ry be a simple curve as in Definition 3.1, d > 1, and T, 4[V'] the limit current defined
in Definition 3.3.

() If5(t) is another simple curve and if ¥(t) = ~(t) + o(|t|?), then T,alV] =
T54[V].

(i) Ifd =1, then T,V = T,V — ~'(0); more precisely, if j(w) = ~'(0) + w, then
j (T V) = To[V].

(ili) Ifd > 1and A € C, thenw € T, 4V if and only if w + Ay’ (0) € T, 4V; orin
terms of the currents, if j(w) = w+ Ay'(0), then j.(T,4[V]) = T, 4[V].

(iv) T, 4V is empty if and only if for every relatively compact open set Q0 € C", there
exists rg > 0 so small that the conoid with core 7y, opening exponent d, and profile
Q truncated at r,

(4.1) T(v,d,Qr)= | (v +1'Q)

0<t<ry

has empty intersection with V.
(v) Ify is another simple curve with the same trace as vy, then T, 4[V| = T54[V] for
eachd > 1.
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Proof Choose coordinates as in Section 3 and recall the canonical defining function
P(w, &) = P(w, € ; V, ) associated to this choice of coordinates along with the func-
tions F and F,,, as in (3.9) and (3.11). It follows from the hypotheses about y and 7,
(3.10), and the quasihomogeneity property of the F,, that

lim t=P(F(t) + t'w, €)
= }igét—‘”ﬂp(y(t) +1%(w+o(1)) ,g)

- }gnopwo((w+ o(1)), 1,5) +lim > tW*WOFw((W+ o(1)), 1,5)

w>wy

= Fwo(W7 1,5)

Therefore, under the hypothesis of (i), wy and the function F,,, are unchanged if =y is
replaced by 4. By Proposition 3.12 this yields (i).

To prove (ii), we can assume that y(t) = &yt because of part (i). Then V, =
{weC :&&+we %V}, so [V,] is the translate of the current [%V] by —&o.
Consequently, the same is true of the limit varieties.

To prove (iii), Proposition 3.12 implies that it suffices to show that
F,, (w +Ay'(0),1, {) = F,, (w, 1, £). By analytic continuation, it is enough to prove
this equation for A > 0. Set 7 = t + A\t? so that t = 7 — A\t + 0(t%). Then since d > 1,

Foy(w,1,6) = im T~ P( (D) + T'w, )
t—0
— }Lrg(t +o(t)) _w°P(7(t) +19(0) + o(t!) + (£ + o(t)) “w, 5)

= lim = P(y(t) + ¢ (w+ X7/(0) + o(1)) &) +o(1)
- }i_IE(I)FWO(W_{_ MY (0) +0(1),1,€) +o(1)

= Fu (w+X'(0),1,€)

so part (iii) is proved.

Part (iv) is a consequence of Lemma 3.7. The same lemma and Proposition 3.12
show that T, 4V is nonempty except when all the points (ﬁj(w’, 1), W’) € V, diverge
to oo ast — 0. From the definition of the ’s in (3.4), we see that this means exactly
that V, has no points in any conoid I'(v, d, €2, ry) with relatively compact profile when
1o is sufficiently small.

For the proof of part (v) let & denote the tangent vector to . Since { =
lim, o y(#)/|(¢)|, the tangents of v and ¥ coincide. We may assume &, =
(0,...,0,1). Let v, and 4, denote the last component of y and 7, respectively. Since
both are injective, we can define p := v, ! 0 4,,. Then 4 = 7 o p. Both have the same
tangent, so it is immediate that lim,_,¢ p(¢)/t = 1. Set F(w,t,§) = P(;yv(t) + w, f) ,
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and let Wy be defined by (3.11), but with F replaced by F. Then

ﬁwo (w, 1, f) = lim t_wop(;?(t% 5)
t—0
(4.2) im (Y e
lim <p(t) p(t) P(v(p(t)) ,5)
= Fwo(W7 17 f)
Since the right hand side does not vanish, this shows that &y < wy. Interchanging y

and 7 in the preceding argument, we conclude that wy = &. Now (4.2) completes
the proof. ]

Remark 4.2  Part (iv) of Proposition 4.1 implies that T ; V' is never empty and that
T, 4V is empty whenever d > 1 and v/(0) ¢ T,V.

Proposition 4.3  Let V be an analytic variety in a neighborhood of the origin in C".
Let m = (V') be its multiplicity in the origin, let y(t) be a simple curve as in Defini-
tion 3.1, d > 1, and T, 4[V'] the limit current defined in Definition 3.3.

(i)  There are rational numbers 1 = d; < d, < --- < dp, wherel < p < m+1,

such that T, 4|V] = T, 4/[V] whenever d; < d < d' < diyy for1 <i < por
d, <d<d'
We assume in the sequel that the set {1 = d, ..., d,} is minimal, i.e., that (i) holds for
no proper subset.

(i) Ifdi <d <dix1, 1 <i< p,thenT, 4V is homogeneous and nonvoid.
(iii) Ifd > d, then T, 4V is homogeneous or empty.
(iv) Ifp=m+1,then T, 1[V] =T, q[V]forl <d < d,.

Proof The proof relies on the Newton polygon for the function F defined in (3.9),
i.e., of the series F(w, t,£) = Zj_ﬂ_a aj_ﬂ_’awﬁtfg"‘. Let M be the support of that series,
ie.,

M :={(j,1): qj € No,1 € Ny, a3 # 0 for some 3 with |§| = land |a| = m}.
For§ € R? \ {0} and b € R define the closed half plane
Hpyp:= {x € R*: (x,0) > b}.

We call it admissible if @ € [0, 00[? and M C Hp . The Newton polygon N is the
intersection of all admissible half planes. Note that all vertices of N are elements of
M. In particular, if (j,I) is a vertex of N, then I € Ny and I < m since (0,m) € M.
Hence N has at most m + 1 vertices and at most m edges between them (plus two
unbounded edges). Let 1 =d; < d, < --- < d, be an enumeration of

1
{1} U {—; : s is the slope of a bounded edge ofN} .
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Then p < m + 1is obvious, and if p = m + 1, then there is no edge with slope —1.
Ford > 1let wy(d) := wy(d,V, ) be as in (3.11). Then the line

OH gy wo(@) = {0, D 2 j+dl = wo(d)}

has nonempty intersection with M. Fix i with 1 < i < p. Then there is a
pair (j(i),1()) (a vertex of the Newton polygon) such that M N H gy wy@) =

{ (j(i), l(i)) } foreach d € |d;, d;;[. Hence

(4.3) Foyw, 1, = Y Y ajapan’c™.

1B1=I(d) |x|=m

By Proposition 3.12 this shows the part of (i) dealing with d,d’ < d,. The iden-
tity (4.3) also implies that F,, (w, 1, ) is homogeneous and thus so is T, 4V. If T, 4V
were empty, then /(d) = 0, since otherwise 0 € T, ;V. However, the construction of
the Newton polygon shows that then T, 4V = @ for each d’ > d, thus contradicting
the minimality of the set {d,, ..., d,}. This completes the proof of (ii).

To show (iii) and finish the proof of (i), fix d > d,. Then again there is a vertex
(j(p),1(p)) of the Newton polygon such that MNOH1.a) @) = { (j(p),(p)) } for
each d > d,. This shows the independence of T, 4[V'] on d > d,, and thus completes
the proof of (i). The homogeneity of T., 4V follows as before.

If p = m + 1 there is no edge with slope —1, hence the proof of (ii) applies also in
this case. [ ]

The following result is a partial converse to Proposition 4.3(iii). We do not know
whether it also holds in the case of arbitrary codimension.

Corollary 4.4 LetU C C" be a neighborhood of zero, let A: U — C" be holomorphic,
let V= {z € U : A(z) = 0} and let y be a simple curve. Let d,,...,d, be as in
Proposition 4.3. If 2 < i < p, then T, 4,V is not homogeneous.

Proof Set f(w,t) := A('y(t) + w) and let f,, (w,f) = Zj+dﬁ:wO aj_ﬂtjwﬂ be the
d-quasihomogeneous localization of f at 0. The proof of Proposition 4.3 shows that
it suffices to show that T, ;V is inhomogeneous if —1/d is the slope of an edge of
the Newton polygon. In that case, there are at least two pairs (j1,11) # (j2, k) such
that, for i = 1,2, j; + dl; = wo and aj 5 # 0 for some (3; satisfying |5;| = I.
Then f,,,(w, 1) contains at least the terms a;, 5w, i = 1, 2. Since they have different
degrees, Corollary 3.17 yields the claim. ]

5 Limit Varieties as Approximations

The aim of this section is to show that limit varieties T, 4V approach V like o(\z|d)
in conoids around v that open like |z|¢, d > 1. This is analogous to the well known
result that the classical tangent cone approaches V like o(|z]).

In this section, let V be an analytic variety of pure dimension k in a neighborhood
of zero.
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For z € C" denote the n-th coordinate by z, and the n-th coordinate of a simple
curve 7y by y,.

Definition 5.1 Let~y: B(0,¢€)\]—o00,0] — C" be a simple curve satisfying ~,(t) = ¢
for all ¢, and let d > 1. Define

W,a:={y(t) +t%a:t € B(0,€) \ ]—00,0],a € T, 4V,a, = 0}.

We are going to prove that W, ; approximates V of order d in conoids I'(vy, d, 2, r)
asin (4.1). We begin with a preparatory lemma.

Lemma 5.2  Let vy be a simple curve satisfying v,(t) = t for all t, let d > 1, and
let Q € C" be a relatively compact open subset. Then there are A,ry > 0 such that,
wheneverr < rg andz € I'(y,d, Q,r), then

(a) Zn ¢ ]—O0,0],
®) |(z— (@) 7] <A

(©) |za| < 2] <2z

Proof Recall first that Definition 3.1 of a simple curve implies that its tangent vector
&o has length 1. Hence the hypotheses of the present lemma imply &, = (0, ..., 0, 1).
Thus claims (a) and (c) are obvious.

For the proof of (b), set A := 1+ 2sup{|z| : z € Q} and let z € T'(v,d,Q, 1)
be given. Then there are 0 < t < rand a €  with z = ~(¢) + t?a. In particular,
|z,| = |t +t%a,| < 2|t| provided that ry > 0 is sufficiently small. Then

(2 =rten) 2| = ’((V(f) —7(z) + tda) z;d’

d
="+ |al

< |t — 2| sup |'Vl(7')| |2 -
[7|<ro Zn
d

= (lau| sup [y'(7)] + a]) | —

[7|<ro

n

Since sup,| <, [7'(7)| and [tz 4| are arbitrarily close to 1 if ry is chosen sufficiently
small, the claim is shown. [ ]

Proposition 5.3  For «y as in Definition 5.1 and each relatively compact open subset
Q of C" there is 0 > 0 such that W, 4 N I'(7,d,Q,0) is a closed analytic subset of
L'(v,4d,4,9).

For a precise description, let F,, be as in (3.11), and fix w € I'(v,d,Q,d). Then
w € W g if and only if F,, (w — y(wy), W, &) =0 forall € € C",

Proof Note that v(w,) exists by Lemma 5.2. Obviously, w € W, 4 if and only if
w = 7(t) + t%a for suitable t € B(0,r) \ ]—00,0] and a € T,,4V. The special form
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of v implies t = w,,. Hence a = (W — v(wn)) Wn_d. By Proposition 3.14,a € T, 4V if
and only if F,,, (a, 1,£) = 0 for all ¢ € C"~*. Quasi-homogeneity of F,,, implies

Foy(a,1,6) = Eu ( (w=ym) w; %, 1,€) = wyF,, (w = 7(w), w,,€) .

Proposition 5.4  Let V be an analytic set in C" which contains the origin, let v be a
simple curve satisfying v,(t) = t for allt, let d > 1, and let S0 be a relatively compact
open subset of C".

(a) For each e > 0 thereis § > 0 such that for eachz € V N I'(~,d, Q,0) there is
wE W, g with |z — w| < e|z|”.

(b) For each € > 0 thereis § > 0 such that for each w € W., 4 with |w| < ¢ there is
z € Vwith |w—z| < e|w|.

Proof To show part (a) by contradiction, fix 2 and € and assume that foreach I € N
there is z1 € T'(v,d,Q,1/1) with |z — w| > €|z|%. Let t; be the n-th coordinate of
z.. Then t; € B(0,1/]) \ ]—00,0] and |tj] < |z| < 2|y] for sufficiently large I by
Lemma 5.2. Let

a = (z— (1)) eV,

then |a;] < A for A as in Lemma 5.2. Hence a subsequence (a;,),cn converges to
some a € T, 4V. Note that the n-th coordinate of each 4; vanishes, hence the same is
true for a. This implies

wp = (1) + tlda €W, 4.

Fix 1 so large that |a;, — a| < €279 for all v > vy. Then for v > v

d dSe d'

€
alu—a|<ﬁ

|w, —z,| = ”y(t;ﬂ) + t,‘ja — (’y(tly) + tl‘faly) ’ =|f, 1, z,
Since this contradicts the assumption, part (a) is shown.

To show part (b) by contradiction, fix € > 0 and assume that for each I € N there
is w; € W, 4 satisfying |wj| < 1/ such that for each z € V we have |w; — z| > ¢|w;|".
Choose t; € B(0,7) \ ]—00,0] and a; € T, 4V such that w; = y(t;) + tldal and such
that the n-th coordinate of g; vanishes. Then |t;| < 1/I. By Lemma 3.7(i) there is I
such that for each | > I, there is {; € V;, with |, — aj| < €. Letz; := (1)) +Cltld. Then
z1 € V and

2t — wi| = |a — Gl []* < |ay — Gl [wil? < el

Since this contradicts the assumption, the claim is shown. |

6 Examples

In this section we provide some examples to illustrate the results that we obtained so
far. To keep things simple we concentrate on the case of hypersurfaces in C”, mainly
even on surfaces in C*. First we use Corollary 3.17 to compute T, 4V for a straight
line 7.

https://doi.org/10.4153/CJM-2003-003-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-003-3

Higher Order Tangents 85

For a compact statement of the results set V(P) := {z € C" : P(z) = 0} fora
polynomial P. The first lemma reinterprets the construction in the proof of Propo-
sition 4.3. It is shown that if «y is a straight line, then a subset of the support of the
Taylor series expansion of f ( ~(t) + z) is sufficient to determine T, 4V.

Lemma 6.1 Let f: B"(0,r) — C be a holomorphic function which has the expansion
f = > ke Qu where Qy is a nonvanishing homogeneous polynomial of degree k. As-
sume further that m := minI > 2 and that Q,,(0) = 0 for& = (0,...,0,1). Fork € I
expand

ay
Q' z) =Y prul)z, (2z) € C X C,
v=0

where pro, 0. Lety: t +— t0. Thentherearep € N,1=d, < dp <--- < d, € Q,
ky <---<k,eN,andL,...,L, C N such that

V(Qm) — 0, ifd=1,

V(EkeL]- Pka), fd=dj,j=2,...,p,

V(pkf=“kj)7 ifdij<d<dj, j=1,...,p—1,
V(pkyar, ) ifd > d,.

T, dV =

All data can be calculated recursively in the following way: dy := 1, Ly := {m}. Assume
thatd,,...,d;j, L\,...,Lj, and ky, ... k;_, are already known. Then k; := maxL;.
Further, define

Kj:={k>kj:ar>ar, k—ar <kj—ay}.

(a) IfK; = O, then p = j.
(b) IfK; # O, then

L o . —1
A = (max(kJ ar;) — (k ak))

keK; ax — ag;

and
kj—ak]. —(k—ak) B 1

ax — ay, dj }

Proof To apply Corollary 3.17 we consider the expansion

Ljy = {kj} U {k €K;:

Fv®) +2) = f(&' t+2,) =Y Qe t +2,)

kel

6.1) =33 i)t +2)

kel j=0

ax j .
=33 pil@) zz:o: (;)tlz,f;—l.

kel j=0
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Hence the support of the Taylor series expansion of f (v(t) + z) is contained in
{(L,k—=1) : k € I,] < a;}. On the other hand, if k € I, then the terms in the
expansion (6.1) whose degree in ¢ is a; and whose degree in z is k — a; constitute
the polynomial py, 7 0. This implies in particular that each pair (ax, k — a;) with
k € Iis in the support. Hence the Newton polygon consists of two unbounded edges
parallel to the axes, possibly an edge of slope —1 through (a,,, m — a,,), and possi-
bly several more edges passing through two or more points of the form (ay, k — ay)
with k € I. The slopes of these edges are related to the d; as in the proof of Propo-
sition 4.3. The formula for d; is a consequence of the classical construction of the
Newton polygon as a convex hull. Once the d; are known, we proceed as in the proof
of Proposition 4.3. ]

Remark Note that an analogue of Lemma 6.1 also holds if v(¢) is any simple curve;
of course then the coefficients in the Puiseux series expansion of «y also play a role.

To draw a corollary from Lemma 6.1, we recall the following fact from (3,
Lemma 3.9].

Lemma 6.2 LetP € Clzy,...,z,] be homogeneous of degree m > 1 and assume that
P(#) =0 for = (0,...,0,1). Then thereis 1 < v < m such that

m
P(z',z,) = Zpk(z’)z;”_k, (z',z,) € ("1 x C,
k=v

for suitable polynomials py € Clz,...,z,—1], v < k < m, where py either vanishes
identically or is homogeneous of degree k and where p,, Z 0. Moreover, for the localiza-
tion Py of P at 6 we have

Py(z',z4) = pu(2").

Corollary 6.3  Under the hypotheses of Lemma 6.1, denote by f, the localization of f
at zero and by ( fo)g the localization of fy at 6. Then

Ty 4V = V((ﬁ))g) ford € 11,00 if p = 1andford € |d\,d[ if p > 1.

Proof In the notation of Lemma 6.1 we have fy = Q,,. From Lemma 6.2 we get for
P = Q,, that

Qu(z'z0) = > pu)Zl ™ =" pu (),
=0

k=v

where pym—p = p, Z 0. Hence we have a,, = m — v and (fy)g = p» = Pmm—0-
Therefore Lemma 6.1 implies that

T'y,dV - V(pkl,ukl) - V(pm,m—u) - V((ﬁ))Q)

for d as stated above. [ |
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Remark Corollary 6.3 shows that the localization of f, in 6 determines T, 4V for
1 < d < d,. Since such localizations have been used already in applications to partial
differential equations, the lemma shows that—at least implicitly—limit varieties have
already had a useful role to play in the literature.
Example 6.4 Define P € Clx, y,z] by

P(x,y,2) := y(&* — y*) + K*2* + y2° + 2"
and let V := V(P). Then

ToV = {(x,y,2) € C: y(x* — y*) = 0}

and 6 = (0,0, 1) is a singular point of Ty V. Let v denote the simple curve y: t — 6.
Then we have in the notation of Proposition 4.3

and the following limit varieties:

T,4V =ToV forde [1,2],

T,,V ={(x,5,2) € C:—y +(y+1)x* =0},
T,qV = {(x,y,2) € CC:x* =0}, forde€]2,4],
T,V ={(x,y,2) € C: x* + y = 0},

T,4V = {(x,y,2) € C:y =0}, forde€ ]4,5],
T,5V ={(x,y,2) € C: y+1 =0},

T,4V =2, ford>>5.

This follows recursively from Lemma 6.1.

Remark Note that by Example 6.4 the bound for p in Proposition 4.3 is sharp.
Example 6.5 Define P € C[x, y, z] by
P(x,y,2) = (2x* — y)(&* — y}) +xyZ2 + vzt + 2
and let V = V(P). Then
ToV = {(x,y,2) € C: 2x* — y*)(x* — y*) +xyz* = 0}

and § = (0,0, 1) isin ToV. Let v denote the simple curve y: t — t6. Then we have
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and the following limit varieties:
T,V =T,V —0,
T4V = {(x,y,2) € C:xy =0}, forde ]1,2],
T,,V ={(x,5,2) € C:(x+1)y =0},
TyaV ={(x,y,2) € C:y=0}, fordc]2,3],
T,;V ={(x,y,2) €C’: y+ 1 =0},
T,4sV =@, ford>3.
As in the previous example, this follows from Lemma 6.1.
Example 6.6 Define P € Clx, y,z] by
P(x,y,2) = y(x* —y*) —yZ’ +2°
and let V. = V(P). Then
_ 3,02 2y
oV ={(x,5,2) € C: y(x" — y*) = 0}
and 0 = (0,0, 1) is a singular point of TyV. Define y: t +— . Then we have
3
dy =1, d2:z7 ds =2
and the following limit varieties
T,aV =TV, forde [1,2],
_ 3. (2 12 _
T,:V={(x732ecC:yx -y —1) =0},
T’Y,dV:{(xayaz)e(Cs:y:O}’ fOl‘dG]%,Z[,
T,,V ={(x,y,2) € C: =y + 1 =0},
T%dV =g, ford>2.

These statements follow from Lemma 6.1 as in the previous examples. Note that the
limit variety T, 3,V has (1,0, ) and (—1,0, ), A € G, as singular points. Define
o:t > (t3/2,0,t) and let us check whether limit varieties T, 4V exist for d > 3/2.
To do so, expand

P(o(t)+ (x,5,2) = y((x+ /)2 = y?) +y(t+2)° + (t+2)°
(6.2) = y(x2 - yz) +20+ (52 = 3y22)t + 2xyt3/2

+(102° — 3yz)t? + 102%¢° + 5zt + 1.
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v
/\
A A A
PRIV
t = .02000,d = 3/2 t = .00200,d = 3/2 £ =.00002,d = 3/2
o

< C .

t =.02000,d = 7/4 t =.00200,d =7/4 t =.00002,d = 7/4

Figure 1: Intersection of V,, 4, with {z = 0} for V and o as in Example 6.6 and different values
of t and d. The thin line is the limit variety, the box indicates the area shown in the figure
below. The scaling on both axes may differ.

The relevant points for the Newton polygon are now (0, 3), (%, 2), and (0, 5). From
this it follows that at the values d = 3/2 and d = 7/4 the behavior of the limit
varieties T, 4V changes. It is easy to check that T, 5/, V' is obtained from T, 5,V by a
shift. Hence it does not give new information. From (6.2) and Corollary 3.17 we get
for all limit varieties along o

— 3. 2,2 —
TU7%V—{(x,y,z)€((Z .y((x+1) ¥ 1) —0},
T,aV ={(x,y,2) € C:2xy =0}, forde ]%,H,
T,:V ={(x,72) €C:2xy+1=0},

T,4V =9, ford> %.

In Figure 1, we show V,, 4, N (R? x {0}) for t = .02, 0.002, and .00002 and d = 1,
%, and 7 together with the corresponding limit variety. Furthermore, the figure for
the next d and the same t is indicated by a rectangle. For d = 1, the rectangle [—¢, t]?
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is shown, for d = % it is [—3t,t7] x [—t4,t9], and for d = % it is [—%td, %td]z. In
particular, squares do not plot as squares.
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