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1. Introduction

Let G be an ^-generator group and let g = (glt g2, • • •, gn) be an ordered
set of n elements which generate G, then g is called a generating n-vector of G.
Let FQ denote the set of all generating w-vectors of G.

If xlt x2, • • •, xn is a set of generators of the free group Fn of rank n
and if a is an automorphism of Fn such that

Xfix. = w^Xi, x2, • • •, xn) for i — 1, 2, • • •, n,

then the elements

g'i = « \ (&. St, •••,gn) for * = 1, 2, • • •, n

define a generating »-vector

9 ' = (g'i. g'z, • • - . S ' n ) -

In this way there is assigned to every automorphism <x of Fn a permutation
cne of FQ. If /? is an automorphism of G, then a permutation /Sc of FQ is
defined by

Let P be the group generated by all the permutations of FQ arising in this
way from automorphisms of Fn and automorphisms of G. The transitivity
sets of FQ under P are the T-systems of G. The number of J-systems of
generating M-vectors of a group G will be denoted by tn(G). A full discussion
of the significance of T-systems can be found in [1].

An abelian group which can be generated by n elements has one T-
system of generating w-vectors. In answer to the question — raised by
Gaschiitz — of whether finite nilpotent groups also have one J-system,
B. H. Neumann [2] constructed a finite 2-group which is nilpotent of class
10 and soluble of length 3 and has at least two T-systems of generating 2-
vectors. This example led Neumann to ask: "What is the least possible class
of a nilpotent group, or the least possible derived length of a soluble group,
with more than one J-system?". In this note the following theorem will
be proved which completely answers the above question.
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THEOREM 1. To every pair of integers n>\ and N > 0 and every prime p,
there exists a p-group which is nilpotent of class 2 and has at least N T-systems
of generating n-vectors.

The method devised for proving this theorem does not in general give the
exact number of T-systems of a group. In particular the method does not
distinguish between the T-systems of some groups for which the Higman
criterion does (e.g. Neumann's example in [2]).

In § 2 a lower bound for the number of T-systems of a certain type of
group is established by showing that each T-system of such a group can be
mapped into a set of transitivity of a certain abelian group under a subgroup
of its right regular representation. In § 3, Theorem 1 is proved by calculating
this lower bound for some class 2 groups.

The work for this note was carried out while I was receiving generous
financial help from the Australian National University in the form of a
Research Scholarship.

I thank Professor B. H. Neumann F. R. S. for suggesting this topic. I am
greatly indebted to Dr. M. F. Newman who supervised my researches.

2. T*-systems

The verbal subgroup of a group G generated by all the commutators and
all the &-th powers (k a positive integer) of elements of G will be written
Vk(G) or, where there is little likelihood of confusion, simply Vk or even V.

For positive integers k, n a group G is said to be a (k, n)-group if

(a) G can be generated by n elements
and

(b) GjVk is the direct product of n cyclic subgroups of order k.

The integers 0, 1, • • •, k — 1 with operations addition modulo k and
multiplication modulo k form a ring which will be denoted Rk. The set of
n X n matrices with elements in Rk also form a ring which will be denoted
i?J. The determinant of an element A of Rk which is an element of Rk

will be denoted det A. The elements of Rk which are coprime to k form a
group Ak under multiplication modulo k. The set of n x n matrices of R'k'
with determinants in Ak also form a group (see, for example, [3], Theorem
37, p. 185) which will be denoted A\.

In the remainder of this section G will denote a finite (k, w)-group,
hu h2, • • •, hn will denote a fixed basis of GjVk and 0 will denote the mapping
of the automorphism group of GjVk into i?£ defined as follows:

If r is an automorphism of GjVk and

A . r = hl"hT
2<> • • • hT

n" {i = 1, 2 , • • •, n)

where 0 g rit < k(i, j = 1, 2, • • -, n), then
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T0 = (T,,).

I f 8 = (gi» &> * *#. gn)
 i s a generating ^-vector of G, then %V = (gxF,

S2V, • • •, gHV) is a generating w-vector of GjV. Thus there is a unique
automorphism y of GjV such that

(1) *«y = g«^ (*= 1,2, • • • , « ) ;

hence a mapping Z> of F% into i?* is defined by

D(q) = det(y0).

LEMMA 1. The image of FQ under D is Ak.

PROOF. It is easy to see that if r, a are automorphisms of GjV, then

(2) (ra)d = (re)(ad) .

Since the identity automorphism of GjV maps onto the identity matrix of
R% under 0, it follows that every matrix belonging to the image set of 6 has
an inverse in Rk. Therefore (see [3], Theorem 37, p. 185) the image set of 0
is contained in A\ and consequently the image set of D is contained in Ak.
Since ([4], Satz 1) there is, for each A in Ak, a generating n-vector g of G
such that QV = (hx, h2, • • -, h^, hi), the image set of D is Ak itself.

LEMMA 2. There is a mapping DF of the automorphism group A(Fn)
of the free group of rank n into the right regular representation R[Ak) of Ak

such that D(Q)Df,(a) = £>(gaG) for all g e FQ and all a.eA (Fn), where ac

is the induced permutation of FQ defined in § 1. The range of DF consists of
two elements: the identity and the element which maps every element to its
negative.

PROOF. Let xx, x2, • • •, zn be a set of generators of Fn and let a be an
arbitrary automorphism of Fn such that

Xi<x = Wjfe, x2, • • •, xn) for i = 1, 2, • • •, n,

then there is a unique automorphism <xr of GjV such that

A,a r = wt(hlth%, ••-, hn) for * = 1, 2, • • • , « .
Moreover

h i x v y = w i ( g 1 V , g 2 V , • • • , g n V ) f o r * = 1 , 2 , • • - , »

where y is the automorphism of GjV as defined in (1). Now,

where
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Therefore

and

So, by (2),

Let DF(a.) be the element of R[Ak) corresponding to det (aF0); the first
part of the lemma follows.

It is easy to see that DF is a homomorphism. In order to prove the
second part of the lemma it is only necessary, therefore, to consider a set of
generators of A(Fn). The four automorphisms fi, v, jt, p defined by:

QxaV = (h^y, h2x
vy, • • •, hntx.ry)

Z)(B«o)=det((«'py)fl).

) = D(q)det(«?0).

*1 P^ — *̂ 2 *

xxv = xlt xnv = xz,
— 1

xiP = = ^ i> ^ Z 3 = =

= xt

= xi

(* = 3 , • • - , » » ) ;

(•• = 3 , . . . , » ) ;

** /> = * < (* = 3 , • • - , « ) ,

form a generating set of A (Fn) (see [1], § 6).
Hence

vve n-2 I '

(Here — 1 represents the negative of 1 in the ring Rk, and/B_2 the identity
matrix of i?J~2).

Hence
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det(pr0) = - 1 ;
det(vr0) = 1 if n is even,

= —1 if n is odd;

d&t{nv$) = - 1 ;

det(pF0) = 1.

The result follows immediately.

LEMMA 3. There is a mapping DG of the automorphism group A (G) of G
into R(Ak) such that

for all g 6 FG and all 0eA(G), where flG is the induced permutation of rG

defined in § 1.

PROOF. Since V is a characteristic subgroup of G an automorphism /J of G
induces an automorphism f}v of GjV given by

gV{F = gfiV

for all g e G. Now,

where y is the automorphism of GjV as defined in (1). So

Let DG(/?) be the element of R(Ak) corresponding to det ifiv0); the lemma
follows.

Let Pk denote the subgroup of R(Ah) generated by all the DF (a) and
DB(P) arising in the above manner from automorphisms of Fn and G
respectively. The transitivity sets of At under Pk will be called the Tk-
systems of G, and tnk(G) will denote the number of J^-systems of G.

Clearly T-systems map into T^-systems under D and so a lower bound is
obtained for the number tn{G) of T-systems of generating n-vectors of G.

THEOREM 2. / / G is a finite (k, n)-group, then

t.(G) ^ <B>i(G).

Inequality can hold here, as has been indicated in the introduction.
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3. Examples

In this section -p denotes a prime and n, r are integers such that n > 1,
r > 0; let q = pr.

Let Aa>n be the abelian group generated by a2, • • •, an with the relations
a? = < (* = 2, • • • , » — 1) and a° = e; i.e.

Au,n = g p K , * * ' , an\[au a,] = e(i, j = 2, • • •, »),

af- 1 1 = «f—'(,- = 2, • - . , » - 1), a f ~2 = e}.

(Here and below « denotes the identity element, and [x, y] denotes the
commutator x~xy~xxy). Since

(al+^'-y*"-1' = af"1' (i = 2, • • -, n - 1)
and

(fln )* = a n (i = 2, • • •, W — 1),

there is a unique automorphism tp of J4OJB such that

The order of ^ is q". Let B 8 n be the splitting extension of Alhn by a cyclic
group of order q3"-1 generated by an element b which induces y in^4ajn; i.e.

B<t,n = &P{«2. ••• .«».*! relations of AQ>n,
b^Ufb = aj+88""11 (t = 2, • • •, n), b"'"'1 = e).

The elements b'" and a'31""11 are in the centre of B^n, so that af^'h"1'"''
is self-conjugate in Bsn. Let G,)7l be the group Bv>J{af'n'1'b~'^n *}.

Thus

G9n = gp{«2> " ' "» an< 1̂ relations of AQn;

b-^afi = aj"1"8*" u (t = 2, • • •, «), 6"3" * = <3'" " } .

Clearly G,_n is nilpotent of class 2, so every element can be written uniquely
in the form

Let /3 be an automorphism of Gqn and let

0 g aH < 2 2 "- 1 ' , 0 ^ <5( < q3"-*, 0 ^ e,. < ?
n (t, / = 2, • • - , « ) ,

0 ^ a4 < ?
2«-i>, 0 ^ 5 < f - 2 , 0 ^ e < ?" (» = 2, • • • , » ) .
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Since (a,/?)0*""11 belongs to the derived group, it follows that ?2<>-(> divides
a,,- if j > *', and (fn-%i divides <54 for every i. Now Gqn is a (q, «)-group and, if
a-%Vq, • • •, anVa, bVq is chosen as the basis for reference of GQiJVq, then

det(/Sr0) = < $ ] ! > „ (mod?).
t-2

The «t/?'s and bfi must satisfy the same relations as the a,'s and b. In
particular

(3) [aj, bfi = (ajf-"' for i = 2, • • -, n

and

Now,

[«,./?, bfl = n i",. br"'-1"'

and
n
2 (i%<5 — (^a,)?'"- '1 = a^^'"""" (mod q<n-'+l>).

i-2
Also

where a e « * " ' ' } . It follows from (3) that

ocM<5 = ann (mod ?) for t = 2, • • •, n.
Similarly

d = ann (mod y)
follows from (4). Hence

a,,- = 6 (mod y) for i = 2, • • •, n

= 1 (mod y).
Therefore

det (/3F6) = 1.

Thus, for Gvn, the group Pg consists of just two elements, namely the identity
and the element which maps every element to its negative. But At has order
(p — l)pr~l, so

tnq{Gqn) = max(l, \{p — I)/)1""1).

Theorem 1 then follows from Theorem 2.
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