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INVARIANCE THEOREMS FOR FIRST PASSAGE TIME 
RANDOM VARIABLES 

BY 

A. K. BASU 

1. Introduction and summary. Let Xl9 X2,... be i.i.d. r.v. with EX=[JL>0, and 
E(X-n)2 = a2<oo. 

Let Sk=X1-\ \-Xk and vx=max{k:Sk<x}, x>0 and vx=0 if Xx>x. 
Billingsley [1] proved if X1 >0 then 

converges weakly to the Wiener measure W. 
Let Tx(a>)=int{k> 1 | Sk>x}. In §2 we prove that 

converges weakly to the Wiener measure when the X's may not necessarily be 
nonnegative. Also we indicate that this result can be extended to the nonidentical 
case. 

In §3 we prove that certain first passage time random variables of partial sums 
of i.i.d. r.v. with mean zero (or with positive mean) and finite variance tend to 
corresponding first passage time r.v. of Brownian motion (or with positive drift). 

2. THEOREM 1. Let Xl9X2,... be LU. r.v. with co>EX=n>0, E(X-fi)2 

= a2<oo. Let Sk = X± + X2+ • • • +Xk. Let 

(1) 

Define 

(2) 

Then Zn -
9 

n = 

" W9 the Wiener 

= inf {k > 1 

Zn(t, a>) = 

measure. 

\sk 

Gfl~ 

> t},t> 

-(nt/fi) 

•3l2Vn 

0 

Proof. Without loss of generality we shall assume n> 1. 
We first show that 

(3) sup 
oztzi n 

p 
—>0 as«->oo. 

rtn = inf (k:Sk> tn) for k> 1, a fixed t (0< t< 1) and n & positive integer tending 
to co. Since the Xk are not necessarily positive, Sk may or may not be greater than 
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Sfc_i but rtn is a step-function with integer-valued jumps at certain values of tn 
depending on the observed w (i.e. on the observed set of values Xl9 X2,.. .)• For 
any given co, SZtn>tn but STtn-x<tn. 

The law of large numbers gives (ju,—€)n<Sn<Qi + €)n for any e(0<€</x) and 
for sufficiently large n. Therefore 

and 

that is 

(4) 

tn < SHn < (fi + €)rtn 

tn > S^ .x > (v-€)(Ttn-\\ 

_ ^ < 1ï* < + _ for t > Oand«->oo. 
/z-fe n jjL — e n 

From (4) it follows that rtn/n -> t/fi a.e. as n ->oo. Since Tin is everywhere left-
p 

continuous \rtn/n — t/fJL\ —>0 as w->oo for any fixed t>0. If /=0 , T0 will be a 
positive integer m ( > 1 if some negative X{ precedes the first positive value), but 
since E(Xt)> 1, the probability of large m is vanishingly small, and in any case 
E(m) <oo. Then 

sup 
O r S t r S l 

n \i 
0. 

Define 

Let u(t) = t/iM, then 

Un(t) = rtn/n if rfn < to, 

= t/fi otherwise. 

sup \U%(t)-u(t)\ < sup 
n IJL\ 

0 as«->oo, 

so Un converges in probability in the sense of Skorohod topology to n(t) of 
C[0,1], since C[0,1] is a subspace of D[0,1], with relative topology. 

Let 
1 intl 

Xn(t) = -7= I « - /* ) . 

Therefore by Donsker's theorem [1], 

Xn^->W, so XnoUn-^>WoU. 

1 *n* 

Define 

Yn(t) = 
aVn i = i 2 (*,-**). 

Then by the definition of rtn 

a\n 
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With our definition of Un, 

Yn = XnoUn iïrnln< 1. 

Since m a x ^ d ^ l / V W ) —> 0, it follows that 

s u ç l ^ J / a V w — > 0 . 

LetZ*(0 = (nt-iiTnt)/oVn, then 

Z * — > W o U . 

Therefore 

fill2Z* —> W (by scaling property of W). 

Therefore Zn —> W. Hence the theorem. Q.E.D. 

Let M(x) = max (k \ Sk<x), then 

M(x)+l = TX. 

COROLLARY (Heyde [2]). Let Xl9 X2,... be i.i.d. r.v. with EX=fx>0, var (X) 
= <72<oo. Then 

Sipr
 {TIVT^1 < 4=(2ilp Lexp (- I/2M2) du-

REMARK. Let Xl9 X2,... be independent r.v. with EXi=n>$ and ^ I j - r f 2 

= a2 <oo for all i and suppose that {1^} obey Lindberg's condition ; then Zn —> W. 
By the classical Kolmogorov's strong law for independent random variables, 

SJn -> p a.e. 
By Prohorov's functional central limit theorem [3], 

Xn(t)-^>W. 

So, as before, rtn/n -> f//x a.e. as n ->oo. 
Lindberg's condition implies 

Wmax|-^U«WÛ{^U«}) 

Therefore 

max *-}k —> 0. 
i^n Vn 

3. Let 77=77a=inf ( />0 | W(t)>a)9 a>0 where J^(/) is the standard Brownian 
motion. 
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Let ra = inf {k> 1 | Sk>a} where Sk = X1-{ YXk and {Xk} are independent 
random variables with EXk = 0, and {Xk} satisfies Lindberg's condition. For 
simplicity let us assume EXk = l. 

THEOREM 2. ra^jn converges in distribution to 77. 

,_ 2 
Proof. By Prohorov's theorem [3], Sim/Vn —> W, the Wiener measure, and 

also supo * t* T (SinjVn) = max* ̂  [nT] (Si/Vlt) converges in distribution to 

s u p o ^ r W(i). 
It is well known that 

P(, > T) = P(0supr Wif) < a) - - ^ J V «*** 

e-x2'2dx 

Now 

PI max —7= < a) = P ( max £* < aVn) 
\i£lnTl y n I \t£[nT] / 

= P(ra^ > [nT]) 

Therefore P[(ra^/n)>T]^^P(rj>T) as n->co if T is a continuity point of the 
distribution of 77. 

Now let Z l 5 X2,... be i.i.d. r.v. with EX= S > 0 and JSA? = 1. 
Let A be a fixed continuous function on [0, T]. 
Define 

Fh\J] = inf [t > 0 | / ( 0 > /*(/)] if this exists, 

= T otherwise. 

L e t / ( * - ) = limsn/Cs) for each t e (0, T] a n d / ( 0 - ) be/(0). Then define 

Fhlf] = inf [f > 0 | / ( * - ) > h(t)] if this exists, 

= T otherwise. 

LEMMA. The functional Fh[.] is continuous in Jx-topology of Skorohod [3] at 
every feD[0, T] for which (i) Fh[f] = T or f(tn)>h(tn) for a sequence of points 
tn lFn[f]and(n)Fh[f] = Fh-[fl 

Proof. Let fn - > / in /i-topology and let An be a sequence of homomorphisms 
of [0, T] onto itself such that A(0) = 0, \(T) = T. 

Let pn = Fh(fn), and assume that some subsequence (pnk) of (pn) tends to p0. Then 
fn(pn)>h(pn) for each Pn9 and hence Hmk^œfnk(pnk)>h(po). 

But l i m ^ |/n(pn)-/(An(Pn))|=0. Therefore ]imk^œf(Xnk(pnk))>h(Po). Since 

limfc-,00 Kk(pnk) = Po> it follows that either f(pQ)>h(p0) or f(pô)>Kpo)> so that 
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Po^Fh[f]. Suppose Po>Fh[f]. Then there exists Fh(f)<p%<Po such that f(p%) 
> h(Pt). If 0 < € < (Po - Pt)l2, then 

US \f„k(pt+e)-f(pt + e)\ = US \fnM + e)-AKtô + <0)\ 
k-xx) k-*oo 

+ ÎÎ5 \f(Kk(pt + e))-f(pï + e)\ 

= Dm |/(An ,(p^+e))-/(Po*+c)| 

k-*oo 

< | /(p? + € ) - ) - / ( p J + €)|. 
By the right continuity off at />*, we can choose e so small that/nfc(/>£ + e) > /2(yo J + e) 
for /: sufficiently large. This means p0<p% + e which is a contradiction (since e>0 
is arbitrary). Therefore p0=Fh(f) and hence Fh is continuous a t / . Q.E.D. 

Suppose S>0 and W i = W ( 0 ; ^ 0 , 1^(0)=0}, be a Wiener process with drift 
8 per unit time. 

Let 
7jô(a) = M{t > 0 | Wô(t) > a}, a > 0, 5 > 0 

= inf{* > 0 | W(t) > a-ht}. 

Let Xl9 X29... be i.i.d. r.v. with £ X = S > 0 , £ (Z-8) 2 <oo. 
Let T*=inf {k>\ \ Sk>x}. 

THEOREM 3. ra>/n+kô/n converges in distribution to rjô(à)9 whose probability density 
is given by 

Pnô(T) = (inTsy^expi-ia-STf/lT). 

Proof. Consider W{t) as a random element of D[0, T] with its extended measure 
as its distribution. 

Let h(t)=a—8t. Then W and h satisfy the conditions of our lemma. 
Now again, by Donsker's theorem [1], 

1 [ni] Q, 

Then by Skorohod's theorem [1] if F is any real-valued functional on D[0, T] 
which is /i-continuous, the distribution of F[fn(., œ)] converges to the distribution 
of F[W(.,t)). 

It is easy to see 

F[fn(., «)] « -inf{Ar > 1 | Sk > aVit+kS} = Zs^±M. 

ACKNOWLEDGEMENT. Appreciation is extended to National Research Council of Canada for 
financial support of this work. Thanks to the referee for improvement of this paper. 

https://doi.org/10.4153/CMB-1972-031-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1972-031-9


176 A. K. BASU 

REFERENCES 

1. P. Billingsley, Convergence of probability measures, Wiley, New York, 1968. 
2. C. C. Heyde, Asymptotic renewal results for a natural generalisation of classical renewal 

theory, J. Roy. Statist. Soc. Series B, 29 (1967), 141-150. 
3. K. R. Parthasarathy, Probability measures on metric spaces, Academic Press, New York, 

1967. 

LAURENTIAN UNIVERSITY, 

SUDBURY, ONTARIO 

https://doi.org/10.4153/CMB-1972-031-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1972-031-9

