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THE NORM OF A REE GROUP

TOM DE MEDTS axp RICHARD M. WEISS

Abstract. We give an explicit construction of the Ree groups of type G2 as
groups acting on mixed Moufang hexagons together with detailed proofs of the
basic properties of these groups contained in the two fundamental papers of
Tits on this subject (see [7] and [8]). We also give a short proof that the norm
of a Ree group is anisotropic.

81. Introduction

The finite Ree groups of type G2 were introduced by Ree in [5]. In [8],
Tits showed how to construct these groups over an arbitrary field K of
characteristic 3 having an endomorphism whose square is the Frobenius
endomorphism of K. His result can be summarized as follows.

THEOREM 1.1. Let K be a field of characteristic 3, and suppose that K
has an endomorphism 6 such that

for all x € K. Let U denote the set K x K x K endowed with the multipli-
cation

(1.2)  (a,b,c)-(x,y,2)=(a+z,b+y~+az’ c+2z+ay —bx — ax®),

and let

(1.3) H={h|te K},

where for each t € K*, hy is the map from U to itself given by the formula
(a,b,¢)" = (ta,t?+1b,19+%¢).

Let

(14) N(a,b, C) — —CLCQ + ac9+1b6' o a9+3b . a2b2 +b9+1 —I—C2 . a26’+4
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16 TOM DE MEDTS AND RICHARD M. WEISS

for all (a,b,c) € U, and let X denote the disjoint union of U and a symbol
00. Then the following hold.

(i) U is a group with identity (0,0,0) (which we denote by 0) and
mverses given by

(CL, bv C)_l = (—(Z, —b + CLG—H, _C)a

and H is a group of automorphisms of U.

(ii) The map N is anisotropic. This is to say, N(a,b,c) =0 if and only
if (a,b,c)=0.

(iii) Let w be the map from X to itself that interchanges oo and 0 and
maps an arbitrary element (a,b,c) of U* to

(1.5) (—v/w, —u/w,—c/w),

where v = a’b? — & + ab® + be — a3, u=a?b — ac+ b — a3, and w =
N(a,b,c). Let U be identified with the permutation group of X that fixes
oo and acts on X\{oo} by right multiplication. Let H be identified with
the permutation group of X that fizes oo and acts on X\{oo} by the for-
mula (1.3) (and thus fizes also 0). Let K1 be the subgroup of K* generated
by {N(a,b,c) | (a,b,c) € U*}, and let

(1.6) H'={h|tc K} C H.

Then w is a permutation of X of order 2, and the subgroup G of Sym(X)
generated by U and w has the following properties.

(I) G is a 2-transitive permutation group on X.
(I) U is a normal subgroup of the stabilizer G and Goo = UHT.
(III) G = (U,U%).
(IV) H normalizes G.
(V) w inverts every element of H.
I

(VI) If |[K| >3, then G is simple.

Tits’s proof of Theorem 1.1 in [8] is based on the standard embedding
of the split Moufang hexagon in six-dimensional projective space (see also
[10, Section 7.7]). The purpose of this note is to give an alternative proof
of Theorem 1.1 in which we construct the set X inside the mixed hexagon
defined over the pair (K, K?), which we construct directly without reference
to projective space.
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Our motivation is threefold. First, since the Ree groups of type G2 con-
tinue to be the center of lively interest (see especially [2]), we want to give
a proof of Theorem 1.1 in which many of the details left to the reader in
[8] are filled in. We also want to provide independent confirmation of the
accuracy of the formulas occurring in Theorem 1.1. (In fact, in [8] a 6 is
missing in the second term in the definition of the norm, and a minus sign
is missing in front of the whole expression on page 12, where 6 is called o
and the norm N is called w.) Second, we want to examine the fact that
the map N, which we call the norm of G, is anisotropic. As in [8], this
fact emerges “geometrically” in the course of our proof of Theorem 1.1; in
Section 6, we give a short algebraic proof. Third, we hope that the method
we use to prove Theorem 1.1 can serve as a model for other calculations in
Moufang polygons and in more general types of buildings.

If |K| =3, then the endomorphism @ is trivial and the group G is not
simple; in fact, it is isomorphic to Aut(L2(8)) in this case and thus has a
normal subgroup of index 3 (which is simple).

If K is finite, then H' = H and thus H C G (by [5, (8.4)]). It is not true in
general, however, that H = HT. We say a few words about this in Section 7.
(For another approach to the finite Ree groups, see [4].)

We mention that there are also Ree groups of type Fj. The canonical
reference for these groups is [7].

We would also like to bring the reader’s attention to Remark 3.11 below.

§2. The hexagon of mixed type

Let K be a field of characteristic 3, and let # be a square root of the
Frobenius endomorphism of K. We now begin our proof of Theorem 1.1
by constructing the mixed hexagon associated with the pair (K,0). (See [9,
(16.20) and (41.20)] for the definition of a mixed hexagon.) Let Uy, Us, ..., Us
be six groups isomorphic to the additive group of K, and for each i € [1,6],
let x; be an isomorphism from K to U;. Let Uy be the group generated by
the groups Uy, Us,...,Us subject to the commutator relations

(2.1) [z2(s), x6(t)] = z4(st), and

[21(5), 26(t)] = z2(—s"t)x3(—5%t?) 4 (st 25 (5t%)
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for all s,t € K and [U;,U;] =1 for all other pairs 4, j such that 1 <i < j <6.
(We are using the convention that [a,b] = a~'b~1ab= (b=1)%.) By Propo-
sitions 2.2 and 2.5 below and [9, (5.6)], every element of U, can be written
uniquely as an element in the product U1Us - - - Ug. It is easily checked that
there is an automorphism p of U, interchanging z;(t) and x7_;(t) for all
i €[1,6] and all t € K. We will see below that the group U in Theorem 1.1
is the centralizer of p in U,.

Let U;; denote the subgroup U;U;11---U; of Uy for all 4,5 such that
1<i<j<6 (so that U;; = U; for each 7). For each ¢ € [1,5], let W; denote
the set of right cosets in U of Uj g—;. For each i € [6,10], let W; denote
the set of right cosets in Uy of Uia—;6. Let W be the disjoint union of
Wi, Wa, ..., Wi together with two symbols e and x. For each i € [1,9], let
E; be the set of pairs {x,y} such that x € W;, y € W;;1 and the intersection
of x and y is nonempty. Let E be the set of (unordered) 2-element subsets of
W consisting of {e,x}, {e, 2z} for all x € Wy, {x,y} for all y € Wi together
with all the pairs in F4 U Eo U--- U Ey. Finally, let T" be the graph with
vertex set W and edge set E.

{UiglgeUs}=Ws We ={Usg|ge Ut}
{U129]geUs} =W,y Wr={UssglgecUs}
{Urzglge Uyt =Ws Ws={Useg|g€Us}
{Uraglge Uit =Wa Wo={Useg|geUs}
{Ui59lgeUs} =W Wio={Us69|g €Uy}

[ ) *

Figure 1: The graph I’

PROPOSITION 2.2. The graph T" is the Moufang hexagon associated with
the hexagonal system (K/K%)° as defined in [9, (15.20) and (16.8)].

Proof. Let U+ and Uy, ..,Us be the groups obtained by setting F = K,
J=K, T(a,b) =0, a” =a?, N(a)=a? and a x b= 2ab for all a,b € K
in [9, (16.8)]. By [9, (8.13)], the maps z;(s) — x;(s?) for i =2, 4, and 6;
x;(8) — zi(—s) for i = 3 and 5; and x1(s) — z1(s) extend to an isomorphism
¥ from Uy to Uy mapping U; to U; for all i € [1,6]. The graph I' is precisely
the graph called G(U,Us,...,Us) in [9, (8.1)] and the Moufang hexagon
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associated with the hexagonal system (K/K?)° is G(U,,Uy,...,Us) (see [9,
Chapter 16, page 163]). Hence, the isomorphism % induces an isomorphism
from I' to this Moufang hexagon. 0

NOTATION 2.3. Let D = Aut(I'), and let D' denote the subgroup of D
generated by all the root groups of I'.

From now on, we will write U;; in place of U; ;. The group Uy acts
faithfully by right multiplication on the elements of

Wiu--- U Wiy

and maps the set E of edges of I' to itself. This allows us to identify U
with a subgroup of the stabilizer D, , (which we continue to denote by Uy.).
Just to fix notation, we observe, for example, that

(2.4) U = Upsa 1),

where the cosets Ujs and Ujsxg(t) are vertices in the set W and the expres-
sion on the left means the image of the vertex Uys under the action of the
element xg(t) € Uy

ProprosiTION 2.5. The groups Uy,Us,...,Us are the root groups of I’
corresponding to the six roots of ¥ that contain the edge {®,x}.

Proof. This holds by [9, (8.2)]. U

We mention that by [9, (35.13) and (36.1)], the extension K/K? is an
invariant of the quadrangle I', from which it follows that I" is a split Moufang
hexagon if and only if the field K is perfect.

83. The automorphisms m; and mg

Let ¥ denote the apartment of I" spanned by the vertices o, x, Uy 6—; € W;
for all i € [1,5] and Uya—;6 € W; for all i € [6,10]. Let

my :p(xl(l)) and mGZM($6(1))7

where the map p is defined (with respect to the apartment ¥) as in [9,
(6.1)]. Both of these elements are contained in the group D', and both
induce reflections on ¥; m; induces the reflection fixing x and Uy, and mg
induces the reflection fixing e and Ug. By [9, (32.12)], we have

xe(t)™ = xa(t) and x5(t)™ = x3(t)
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and
x1(t)™ = x5(—t) and xo(t)™6 = x4 (t)

for all t € K. Thus the action of m; on the vertices in W is given by
(3.1) (Ursme(t))™ = Ure®@m — g () — ey (¢)

(see (2.4) above), and the action of mg on the vertices in Wig is given by
(3.2) (Ussm ()™ = Uga e — ggee™ 1) — 17y g5 (—1)

for all t € K. Similarly, we have

(3.3) (Uraws(t))™ = Usss(t)
and

(3.4) (Usaa(t))™ = Urzaa(t)
forallt € K.

PROPOSITION 3.5. The maps mi and mg are as in Tables 1 and 2. (For
use in Section 4, we have also recorded the product mimg in Table 3.)

Proof. Let & denote the permutation of W given in Table 1. We claim
that & maps edges to edges and is thus an automorphism of I'. To begin, we
choose an edge e containing one vertex in W5 and one vertex in Wg. Thus
e ={Uyg,Usg} for some

g=m1(8)z2(t)z3(r)zs(w)2s(v)26(W) € Ut

We have
Urg = Urza(t)x3(r)zs(u)zs(v)ws(w),

and hence
(U19)* = Urza(w)as(v)z(u + wt)zs(—r)z6(—t).
By (2.1), we have

Usg = Usz1(s)xa(t)xs(r)xzs(u)zs(v)ae(w)
= Ug1(8) - wg(w)xa(t) - w3(r)xs(u + wt)xs(v)
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Table 1: The action of mq on I

* = %

Usx1(s)xa(t)zs(r)zs(u)xs(v) — Urgxs(v)xg(u)xs(—r)ze(—t)

w5 Ugr (—s™ Haa(—s ) w3(v + s72t%)

~xg(u — s*9t2)x5(s*1t9 —r)
Usez1 (8) 22 (t) s (r)za(w) £=3 Uy za(w)zs(—1)z6(—1)

it Us1(—s ™ HDaa(—s ) a3 (—s™1r — s72t%)

~xg(u— S*Otz)
Ussr (8)za(t)zs(r) E=2 Upgas(—r)z6(—t)
it Ussr1(—s ao(—s ) z3(—s1r — s72t7)

U36331 (S)(L’Q (t) 'Sio> U15336(—t)

s#£0 — _
PiUg(jfL‘l(—S Dag(—s7%)

U26$1(S) Isio> [ ]

i Use1(—s~")

https://doi.org/10.1215/00277630-2010-002 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2010-002

22

Table 2: The action of mg on I'

TOM DE MEDTS AND RICHARD M. WEISS

*i—>U15
or— @

U15x6(w) 'w_=(>) *

i Ursze(—

Urazs(v)ze(w) e Usx1(—

v Urazs(—

U13x4(u)x5 (’U)JIG(U)) 1'U—>:0 Ugaxl (—

i Urzza(—

w )

v)
vw)ag(—w ™)
v)a(—u)

Vw? —w ) as (—ow™?)

ca(—w )

Urows(r)xs(u)zs(v)ze(w) t User1(—

w#0
'i> Ulgafg(T' — U

v)w2(—

2

u)w3(r)

w—G)x4(_ 0, —2 -1 )

vw —w u

. x5(—vw_0)$6(—w_1)

U1:L‘2 (t)

w'_>7£0 leg (’U

23 (r)za(w)ws (v) e (w) “=3 Ussarr (—

v)w2(—

1

u)xs(r)z4a(t)

2

wl —u—tw)zs(r —v?w ™)

—wlu)zs(—ow™?)

w)xs(r — sv)zya(t)zs(s)

(t)z5(s)

-y (—0Pw?
cxg(—wt)
Usx1(s)xa(t)zs(r)zs(u)xs(v) — Usxi(—v)ze(—
Usex1(s)za(t)zs(r)za(u) — Urze(—u)zs(r)zy
U461}1( ) ( )xg(’l“ »—>U12x3(r)x4(t)x5

)

)
Usgx1(s)r2(t) — Urzwa(t)rs(s)

(s)

U26$1 S)— U14.%'5(8>

(s)
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Table 3: The action of mimg on I

* = Uty
o— Uy
U15l‘6(t) — U13$4(t)
U14$U5( ) 6(t)i—>U12I3(8)$4(t)
Urszya(r)zs(s)ze(t) — Urze(—1)xs(s)z4(t)
Urgas(u)wa(r)as(s)we(t) — Uszr(u)wa(—r)zs(s)za(t)
Ura(v)as (u)za(r)ws(s)ze(t) *= Usewr (u)ra(—r)as(s)aa(t)
e Urza(ufv™t — r)zs(s +u?v™9)

czg(ulv? o + s (—uv )z (v

Usar ()2 (£)23 ()4 ()5 (v) S Usgarr (1) (—u)as(v)

0,t#0
O g (0 + 720 aa (042 4 £ )

x5(—rt*9)a;6(t*1)

29 Usz1(r — s 1) ao(s70% — u)
cxg(v— s A — sy (—s ) a5 (—s7h)

Uss1(5) 2 ()3 (r)za (1) =S Usgarr (r)as(—u)

=0,t40 _ _ _ _
»iUlgm(ret 2t oy (—rt ) ae(t7h)

e Urzo(—u+ s~ 02)zs(—sr — s7247)
. 954(—8_0t)$5(—8_1)
s=0,t=0
U46{E1(S)$2(t)$3(7") [ UQGl‘l(T)

— U14{L'5(—7't79)$6 (til)

P75 Urgaes(—s e — 5720 2y (—s )5 (—s71)

(continued)
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Table 3: (continued)

=0,t=0
Ugﬁl’l(s)xg(t) IL *

s=0,t#0 _
| E— U15ZE6 (t 1 )

s#0 —_ _
'iU13x4(—8 9t)1‘5(—8 1)
Usgar () =2

i Upgzs(—s~1)

= Usx1(s) - 22(t — s"w)z3(r — s?w?)
cz4(u+ wt + s"w?)zs(v + sw?).

If s =0, then

(Usg)* = (Usza(t)z3(r)ma(u + w’f)%(v))g

= Urpzs(v)za(u + wt)zs(—r)ze(—t),
and thus (U19)¢ C (Usg)$. Suppose, instead, that s # 0, and let
Jg= ml(—sfl)xg (w)zg(v)xg(u+ wt)xs(—r)ze(—1).
Note that § € (U1g)$. By (2.1) again, we have

Usg = Usz1(—s~") - w(—t)za(w) - 23(v)za(u)as(—r)

=Usz1(—s 1) - zo(w — s ) z3(v + s 2t zy(u — s %) x5 (—r + s 1.
Therefore, (Usg)¢ = Usg by Table 1 and a bit of calculation. Thus
g€ (U19)* N (Usg)*.
We conclude that ef = {(U1g)¢, (Usg)¢} is an edge of T' whether s =0 or

not. It is now an easy task to check in a similar fashion that & maps all the
remaining edges to edges; we leave this to the reader.
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Next we observe that the automorphism £ induces the same reflection of
the apartment X as does mq, and it agrees with m; on the set of neighbors
of e and on the set of neighbors of Ujs by (3.1) and (3.3). By [9, (3.7)],
it follows that £ =m;. (In fact, Table 1 was created by starting with the
action of m1 on X, the set of neighbors of e, and the set of neighbors of U1y
and working backward.) By (3.2), (3.4), and a similar argument, the claim
holds for mg. U

Now let p be the automorphism of U} mentioned above. Thus
(36) $i(t)p - :L’7,i(t)

for all i € [1,6] and all t € K. By [9, (7.5)], there exists a unique automor-
phism of I' that maps the apartment X to itself, interchanges e and %, and
induces p on U;. We denote this automorphism of I' also by p. Thus, in
particular, U} = U and Ué) =U;.

From now on, we set

(3.7) w = (mymg)>.

PROPOSITION 3.8. The automorphisms p and w commute with each other,
and both have order 2.

Proof. Since p has order 2 as an automorphism of Uy, it also has order 2
as an automorphism of I'. By [9, (6.9)], w = (mgm1)?, and by [9, (6.2)],
m{ =mg and mf§ =m;. Thus w” = (mgm1)3 = w. Let d=m? and e =m2 (so
that [mq,d] = [mg,e] =1). Then d and e both act trivially on the apartment
¥, and by [9, (29.12)], d centralizes U; and U, and inverts every element
of U; for all other i € [1,6] and e centralizes Us and Us and inverts every
element of U; for all other i € [1,6]. By [9, (6.7)], d and e are elements
of order 2 (so m;! =dm; and mg' = emg), and their product (in either
order) is the unique element of D acting trivially on ¥ that centralizes
Uz and Us and inverts every element of U; for all other i € [1,6]. Since
U™ =Us_; for all i € [2,6] and U"® = Us_; for all i € [1,5], both €™ and
d™s centralize Uy and Us and invert every element of U; for all other i € [1, 6].
Thus €™ =ed =d™s. It follows by repeated use of these relations that

3

1)3 = (dm; - em6)3 = (m1me)°,

-1 -
(mq mg

and hence w™! = (mgmy) ™3 = w. 0
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PRrROPOSITION 3.9. Let ¢ be the map from U to Uy given by
o(a,b,c) = x1(a)ze(b)zs(c — ab+ a’ ) xy(c + ab)zs(b — a® ().

Then ¢ is an injective homomorphism whose image is the centralizer of p
mn U+.

Proof. By (1.2) and (2.1) and a bit of calculation, ¢ is a homomorphism.
It is clearly injective. Now choose a,b,c,d,e, f € K, and let

g = z1(a)ra(b)zs(c)za(d)ws(e)ws(f)-
By (2.1) and (3.6), we have

9" = we(a)as(b)za(c)wz(d)za(e)z1(f)

x5 (b)z4(c — ae)ws(d)zz(e) - w6 (a)z1(f)
wa(e)w3(d)wa(c — ae)ws(b) - w1 (f)we(a) - wa(af®)ws(a’ f*)wa(—a®f%)
z5(—a’f)
= a1(f)wa(e)z3(d+ bf)xa(c — ae)as(b) - wa(af’)ws(a’ f2)za(a® f7)
w5 (—a’ f)zs(a)

=21(f)z2(e +af)zs(d+bf +a’ f2)z4(c — ae + a® fO)as(b — a f)wg(a).

Thus ¢° = g if and only if a= f, e=b— a’*!, and c=d + ab+ a?*2. We
conclude that g commutes with p if and only if g = ¢(a,b,d — ab). 0

From now on, we identify U with its image in U} under the map ¢ in
Proposition 3.9.

ProproSITION 3.10. Let X be the set of edges of I' fized by p, let oo
denote the edge {®,x}, and let G = (U,w), where w is as in (3.7). Then the
following hold:

(1) U acts regularly on X\{oo};
(ii) G acts 2-transitively on X;
(iii) G=BUBwB, where B=Gu;
(iv) U is a normal subgroup of the stabilizer Goo;
(v) G acts faithfully on X.
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Proof. Since p interchanges the vertices @ and %, all the edges in X other
than oo = {e,x} are 2-element subsets containing a right coset of U; and a
right coset of Ug. Since U; N Ug = 1, the intersection of a right coset of U
and a right coset of Ug is either empty or consists of a unique element. It
follows that

X ={{U19,Usg} |9 €U} U{oo}.

In particular, (i) holds, and we can identify U with X \{oo} via the map that
sends g € U to {Uy,Us}9 = {U19,Usg}. In particular, 0= (0,0,0) € U now
denotes the edge {U;,Us} itself. By Proposition 3.8, w acts on the set X.
Since w interchanges the edges oo and 0 (by Table 3) and U acts transitively
on X\{oo}, we conclude that (ii) and (iii) hold. Since Uy is normal in Dy,
(by [9, (4.7) and (5.3)]) and G is contained in the centralizer of p, (iv) also
holds.

Note that w maps each vertex of ¥ to a vertex at distance 6 from itself.
Since the elements of U all fix the vertex e and I' is bipartite, it follows that
the distance from z to 29 is even for every vertex x and every g € (U,w). In
particular, no element of GG interchanges the two vertices of an edge.

For each = € X\{oo}, there exists a unique apartment 3, of I' containing
the edges x and co. For each (a,b,c) € U, we have Uisp(a,b, c) = Ursze(a)
and Usgp(a, b, c) = Ussx1(a) by Proposition 3.9. For each vertex u adjacent
to e or %, therefore, there exists an edge = € X\{oco} such that u € X,.
If an element of G acts trivially on X, then it acts trivially on all these
apartments; thus it also acts trivially on the set of all vertices adjacent to
e or *, and hence it is itself trivial by [9, (3.7)]. Thus (v) holds. 0

REMARK 3.11. The permutation group on U obtained by letting U act
on itself by right multiplication is of course the same as the permutation
group on U obtained by letting U°PP act on itself by left multiplication. It
follows that Theorem 1.1 is equivalent to the assertion obtained by replacing
the multiplication on U defined in (1.2) by the opposite multiplication and,
in part (iii), letting U act on U = X\{oo} by left rather than right multi-
plication, and this “left-handed” version of Theorem 1.1 produces the same
group G. We have chosen to work with right cosets and to let U, act by
right multiplication in order to conform to [9] and to the recent literature
on Moufang sets, whereas Tits [8] chose to work with left multiplication.
This explains why the group U in Theorem 1.1 is the opposite of the group
U in [8, Example 3, pages 210-215].
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PROPOSITION 3.12. Let H be as in (1.3), let DT be as in Notation 2.3,
let D° denote the centralizer of p in DY, and let T denote the two-point
stabilizer D3, 4. Then there is a canonical isomorphism m from H to T that
is compatible with the map ¢ in Proposition 3.9.

Proof. Let g € Dc];o,O‘ Thus g acts trivially on the apartment X. By [9,
(15.20) and (33.16)] and the isomorphism described in the proof of Propo-
sition 2.2, there exist a,u € K* such that x1(s)? = z1(a?u?%s) and x4(s)9 =
z6(a"%u?s) for all s € K. By [9, (33.5)], the centralizer of (U1,Us) in Dy o
is trivial. By (3.6), therefore, g commutes with p (and hence is contained
in T if and only if a?u=% = a~%u2. Since the maps x — 22*% and x s 2279
from K* to K* are inverses of each other, we conclude that a = u and that
the map ¢ — a®>~? is an isomorphism from T to K*. Now let t = a®>7?, so
that x1(s)9 = z1(ts) and x6(s)? = z¢(ts) for all s € K. By the commuta-
tor relations (2.1), it follows that xo(s)? = xo(t971s), 23(t)9 = a3(t9+2s),
x4(s)9 = x4(t9725), and z5(s)9 = z5(t?T's). By Proposition 3.9, therefore,
(a,b,c)9 = (a,b,c)™, where hy is as in (1.3). 0

From now on we identify H with the two-point stabilizer T' via the map
7 in Proposition 3.12.

§4. The formula (1.5)

In this section we show that the norm N defined in (1.4) is anisotropic and
that the automorphism w satisfies (1.5). We do this by computing explicitly
the action of w on X using Table 3.

For each g = (a,b,c) € U, we have

(4.1) Urg = Urza(b)zs(c — ab + aT2)z4(c + ab)as (b — a1 zg(a)
by Proposition 3.9 and
(42) UhgnU = (g}

by Proposition 3.10(i).

LEMMA 4.3. Suppose that Uyxo(9)xs(i)x4(7)ss(8)xe(t) = Urg for some
g€ U. Then g= ({,,7 — t).

Proof. This holds by (4.1) and (4.2). U
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We now fix g = (a,b,c) € U*, and let u, v, and w = N(a,b,c) be as in
Theorem 1.1(iii). Observe first that the following curious identity holds:

(4.4) w=av + bu + .

Let m =mimg (so that w =m?), let o denote the vertex Uyg, let 8= a™,
and let v = . Our goal is to show that w # 0 and that

(45) (a,b,c)“’ = (—U/w,—u/w,—c/w).
LEMMA 4.6. Suppose that w # 0 and that

o = Uyzo(0)ws (i) za(F)zs(8)xe(t).

Then (4.5) holds if and only if

(4.7) t=—v/w,
(4.8) ¥ =—u/w, and
(4.9) F=—c/w+ (—v/w)(—u/w).

Proof. Since w maps X \{o0,0} to itself, we have o = Uje for some e €
U*. The claim holds, therefore, by Lemma 4.3. 0

To begin, we assume that
(4.10) b0,
so by Table 3 applied to (4.1), we have

ﬁ = Oém = leg(@)xg(@)m(f)%(é)xﬁ(f),

where
o=b"1 — a1 + a3 — ¢ — ab,
G=b— Pt L p 02 1 g2h 042 4 420+4p—0
T ab e — g9 +2p 0 4 g0+3p0+1
F=b0"2 — a2 40?32 4 b le—q,
§=—bPc+ab " — a2 and
(4.11) t=b"1.
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It is straightforward to check that the following identities hold:
w="bi? — (0 —¢),
br =9 —c,

b3’ = —a — b (0 +¢), and

4.15 v=—b"lo.
Next we assume that
(4.16) v #0.

Thus also 0 # 0 (by (4.15)), so by a second application of Table 3, we have

v =" = Urze(0)xs (@) s (F)zs5(5)w6(t),

where
(4.17) v=a%""1 -7,
(4.18) i=3+a%07"7
(4.19) F=0"2 4071 + 1,
§= —fffe, and

(4.20) t=o""1
Note that

v=a%%"1 -7 by (4.17),

=o' (ba? — (0 —¢)) by (4.13),
=5 by (4.12), and
=—w/v by (4.15).

In particular, we have

(4.21) v=b"1o"1w
as well as
(4.22) b= —wv !
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and @90 =7+ b 1o 1w, so

(4.23) V020572 = b2 — biv w4 0 2w
Moreover,
F=00"24+0"1F+1 by (4.19),
=’ 2+ o740 by (4.11),
=(@—-M)o 4+t by (4.17);
hence,
(4.24) F=b"to2w -0 4071 by (4.21),
and thus
(4.25) biw = 0 2w? — bro " w 4 w.
We record also that
(4.26) b28%% = —abd — 9% —bc by (4.14).

The vertex o =™ lies on an edge contained in X. Hence, a® € Wj
(where W is as in Figure 1). It follows that © # 0, since otherwise v™ € W5
by Table 3. By (4.22), we conclude that

w# 0,

and by a final application of Table 3, we have

a¥ =A™ = Uyzo (V)3 (i) za ()25 (8)z6(t),

where
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We now observe that £ = 9~ = —v/w by (4.22), so (4.7) holds. Furthermore,

—biw = —b(@?o! — F)w

= b2 + biw by (4.21)

=+ >0 % +brw by (4.18)

= —b°5% — b*0* 2 + brw.
Applying (4.23), (4.25), and (4.26) to the three terms in this last expression,
we find that

—biw = abd + 0 + v — b*F* + w
—abb+ %4+ co— (0 —c)>+w by (4.13)
= —av—c 4w by (4.15)
= bu by (4.4).
Thus (4.8) holds. Finally, we have
wit = w(@572 + 71 + 1)

=wi (D —F) +wt

=~ (u+ wr) + wt by (4.8)

= wow ™! +oF +wit by (4.22)
=uow ™ +oF +wh ! by (4.20)
=wow L +o(b 02w — o7+ b +wiTt by (4.24)
= wow ' + (=0 w + bF — ) +wo ! by (4.15)
—wvw ! — ¢ by (4.13),

so (4.9) also holds. By Lemma 4.6, it follows that (4.5) holds. We conclude
that w # 0 and that the identity (1.5) holds for all “generic” points in U*,
that is, for all g = (a,b,c) in U* satisfying (4.10) and (4.16).

Next we consider the case that b# 0 but v =0. By (4.15), we have 0 =0
as well, and hence

,8 = am = U1$3(ﬁ>$4(f)$5(§)$6<1?).
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It follows from Table 3 that
Y= ﬂm = U56$1(ﬂ)mg(—f)x3(§)m4(f).

If 4 =0, it would follow from Table 3 that o =~" € W3 U Wy. This is
impossible since the vertex o lies on an edge contained in X. We conclude
that 4 # 0. It follows from (4.12) (with © =0) that w # 0. From Table 3 we
now obtain

o =" = Uy (V)3 (it)xe(7)xs5(8),

where
v=—t+a %2,
i=—0"'84+ a2,
7= f[faf, and
§=—q L

and that
b=—t4+a0?

= b ' +w b (=b'e)* by (4.11)(4.13)

=—btw ! bu by (4.4)

By Lemma 4.6, we conclude that (4.5) holds.
We can thus assume from now on that b =0, so

a=Uizs(c+a’)zy(c)zs(—a’)ae(a),
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as well as
(4.27) v=—c" — a3 =27
(4.28) u=—ac—a’*3, and
(4.29) w=—ac 4 — ¥ = — a2,
where
z=c+a’*?

From Table 3 we now obtain
B =a™ = Usgzy(2)x2(—c)zs(—a’ Hzy(a).

Note that a and ¢ cannot both be 0, since otherwise g = (a,0,¢) =0€ U.
Suppose that ¢ = —a®*? or, equivalently, that z = 0. Then a # 0, and
Table 3 tells us that

B=am= U56:L‘2(a9+2)1‘3(—a9+1)m4(a),
v =" =Uzs(a 2)zs(a072),

o =™ =Urzz(a " Hay(a™072).

By (4.27)-(4.29), we have v = 0, u = 0, and w = a?*** # 0, and by Lemma 4.6,
we conclude once again that (4.5) holds.
Suppose, finally, that ¢ # —a’*? or, equivalently, that z # 0. From Table 3

we obtain
v =" = Urzo(0)s(w)ra(r)s(3),
where
(4.30) b=—a+20,
(4.31) i=z"ta""t 4272
(4.32) 7F=z"%, and

It follows from (4.29) and (4.30) that

(4.33) w=2%0.
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Observe that ¥ # 0, since it would otherwise follow from Table 3 again that
a¥ =~™ € Wy, which is impossible. Therefore, w # 0 also in this last case.
By one final application of Table 3, we obtain

o =" = Uz (0)xs (i) xs(7)2s5(8) 26 (1),

where
b=a"v"! — 7,
i =5+ a0’
i=a'52 + 077,
§= —ﬂf}_e, and
t=v1.
By (4.27) and (4.33), we have
(4.34) t=0"1=2%w=—v/w.
Furthermore,
b=alv"t —F
= (z7ta M 4+ 2720 (—vjw) — 270 by (4.31), (4.32),
and (4.34)
=w . ((z_9a9+3 +272063) . 20 — z_ecw) by (4.27)
=w (@ 42793 - 270E +ac) by (4.29)
(4.35) =—u/w by (4.28),
and
i=afv "+ o7
= (—v/w) - (@57 +7) by (4.34)
= (—v/w) - ((—u/w) - 7) by (4.35)
(4.32)

= (—v/w)(—u/w) + (v/w) - z"% by (4.32
—c/w+ (—v/w)(—u/w) by (4.27).

By Lemma 4.6, we conclude that (4.5) holds also in this last case.
This completes the proof that w # 0 and that the identity (1.5) holds for
every g = (a,b,c) in U*. 0
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§5. Properties (I)—(VI)

By Proposition 3.8, w is a permutation of X of order 2. To conclude
our proof of Theorem 1.1, it thus remains only to show that (I)-(VI) hold.
By Proposition 3.10(ii),(v), (I) holds. For each = € X, there exists g € G
mapping oo to z; let U, = UY. If g1,92 are two elements of G mapping
oo to the same element of X, then glggl € G and thus U9 = U9 (by
Proposition 3.10(iv)). By Proposition 3.10(i), it follows that (X, (Us)zex)
is a Moufang set (as defined, e.g., in [1, Section 2.1]). Let Gt = (U, | z € X),
and let p be as in [1, Definition 3.1]. Thus for each a € U*, u(a) is the
unique element of UyalUy = U%aU* that interchanges oo and 0. (Note that
this is not the same p as in the definition of m; and mg at the beginning
of Section 3 above.) By [1, Theorem 3.1(ii)], we have

(5.1) Gl =U-{ua)u(b) | a,b € U*).

PRrROPOSITION 5.2. The following hold.
(i) Gl =UH?', where H' is as defined in (1.6).
(i) we (U,U¥) (so G=GT).

Proof. We have {(u(a)u(b) | a,b € U*) = H' by [3, Proposition 6.12(ii)],
whose proof depends only on knowing that the norm N is anisotropic. By
(5.1), therefore, (i) holds. At the conclusion of the proof of [3, Proposi-
tion 6.12(ii)], it is observed that w = (0,0, 1). Hence, (ii) holds. 0

By Propositions 3.10(iv) and 5.2, (II) and (IIT) hold. Let
(5.3) t-(a,b,c) = (a,b,c)
for each (a,b,c) € U and each t € K*. By (1.5), we have
(5.4) w(t-(a,b,c)) = t=1 - w(a,b,c)

for all (a,b,c) € U and all t € K*. Thus (V) holds. Since H normalizes U, it
follows that H also normalizes U%. Hence, (IV) follows from (III).

Suppose, finally, that |K| > 3. Let KT be as in (1.6). Thus, in particular,
(K*)2=N(0,0,K*) C KT. Since |K| > 3, it follows that we can choose t €
KT such that t1 £ 1. Thus t # 1, so also tT2 # 1. We have

[, (a,0,0)] = (1 — t)a, (t — 1)t%a’,0),
[he, (0,5,0)] = (0, (1 — t7T1)b,0), and
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[ht,(0,0,¢)] = (0,0, (1 — t772)c)

for all a,b,c € K. Hence, U C |G, G]. By Proposition 3.10(iii), (Goo, (w)) is
a BN-pair (as defined in [6, Definition 2.1]). The group U is nilpotent. By
[6, Proposition 2.8] and Proposition 3.10(iv),(v), it follows that G is simple.
Thus (VI) holds.

86. A more elementary reason that the norm is anisotropic

In this section we give a short algebraic proof that the norm N defined
in (1.4) is anisotropic. Let

(6.1) Q(a,b,c) = (—v, —uw?, —cw’*1)

for all (a,b,c) € U, where, as in (1.4) and (1.5),
v=a’’ — ¢ + ab® + be — a®3,
uw=a?b—ac+b? — a3,

and w = N(a,b,c) = —ac? + a®*t10? — a¥+3b — ab? + b9+ 4 2 — 0?9+, Note
that

(6.2) N(t-(a,b,c)) = t?*4N(a,b, c)
for all (a,b,c) € U, where t- (a,b,c) is as in (5.3), and
(6.3) N((a,b,c)™") = N(a,b,c)

for all (a,b,c) € U*, where (a,b,c)~! is as in Theorem 1.1(i).
Our proof rests on the observation that

(6.4) N((a,b,c)) = N(a,b,c)?+?

for all (a,b,c) € U. This can be checked simply by plugging the definitions
of v, u, and w into (6.1). (That this identity ought to hold follows from [3,
(6.18)] and (5.4).)

Now fix (a,b,c) € U* such that w=0.

LEMMA 6.5. v=0.

Proof. By (6.1) and (6.4), we have
N(—v,0,0) = N(Q(a, b, c)) =0.
By (1.4), on the other hand, N(—v,0,0) = —v?/+4, 0
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LEMMA 6.6. a #0.

Proof. Suppose that a = 0. Since (a,b,c) # 0 and w =0, we have ¢ # 0.
By (6.2), the norm of ¢?=2.(0,b,¢) is zero. We can thus assume that ¢ = 1.
It follows by (1.4) that b # 1, but Lemma 6.5 implies that b= 1. 0

By (6.2) and Lemma 6.6, we can assume from now on that a = 1. Hence,
v =0 means that

(6.7) b —? + 02 +be—1=0,

and w — v =0 means that

(6.8) b 462 —b—be+ 2 =0.

By (6.3) and Lemma 6.5, we also have v(—1,—b+1,—c) = v((1,b,¢)1) =0,
and thus

(6.9) Wte? =2 —b—1+4bc—c=0.

Adding (6.7) and (6.9), we find that

(6.10) b+ b—1=—bc—ec.

Multiplying this last equation by b and comparing with (6.8), we obtain
(6.11) clc—b*+b)=0.

Assume first that ¢ = 0. Then by (6.7), we have b? + b> — 1 = 0, whereas
by (6.10), we have b’ +b— 1 =0. We find that b> = b and thus b € {0,1},
contradicting the equality b +b—1=0.
Hence, ¢ # 0, and it follows from (6.11) that ¢ =b*> —b. By (6.7), we now
obtain
b29:b3_1_b0;

from (6.10), on the other hand, we get
b —1=-1’.

Combining the last two equations, we obtain b2 =, but then ¢/ =0, and
hence ¢ =0 after all. With this contradiction, we conclude that the norm NV
is anisotropic.
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§7. The subgroup Hf

If K is finite, then |K| is an odd power of 3, from which it follows that
K* is generated by (K*)? = N(0,0,K*) and —1 = N(0,1,1), so KT = K*
and H' = H. (This is [5, (8.4)].) It is not necessarily true, however, that
H' = H if K is infinite. In this section we illustrate this with an example.
As Tits suggests in [7, Section 1.12], we need to modify what he does there
only slightly.

Let F' be an odd degree extension of the field with three elements, and
let K be the field of quotients of the polynomial ring F'[s,t] in two variables
s and t. Since |F| is an odd power of 3, there exists a unique endomorphism
0 of K mapping F to F, t to s, and s to t> whose square is the Frobenius
endomorphism. (In what follows, the reader may wish to think of s as being
formally equal to t\/g.)

PROPOSITION 7.1. The group KT N F(t) is generated by (F(t)*)? and all
irreducible polynomials in F[t] of even degree.

Proof. Since F is finite, we have F* C K. Let f € F[t] be an irreducible
polynomial of even degree over F', and let a be a root of f in some split-
ting field L. Then L = F(«) and [L : F] = deg(f) = 2d for some d. Thus L
contains an element § whose square is —1. Since [L : F()] = d, there are
nonzero polynomials p,q € F[t] of degree at most d such that p + (¢ is the
minimal polynomial of « over F(3). Thus p + ¢ divides f. Hence, p — ¢
also divides f. Since the polynomial p + (¢ is irreducible over F'(3), it fol-
lows that it is relatively prime to the polynomial p — Bq. Thus f/e equals
the product of these two polynomials for some e € F*. Hence,

f=e®*+¢*)=eN(0,p°',q) € K.

Since h™' =h-h~2 for all h € F[t]* and (K*)? C KT, it will now suffice
to show that no product in F[t] of distinct irreducible polynomials of odd
degree is contained in K. Let g € F[t] be such a product, let F; be the
splitting field of g over F', and let K; = F}(s,t). The extension F;/F is of odd
degree by the choice of g, so 8 has a unique extension to an endomorphism
of K7 (which we continue to call #) whose square is the Frobenius map.
Let ¢ be an arbitrary root of ¢ in Fi, and let d = ¢?. We define a valuation
v on K; with values in Z[v/3]. First, we declare the degree of a monomial
e(s —d)™(t —c)" (for e € F}) to be n+m+/3. If p € Fy[s,t]*, we write p as
a sum of monomials in the variables ¢t — ¢ and s — d and define v(p) to be
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the minimum of the degrees of these monomials (minimum with respect to
the natural ordering of Z[v/3] as a subset of R). Finally, we set v(p/q) =
v(p) —v(q) for all p,q € Fi[s,t]*. Then v is a well-defined valuation on K.
Since g is a product of distinct irreducibles, ¢ is a simple root of g. Since
the variable s does not occur in g, we conclude that v(g) = 1. Since

(e(s —d)"(t — c)”)

6 :€€(t3 _c3)m(5_d)n

=e(t—c)*(s—d)"

for all e € Fy and all m,n > 0, it follows that v(u?) = v/3-v(u) for all u € K7.

Now let w = N(a,b,c) for a,b,c € K;. By [3, (9.3)] (whose proof depends
only on the fact that the norm is anisotropic), v(w) is equal to the minimum
of (2v/3+4)v(a), (V3 + 1)v(b), and 2v(c). Since (V3 + 1) =2v/3 +4 and
(V3+1)(v/3—1)=2, it follows that V(KD = (V3 +1)Z[V/3]. Since v(g) =
1 ¢ (V34 1)Z[V/3], we conclude that g ¢ KI. Hence, g ¢ K. 0

COROLLARY 7.2. K*/KT is infinite.

Proof. There are infinitely many pairwise nonproportional irreducible
polynomials of odd degree in F[t]. By Proposition 7.1, these polynomials
have pairwise distinct images in K*/K f, []
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