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Abstract

A notion of a normal autometrized algebra is introduced which generalises the concepts of
Boolean geomeiry, Brouwerian geometry, autometrized lattice ordered groups, semi-Brouwerian
geometry, etc. The notions of ideals and congruence relations are introduced in normal
autometrized algebras and a one to one correspondence between ideals and congruence relations
is established. Some other common properties of the above geometries are also obtained for
normal autometrized algebras.

Introduction

Swamy (1964a) introduced the notion of an autometrized algebra to
obtain a unified theory of the then known autometrized algebras:—(1)
Boolean algebras (Blumenthal (1952) and Ellis (1951)), (2) Brouwerian
algebras (Nordhaus and Lapidus (1954)), (3) Newman algebras (Kamala
Ranjan (1960)), (4) autometrized lattices (Nordhaus and Lapidus (1954)) and
(5) commutative lattice ordered groups or [-groups (Swamy (1964)). Later
commutative dually residuated lattice ordered semigroups (D.R.l. semi-
groups) (Swamy (1965), (1965a), (1966)), Boolean [-algebras (Rama Rao
(1972)) and semi-Brouwerian algebras (Ramana Murty (1974)) were all shown
to possess a natural metric namely the “symmetric difference’”” which makes
all of them into autometrized algebras. Of the above examples D.R.L
semigroups contain Brouwerian algebras and hence Boolean algebras, I-
groups and Boolean [-groups as special cases and these are all lattices
whereas semi-Brouwerian algebras which are not lattices contain Brouwerian
algebras as special cases. Excepting Newman algebras which are not even
partially ordered, all the above examples are autometrized algebras in the
following sense: A system (A, +, =, *)is called an autometrized algebra if
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12 Ideals in autometrized algebras 363

(L.1) (A, +) is a commutative semigroup with identity ‘0,

(1.2) = is a partial ordering on A such that the semigroup translations
are invariant under inclusion, that is, x =y impliesa + x =a +y in
A,
(1.3) * is a metric operation on A, that is, * is a mapping from A X A to A
such that
(1) a*b =0 for all a,b in A with equality if and only if a = b
(2) axb=bxa

and 3) a*c=axb+b*c

In this paper, by an autometrized algebra, we mean a system satisfying (1.1)
through (1.3). Even this definition of an autometrized algebra is too general
and so it may not be possible to obtain many of the common results shared by
the above examples in a unified manner. So we introduce the notion of a
normal autometrized algebra (see definition 1 below). D.R.l.-semigroups,
semi-Brouwerian algebras are all examples of normal autometrized algebras.
The example (7) below shows that these conditions of normality alone (1.4)
through (1.7) on an autometrized algebra need not degenerate it into any of
the above special cases.

It is known that in D.R.I. semigroups and hence in /-groups and Boolean
algebras the ideals (/-ideals in the case of [-groups) correspond one to one to
congruence relations. Also it is well known that in lattice ordered groups the
closed ideals form a Boolean algebra (Birkhoff (1973) p. 308). Most of the
above examples share these properties and so in this paper we introduce the
notions of ideals and congruence relations in normal autometrized algebras
and extend the above results to them.

We begin with the following:

DerFNITION 1. An autometrized algebra (A, +, =, %) is called normal if
and only if

(1.4) a=a=0 forgllainA,
(1.5) (a+c)*(b+d)ys(a*xb)+t(c*d) forall a,b,c,d in A,
(1.6) (a*c)x(bxd)s(a*b)+(c*d) for all a,b,c,d in A and

(1.7) For any a and b in A,a = b implies there exists an x 20 such that
a+x=b
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ReEMaRk. We remark that in an autometrized algebra (A, +, =,*) the
conditions (1.5) and (1.6) are equivalent to:

(1.5) For every a, the mapping x — a + x is a contradiction (that is,
(a+x)x(a+y)=xx*y).

(1.6)" For every a, the mapping x — a *x is a contradiction (that is,
(axx)*(a*xy)=x*y).
The following examples show that semi-Brouwerian algebras, commuta-
tive D.R.l. semigroups and consequently Boolean algebras, Brouwerian
algebras, commutative lattice ordered groups, Boolean [-algebras are all
normal autometrized algebras endowed with the natural metric: the symmet-
ric difference: axb = (a — b) U (b — a) in the case of D.R.I semigroups and
a*xb=(a—b)+(b—a)in the case of semi-Brouwerian algebras.

ExampLe 1. Every commutative D.R.l. semigroup (A, +, =, —) is a
normal autometrized algebra with distance a*b =(a - b)U (b~ a). By
definition, a commutative D.R.1. semigroup (A, +, =, — ) is a system where
(1) (A. +, =) is a commutative lattice ordered semigroup with identity
element ‘0’, (2) Given a, b in A, there exists a least x in A suchthatb+x Z a
(we denote thisx by a —b),(3)(a—b)U0+b=aUb forall a,b in A and
(4) (a — a) = 0. By theorem 9 of Swamy (1965), (A, +. =, *) is an automet-
rized algebra. Obviously (1.4) is satisfied in A. For the verification of (1.5), see
Swamy (1966). For the verification of (1.7), if a = b take x = b — a. Now it1s
enough to verify that (1.6) is satisfied. Now, (a *c)*(b*d) — (a*b + c*d)
={(axc)*(bxd) —a*b} — c*d = (a*c — b*xd)U (bxd — a=*c)}
—ax*b] —c*d = [{axc — b*d) — a*xb} U{(b*xd — a*c) — a=*b}]
—c*xd = [{a*xc — (axb + bxd)) U{b*xd — (axc + a*b)}] — c*d
={laxc —a*d)U (b*d — b*c)} — c*d = {(a*c ~ axd) — ¢ *d}
U{(bxd — b*c) — c*d} = {a*xc — (a*¥d + c*d)} U {b*xd'— (bxc
+c*xd)} = (axc — axc)U (bxd — b*d) = 0 which shows (1.6) is also

true in A.
ExampLe 2. Let A = (A, +. —,0) be any semi-Brouwerian algebra i.e.
A is an algebra with two binary operations +. — and a nullary operation 0

satisfying (1) a+a=a. 2) a+b=b+a, 3) a—a B0, 4) (a-b)+b=
a+band(5)(a—b)—c=a—(c+b)forall a b cin A By definitiona =b
if and only if a+b=>5 Put a*b=(a—-b)+(b—a). By theorem 6 of
Ramana Murty (1974), (A, +, =, %) is an autometrized algebra. The verifica-
tions of (1.4) and (1.7) are obvious. The verification of (1.6) follows in a
routine manner as in example 1. Now we verify (1.5): Note that in A, {(a + ¢)
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—(b+d)} - axb = {(at+c) - (b+d)} - {(a-b) + (b—a)} =
flatc)~(b+d)} ~ (a=b)] - (b-a) = [(a+c) - {(a-b) + (b+d)}
—(b~-a) = [(a+tc) —{a+(b+d)}] — (b—a) = [c—{a+(b+a)}] -
(b—a) = c-[(b—a) + {a+(b+d)}] = ¢ - {(a+b) + d}. Similarly
{(b+d) ~ (a+c) —a*b =d - {(a+b) + c}t. Now, {(a +c¢) * (b+d)}
—{(a*b) + (c*d)} = {(a+c)*(b+d) - axb} -~ c*d = {a+c¢) -
b+d)} +{(b+d)-(a+c)}} —axb)— c*xd = [{c — {(a+b)+ d}} +
{d-—{a+b)y+ chll —cxd = {c-d) = (a+b)} + {(d—c) ~ (a+b)]
—c*xd = [{(c~d)y+(d~c)} —(a+b)] — ¢c*d = {c*xd — (a+b)} —
cxd = (¢c*xd ~— c¢*d) — (a+b) = 0 — (a+b) = 0. Hence (a+c¢) *
(b+d) = (a*b) + (c*d) holds in A.

The following examples (3) through (6) show that on an autometrized
algebra the conditions (1.4) through (1.7) are independent.

ExamrLe 3. Let A be the set of all nonnegative integers other than 1
together with an element = outside the set of nonnegative integers. For any
nonnegative integers x and y in A let x + y be the usual integer addition and
for any x in A, let x + * = %+ x = <. For nonnegative integers x and y in A
let x =y mean the usual inclusion and for any nonnegative integer x in A
define x <=. For any x and y in A put x*y == if x#y and x*y =0
otherwise.In this (1.1) through (1.6) are satisfied and (1.7) fails.

ExamprLE 4. Let A be the set of nonnegative integers. Let + be the
usual addition and = be the natural order. For any x and y put x *y =
2lx —y|. (1.6) fails in this with a =0, ¢ =3, b =0, d =1 and all the other
postulates are satisfied.

ExAMPLE 5. Let (A, +, =) be the same as in example (4). For any x and
y in A, put x *y = maximum of {x, y} if x# y and x * y = 0 otherwise. With
a=2,¢=3,b=2,d=4, (15) fails and all the other postulates hold.

ExampLE 6. Let (A, +, =) be the same as in example (4). For any x and
yinAputx*y=5if x# y and x *y = 0 otherwise. Obviously (1.4) fails and
all the remaining postulates hold.

The following is an example of a normal autometrized algebra
(A, +, =,%) in which (A, =) is not a lattice and in which + 1is not
idempotent. Consequently this example is neither a D.R.l. semigroup nor a
semi-Brouwerian algebra.

ExamprLe 7. Let (G, +, =) and (G,, +, =) be abelian lattice ordered
groups where G, is not a chain. Let G = G, ° G; be the lexicographic product
of G, and G.. Then (G, +, =)is a partially ordered group and is not a lattice
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with this inclusion (see Birkhoff (1973) p. 289). For (a,, a:), {(b:, b;) in G, put
(ai, az)*(b, b)) = (la,~ b,|,|a,— b,|). Clearly (G, +, =, %) is a normal au-
tometrized algebra.

2

We begin this section with the following definition of an ideal in a normal
autometrized algebra. Throughout this section A = (A, +, =, *) denotes a
normal autometrized algebra.

DEFINITION 2. A nonempty subset I of a normal autometrized algebra
A = (A, +, =,%) is called an ideal if and only if

(2.1 aclLbel imply a+bel
(2.2) a€Lbe A bx0=a=0 imply bE L

In the case where (A, +, =, %) is a D.R.l. semigroup (i.e. when a * b =
(a —b)U (b —a)in the D.R.L. semigroup (A, +, =, —)) this notion of ideal
coincides with the notion of ideal in the D.R.1. semigroup. Consequently this
notion of ideal coincides with the notion of /-ideal in a commutative [-group
and also with that ideal in a Boolean algebra when commutative lattice
ordered groups and Boolean algebras are treated as normal autometrized
algebras.

Now we have:

THEOREM 1. The set of ideals of a normal autometrized algebra A is a
complete algebraic lattice ordered by set inclusion.

We need the following lemmas.

LemMma 1. The intersection of any nonempty collection of ideals is an
ideal.

Proor. Obvious.

Lemma 2. For any nonempty subset S of A, the set {x EA|[x*0=
myla,*0)+ -« + m(a. *0) for some positive integers m,, ---, m, and
a,, -, ax €8} is the smallest ideal containing S.

Proor. Let G={x € A|x*0=m(a,*0)+ -+ m.(a. *0) for some
positive integers m,,-- -, m, and a,,- -+, ax € S}. For x, y in G, from (1.5) we
get (x +y)*0=x=*0+y*0 and hence it follows that x +y isin G. If x € G
and y *0 = x %0, clearly y € G. Hence G is an ideal. Clearly S CG. Let I be
any ideal containing S. Let x € G. Then x *0=m(a, *0)+ - - - + m (ax *0)
for some positive integers my,---,m, and a,, -+, ax € S. Hence by (1.4) it
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follows that x *0 = {m(a, *0)+ - - - mi(ax *0)} x0 for some positive integers
my---,m, and a,,---,a, €S CIL Since I is an ideal, m,(a,*0)+ --- +
m,(a. *0)€ I. Hence x € I. So G CI. Hence G is the smallest ideal contain-
ing S.

Remark. From the above it is clear that the principal ideal generated by
‘a’ denoted by (a) i.e. the smallest ideal containing a is {x € A |[x*0 =
m(a *0) for some positive integer m}. Also from the lemmas (1) and (2) it is
clear that the join of any collection of ideals {I.}.cs is the ideal generated by

U.esl.

In particular we have the following:

CororLary 1. If I and J are ideals of A,{a € Ala*0=x +y for some
x €1l and y € J} is the join of I and J.

Lemma 3. The join of any two principal ideals in A is a principal ideal.

Proor. Let (a) and (b) be principal ideals. We show that (a)v(b)=
(a*0+ b *0). Clearly (a x0 + b *0) contains (a) and (b). Let J be any ideal
containing (a) and (b). Let x&(a*0+bx*0). Then x=*0=
m{{a *0+ b*0)*0} for some positive integer m. Now a € (a)CJ and
be (b)CJ show that a € J and b € J. Hence a *0 and b *0 belong to J so
that t = m{{a*0+b*0)*0}€J. Now x*0=¢t=¢*0 (by 1.4) and t € J.
Hence it follows that x &€J. Hence (a*0+b=*0)CJ. So (a)v(b)=
(a*0+ b=*0). Hence (a)v (b) is a principal ideal.

Lemma 4. In A, anideal Iis compact if and only if it is a principal ideal.

Proor. Let (a) be the principal ideal generated by a. Suppose (a)C
Vaes I, where {I.}.cs is a family of ideals. Now a € (a) implies that
a € V,es I, which implies that a *0 = m,(a,*0)+ - -+ + m,(a, *0) for some
positive integers my, -+, m, and a, € 1,, -, a € L, for some ay, -, aw.
Hence a€ L,V ---V I, so that (a)CI,V ---V I,. Hence it follows that
(a) is a compact ideal.

Let I be any compact ideal. Since I C V.e (a), it follows that I C
(a)V -V (a,) for some a,,--+,a, €1 Hence I =(a,) V --- V (a,). From
lemma (3) it follows that I is a principal ideal. Hence the lemma.

From lemmas (1), (2), (3) and (4) the proof of theorem (1) is clear.

CoroLLaRY 2. The ideal lattice of any D.R.l. semigroup (consequently
the lattice of I-ideals of any commutative l-group, the ideal lattice of a Boolean
algebra, the ideal lattice of a Brouwerian algebra) and the ideal lattice of a
semi-Brouwerian algebra are algebraic.
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Now we introduce the following:

DEerNITION 3. An equivalence relation @ on A is called a congruence
relation if and only if

(3.1) a=b(8),c=d(0) imply that a+c=b+d(0)
for any a, b, c,d in A,

(3.2) a=b(0),c=d(8) imply that a*c=b*d(8)
for any a,b,c.d in A,

(3.3) a=b(0) and x xy =a*b imply that x = y(6)
for any a, b, x,y, in A.

In the case where the autometrized algebra is either a D.R.l. semigroup
or a Boolean algebra or a [-group, this notion of congruence relation
coincides with the notion of congruence relation in those algebras. Also since
semi-Brouwerian algebras form an equationally definable class of algebras
there is also the notion of congruence relation as an equivalence relation
having the substitution property with +, —. When we treat any semi-
Brouwerian algebra as a normal autometrized algebra, the notion of congru-
ence relation which we introduced coincides with the usual notion of
congruence relation in a semi-Brouwerian algebra.

Now we have the following:

THEOREM 2. The ideals of any normal autometrized algebra A correspond
one to one to its congruence relations.

We need a lemma.

LemMmAa 5. For any a and b in A,(a*b)*0=a *b.

Proor. a*b=(axb)*0 (by 14). Now (a*b)*0=(a*b)*(b*b)=
a*xb+bx*b (by 1.6) = a=b. Hence the lemma.

Proor oF THEOREM 2. Let S be an ideal of A. Define a = b(8) if and
only if a*b € S. Since 0€ §,a=a(8). Let a=>b(0). Since a*xb=>b*a it
follows that b=a(#). Let a=b(0) and b=c(6). Then a*b€ S and
bxc€S. Now (axc)*0O=axc (by lemma 5) =Z=axb+bxc=
(axb+bxc)*0 (by 1.4). a*b+bxc €S shows that axc €S. Hence
a =c(6). Hence 6 is an equivalence relation.

Let a=b(0) and ¢c=d(0). Then a*bES and c*xd< S Now
{a+c)*x(b+d)}*0=(a+c)*x(b+d)y=axb+c*d (by 1.5) =
(a*b+c*d)*0 (by 1.4). a*b+c*xd€ S and S is an ideal show that
(a+c)*x(b+d)ES. Hence a+c=b+d(8). Also, {(a*c)*(bxd)}*0=
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(axc)x(bxd)=axb+cx*xd (by 1.6) =(a*b+cxd)»0 (by 1.4). Since
axb+c*xdeS, this implies that (a*xc)*(bxd)ES. Hence ax*c=
b*xd(6). Let a=b(6) and x*y=ax*b. Then (x*y)*x0=x*xy=axbh=
(@a*b)*0 and a *b € S. Since S is an ideal, it follows that x *y € S. Hence
x=y(0). Hence 6 is a congruence relation.

Suppose 6 is a congruence relation on A. Let § ={x/x =0(8)}. Since
0€ S, S isnonempty. Let a € S and b € S. Then a =0(6#) and b =0(8). Since
6 is a congruence relation, it follows that a + b =0(8). Hence a + b € S. Let
a€S and b*0=a*0. Now a €S implies that a =0(8). Since 8 is a
congruence relation, it follows that b =0(6). Hence b € S. Hence S is an
ideal. ‘

Let 6 be a congruence relation. Let S be the ideal obtained from 6 and
let 6’ be the congruence relation obtained from S, as above. Then x = y(8') if
and only if x * y € S which holds if and only if x *y =0(6) and which again
holds if and only if x = y(0). Hence 68 = 6'.

Let S be an ideal of A. Let 6 be the congruence relation obtained from §
and let S’ be the ideal obtained from 6. Then x € §’ if and only if x =0(8)
which holds if and only if x *0 € § and which again holds if and only if x € S.
Hence § = S'. Hence the theorem.

CoroLLARY 3. In each of D.R.l. semigroups (consequently in commuta -
tive I-groups, Boolean algebras, Brouwerian algebras) and semi-Brouwerian
algebras, ideals correspond one to one to its congruence relations.

If 8 is any equivalence relation on a set A, as usual A/6 denotes the
quotient set (i.e. the set of all §-equivalence classes) and for any x in A, x
denotes the equivalence class containing x.

THEOREM 3. Let 6 be a congruence relation on A. For any a,b in A/6,
define a+b=a+b, axb=a*b, a<bh if there is an x =0 such that
a+x=>b(0). Then (A/6, +, =,*) is a normal autometrized algebra if and
only if 0 has the following property:

For any a,b and 2,20,z:=0;a+ z,=b(8) and b+ z.=a(8) implies
that a = b(8).

PrOOF. Suppose @ has the property: For any a,b and z,20,z,2
0;a+2z,=b(8) and b+ z,=a(#) imply that a = b(8). Now we show that
(A/6, +, =,%) is a normal autometrized algebra.

It is r(ln'ine to verify that + % are well defined. Let a=b and
a=a',b=>b". Hence there exists an x =0 such that a + x = b(8) and
a=a'(0),b=>b'(6). Now a’'+x =a+x=b=5b'(6). Hence a' =b’. Hence
=

algebra with additive identity 0.
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d = a is obvious. Let @ = b and b = a. Then there exists z, =0 and 2, =0
such that a + z,=b(0)and b + z, = a(6). Hence a = b(8) by our assumption
so that @ =b. Let a =b and b = ¢. Then there exist z, =0, z, = 0 such that
at+z;=b(0) and b+z,=c(0). Now c=b+z,=a+ z,+ 2,(0). Since
z1+ 2,20 it follows that @ = ¢. Hence = 1is a partial ordering on A/6. Let
X = y. Then there exist a z =0 such that x + z = y(6). Hence for any a in
A, xta+z=y+a() which shows that ¥+a =x—+_71§;+—a= y+a.
Hence (A /8, = )is a partially ordered set such that the semigroup translations
are invariant under inclusion.

axb=0andsince0+axb=ax*b()follows that 0=a*b=a=*b for
any a b in AJe. Clearly a *a =a*a=0. Let a*b=0. Then a*b=0 so
that @ * b =0(6) which implies a = b(8). Hence @ = b. Also a*b=a*b=
bxa=b=*a Since a*c=ax*b+b+*c, there exists an x =0 such that
axct+tx=axb+bxc (by 1.7). Hence a*C=a*c=a*xb+bxc=
@b+ b=¢ Hence = satisfies the formal properties of a metric.

a = a 0 implies that there exists an x =0 such that a + x = a x0 (by
1.7). Hence @a = a*0=a=0 so that (1.4) is true in A/8. (a+c)*(b+d)=
(a*b)+(c*d) implies that there exists an x=0 such that
(a+c)*(b+d)+x=axb+c*d Hence (a+¢)x(b+d)=(a+c)*(b+d)
<a*xb+cxd=(axb)+(¢*d). Hence (1.5) is true in A/6.
On similar lines we can show (1.6) is also true in A/6. Let @ < b. Then there
exists an x =0 such that a + x = b(8) which implies that £ =0 and that
a+x=a+x=b Hence (1.7) 1s also true in A/f#. Hence A/6 is a normal
autometrized algebra.

Suppose A /0 is a normal autometrized algebra. Suppose for any a, b and
2,20,2,20;a+2,=b(0) and b + z;=a(h). Then @ =b and b = a. Since
= is a partial ordering on A/# it follows that @ = b so that a = b(6). Hence
the theorem.

We remark here that all congruence relations in all the normal automet-
rized algebras mentioned earlier satisfy the above property.

Now we introduce the notion of a homomorphism between normal
autometrized algebras and we obtain a fundamental theorem of homomor-
phisms in normal autometrized algebras.

DEeriNITION 4. Let A and B be normal autometrized algebras. We say that
a mapping f: A — B is a homomorphism from A to B if and only if

4.1 f(a+b)=f(a)+ f(b) for any a, bin A,
(4.2) fla*b)=f(a)*f(b) for any a, b in A and
(4.3) a = b implies f(a) = f(b) for any a, b in A.
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We immediately have the following:

THEOREM 4. In any normal autometrized algebra, ideals are just the
kernels of epimorphisms.

Proor. Let'f be an epimorphism from A to B. By definition ker f =
{x € A/f(x) =0 where 0 is the zero element of B}. Note that f(0) = f(0*0) =
f(O)*f(0)=0. Let x € ker f,y € ker f. Then f(x)=0,f(y)=0. Hence
fx +y)=f(x)+f(y)=0+0=0. Hence x +y € ker f. Let x € ker f and
y*0=x*0. Then f(x)=0 and f(y*0)=f(x x0). Now 0=f(y)*0=
f(y)* f(0) = f(y ¥0) = f(x #0) = f(x)*f(0) =0+ =0. Hence f(y)*0=0.
Hence f(y)=0 so that y € ker f. Hence ker f is an ideal of A.

Let I be an ideal of a normal autometrized algebra A. Let @ be the
congruence relation corresponding to I. The mapping f: A — A/ defined by
fla) = a for a € A is clearly onto and obviously f satisfies (4.1) and (4.2). Let
a = b. Then there exists an x = 0 such that a + x = b. Hence a + x =b(0)
which implies that @ = b i.e. f(a) = f(b). Hence f is a homomorphism so that
f is an epimorphism from A to A/6. Also x € ker f if and only if f(x)=0
which holds if and only if ¥ =0 which again holds if and only if x =0(8) i.e.
x € ker f if and only if x *0€& I which holds if and only if x € I. Hence
ker f = I. Hence the theorem.

We conclude this section with the following fundamental theorem:

THeOREM 5. If fis an epimorphism from a normal autometrized algebra A
to a normal autometrized algebra B then A [ker f is isomorphic with B.

Proor. From the above theorem, ker f is an ideal of A. Let 6 be the
congruence relation corresponding to ker f. Define g: A/8 — B by g(a)=
f(a)fora € A/6. Now a = b if and only if a = b(8) which holds if and only if
a*b € ker f which again holds if and only if f(a *b) =0 i.e. @ = b if and
only if f(a)*f(b) =0 which holds if and only if f(a) = f(b). Hence g is well
defined and aiso one to one. Obviously g is onto. It is routine to verify that g
satisfies (4.1) and (4.2). Let a = b. Then there exists an x =0 such that
a+x =b(#). Hence a + x= b so that g(5_+—x)= g(b). Hence f(a)+ f(x)=
fa+ x)=f(b). Hence f(a)=f(b) since f(x)=0. So @ =bh implies that
g(a)= g(b). Hence g satisfies (4.3) so that g is an isomorphism from A/ to
B. Hence the theorem.

3

Swamy (1965a) introduced the notion of a lattice ordered autometrized
algebra as a system (A, +, =, %) satisfying

(5.1) (A, +,=) is an abelian lattice ordered semigroup with
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identity ‘0’ i.e. (A, +) is a commutative semigroup with
identity ‘0’ and (A, =) is a lattice with lattice operations
U,nN such that a+((b Uc)=(a+b)U(a+c) and
a+t(bNc)y=@+b)nN(a+c).

(5.2) = is metric operation on A.

D.R.l. semigroups and consequently [-groups, Brouwerian algebras,
Boolean algebras, autometrized lattices are all lattice ordered autometrized
algebras. According to Swamy (1965) an autometrized algebra is regular if
a*0=a for all a. Even though Brouwerian algebras, semi-Brouwerian
algebras etc., are regular, nonzero lattice ordered groups are never regular.
Consequently, in general D.R.l. semigroups are not regular autometrized
algebras with symmetric difference as distance but the symmetric difference in
D.R.1. semigroup has the property that @ *0 = a if a Z 0. Thus we introduce
the following:’

DerFNITION 5. An autometrized algebra (A, +, =, *) is called semiregu-
lar if and only if a 2 0 implies a *0 = a.

Now we have the following:

Lemma 6. The lattice of ideals of a semiregular normal lattice ordered
autometrized algebra A is distributive.

Proor. It is enough to show that I A(J v K)C(I AJ)v (I A K) for ideals
LJLKof A letx€In(JvK) ThenxElandx*0=a+ b forsomea €J
and b € K. Put x *0 =y. Now

(yNa)+(yNb)y={yNa)+y}n{ly Na)+b}
=(y+y)Na+y)N(y+b)yN(a+b)zynNia+b)=y.

Now y =0, a =0 show that yNa =0 so that (yNa)*0=yNa=a=*0.
Since a € J, it follows that yNae&J Since x&€I y=x+*0€L Hence
(yNa)*x0=yNa=y=x*0=(x*0)+x0 which implies that yna€l
Hence yNa&€IrJ AlsoyNbeEIAK Now x*x0=y=(yNa)+(ynbdb)
where yNa&elIaJand yNbe I AK Hence x €(I aJ)v(IaK). Hence
Irn(JvK)CIAJ)v({ aK). Hence the lemma.

Brouwerian logics (= Brouwerian algebras) considered and automet-
rized with the symmetric difference by Nordhaus and Lapidus (1954) are just
the duals of what Birkhoff calls Brouwerian lattices. According to Birkhoff
(1973), a Brouwerian lattice is a lattice L in which for any given elements a
and b, the set of all x belonging to L such that a N x = b contains a greatest
element b : a, the relative pseudocomplement of a in b. With this definition it
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is well known (Birkhoff (1973) p. 304) that the lattice of /-ideals of any [-group
is a complete algebraic Brouwerian lattice. This result is also true in Boolean
algebras. In fact we have the following theorem:

THeOrREM 6. The lattice of ideals of a semiregular normal lattice ordered
autometrized algebra A is a complete algebraic Brouwerian lattice.

Proor. By theorem V.24 of Birkhoff (1973), it is enough if we show that
Ian(vl,)= v(Inal) where I{L }.c, are ideals of A. v(IAL)CIa(vl,) is
clear. Let x €I a(v1,). Then x €I and x *0=m,(a, *0)+ - -+ + my(a, *0)
for some positive integers m,,---.m, and a.€ L., - -, ax € 1,, for some
a, -, Hence x€l,v---vI, so that x€Ila(l,v---vI)=
(InlL)v---vrL)Cv({IAL) Hence x& v(Ial). Hence Ia(vIl,)C
v(I A l,). Hence the theorem.

It is well known (Birkhoff (1973) p. 308) that in a lattice ordered group G,
for any elements a and b if we define a L b to mean {a|N|b]| =0, then the
sets closed under the polarity defined by the symmetric relation a L b form a
Boolean lattice. One can observe that this is also true in Boolean algebras,
Brouwerian algebras and D.R.lL. semigroups. We extend this result to
semiregular normal lattice ordered autometrized algebras.

We introduce the following:

DermaTioN 6. For elements a and b in a lattice ordered autometrized
algebra we write aib to mean (a*x0)N(b*0)=0.

We observe the following lemma:

Lemma 7. If J is any ideal of a semiregular normal lattice ordered
autometrized algebra A, then J*={x € A/x La forall ainJ} is anideal in A
and J* is the pseudocomplement of J.

Proor. Let xeJyeJ~ Then (x*0)N(a*x0)=90 and
(y*O)N(a*0)=0 for all a in J Now 0={{x+y)*x0}N(a*0)=
(x*0+y*0)N(@a*N={{x*0N(a*0)}+{(y*0)N(ax0)}=0. Hence
{(x+y)*0}N(a*0)=0 for all a in J so that x +y &€ J* Let x €J* and
y*0=x 0. x €J* implies that (x*0)N(a*0)=0 for all a in J Now
(y*O)N{a+x0)=(y*0)N(x*0)Na*x0)=(y+*0)N0=0 for all a in J
Hence y € J*. Hence J* is an ideal of A.

Let x € J AJ* Then x € J and x € J* which imphes (x *0) N (x *0) = 0.
Hence x *0 = 0 so that x = 0. Hence J A J* = {0}. Let I be any ideal of A such
that JATI={0}. Let x&I Take any a&J Since (x*0)N(ax0)=
0,{(x*0)N(a*0)}*x0=(x*0)N(a*0)=x*0. Since x € I, it follows that
(x*0)N (a*0)€ I. Similarly we can show (x*0) N (a*0)EJ. Hence
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(x*0)N(a*0)e IaJ={0}so that (x *0)N(a *0)=0. Hence x € J* which
implies that I CJ*. Hence J* is the pseudocomplement of J. Hence the
lemma.

By a theorem which is essentially due to Glivenko (Birkhoff (1973)
p. 130, Theorem 26), we immediately have the following:

THEOREM 7. If @(A) is the lattice of all ideals of a semiregular normal
lattice ordered autometrized algebra A, then the mapping J — J** is a closure
operation on ®(A) and a lattice epimorphism of (A ) onto the Boolean lattice
of closed elements of O(A).

The authors would like to thank Prof. N. V. Subrahmanyam whose
interest in this topic has led the authors to write this. In conclusion the authors
thank the referee whose comments led this paper into the present form.
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