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ASYMPTOTIC RESULTS FOR CLASS NUMBER 
DIVISIBILITY IN CYCLOTOMIC FIELDS 

BY 

F R A N K G E R T H III 

ABSTRACT. Let n > 3 and ra>3 be integers. Let Kn be the 
cyclotomic field obtained by adjoining a primitive nth root of unity 
to the field of rational numbers. Let K„ denote the maximal real 
subfield of Kn. Let hn (resp., h„) denote the class number of Kn 

(resp., K„). For fixed m we show that m divides hn and h„ for 
asymptotically almost all n. Also for those Kn and Kn

H with a given 
number of ramified primes, we obtain lower bounds for certain 
types of densities for m dividing hn and hA

n. 

1. Introduction. Let n > 3 b e a n integer, and let £n be a primitive nth root 
of unity. Let hn denote the class number of the cyclotomic field K n=Q(£ n ) , 
and let hn denote the class number of the maximal real subfield Kn of Kn. It is 
well known that h„ \ hn. Recently Cornell and Rosen [1] have announced that if 
n is divisible by at least five distinct odd primes, then 2\h„ (and of course 
2 | hn). Hence asymptotically 2 [ h„ and 2 | hn for almost all n. Now let m ^ 3 be 
an integer. Cornell and Washington [2] have recently given sufficient conditions 
for m | h„ and m | hn. In section 2 we describe the results of Cornell and 
Washington. In section 3 we obtain an asymptotic result which indicates that 
for fixed m almost all Kn and Kn have class numbers divisible by m. In section 
4 we consider those Kn and Kn with a fixed number of ramified primes and 
obtain lower bounds for certain types of densities for m | hn and m \ hn. 

2. Results of Cornell and Washington. Let notations be as in section 1. First 
we consider m | h*. Let 

[4m if m is odd 
(2.D M = . 

12m it m is even. 

Let r be the number of distinct primes congruent to 1 (mod M) that divide n, 
and let ph, . . . , pK denote these distinct primes. Then the proofs in [2] show 
that m | h^ if 

(i) r > 4 , or 
(ii) r = 3 and at least two of (piJpil) = \ or l < / < / < 3 , where ipiJPi) is the 

Legendre symbol. Alternately we may describe the situation as follows. If 
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mXh^, it is necessary that 
(a) r < 2 , or 
(b) r = 3 and at most one of (PiJPi) = 1 for l < / < / < 3 . 
Since h„ | hn, we see that condition (i) or (ii) is sufficient for m | hn. Equival-

ently condition (a) or (b) is necessary for m )( hn. However when m is odd, the 
proofs in [2] indicate more restrictive necessary conditions for mXhn. Let s 
be the number of distinct primes congruent to 1 (mod m) that divide n, and let 
p i l ? . . . , pis denote these distinct primes. Then if m is odd and m /f hn, it is 
necessary that one of the following conditions be satisfied: 

(c) s < l 
(dt) s = 2, and both p(l = l (mod 4) and p i 2 =l (mod 4) 
(d2) s = 2, exactly one of pix and ph is congruent to 1 (mod 4), and (pjph) = 

- 1 
(ex) s = 3, each pt. = 1 (mod 4) for / = 1, 2, 3, and at most one of (ft/p^) = 1 

for 1 < / < J < 3 

(e2) exactly one of pii? pi2, pi3 is congruent to 3 (mod 4), say pfi, (Pi/p^) = — 1 
for / = 2, 3, and (pJpQ = 1. 

3. m | h^ and m | hn for almost all n. Let notations be as in previous 
sections. In section 1 we remarked that 2 | h„ (and 2 | hn) if n is divisible by at 
least five odd primes. So if 2Xh^, it is necessary that n be divisible by at most 
four odd primes. If x is a positive real number and Bx = {n < x: n is divisible by 
at most four distinct odd primes}, then it can be proved by standard techniques 
that 

fe|<<x(loglogx)3 

logx 

In particular \Bx\ = o(x), from which it follows that 2 | h„ (and 2\hn) for 
asymptotically almost all n. 

Now suppose m > 3 is an integer. From section 2 we know that if m/Ch*, it 
is necessary that n be divisible by at most three distinct primes congruent to 1 
(mod M), where M is given by (2.1). Our goal in this section is to prove the 
following theorem. 

THEOREM 1. Let m > 3 be an integer, and define M by (2.1). Let xbe a positive 
real number, and let Cx={n<x: mX h„}. Then 

x (log logx)3 

(logx) / vu ' 

where cp is the Euler ç-function, and where the constant implied by the symbol « 
depends only on M. In particular, for fixed m, \CX\ = o(x). Hence for fixed 
m, m | h„ and m | hn for asymptotically almost all n. 
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The proof of Theorem 1 depends on certain sieve estimates. Let z be a 
positive real number and b a positive integer. Let A(x) = {n<x}, Ab(x) = 
{neA(x): n ^ O (mod b)}, P = {primes p = 1 (mod M)}, P(z) = II$%p

zp, 
S(A(x),P,z) = \{neA(x): (n, P(z))= 1}|. We shall need the following 
lemma, which follows immediately from [5], Corollary 2.3.1. 

LEMMA 1. Let G be a set of primes with 

(3.1) I o i * - ^ l o g l o g * - a 
p<x 

for some constant a. Then 

(3.2) \{n eA(x): (n, p) - 1 for all p e G}\ « -
"(logx)1Ap(M) 

where the constant implied by the « symbol depends only on a. 

Now we let 
D^\{neA(x): n is divisible by at most three distinct primes in P}\. We claim 

that 

(3.3) D<F0 + Fl+F2 + F3 

where 

F0 = S(A(x),P,x , / 4) 
1/4' 

F{ '_ ' ' " • 

pep v \p 
p ^ x " 4 

1/4' 

1= I S(AP(X\P~{PI(-) 

c , / 4 

I S ( A P I P 2 ( X ) , P - { P I , P 2 } , ( - ^ - ) 

P , , p 2 ^ " 4 

^3= I S ( A P I P 2 P I ( X ) , F - { P I , P 2 , P 3 } , - ^ - ) . 
Pl,P2,P36P P l P 2 P 3 / 

p,,p2 ,p,<x1 / 4 

If n is divisible by no prime in P, then n is counted in F0. If n is divisible by 
exactly one prime in P, then we see that n is counted in F() or F t . If rc is 
divisible by exactly two distinct primes in P, then we see that n is counted in 
F0 , F1? or F2. Finally if n is divisible by exactly three distinct primes in P, we 
see that n is counted in F(), F1? F2, or F3. Thus Inequality 3.3 is valid. We also 
note that 

s ( A p ( x ) . P - W , ^ ) ' > s ( A ( ï ) . P - { p } . ^ ) , / 4 ) 

4 w * ) , P-{PI, P2}, (^)'/4) = S ( A ^ ) . P-{P, P2}, (^) , /4) 

S(A P I P 2 P I (X) , P-{Pl, p2, p3}, — ^ — ) = S(A(-^~), P - { P l , p2, p3}, - ^ — ) . 
V P1P7P3/ \ VP!P9P3/ P|P?P3/ 
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We first use Lemma 1 with G = { p e P : p < x 1 / 4 } . The well-known formula 

I - = - 7 ^ 1 o g l o g x + 0(l) 

implies that 

I " = I - = T77^ 1 °g 1 °g( x l / 4 ) + 0 ( 1 ) 
P EGP peP P <P(M) 
p<x p<x 1 / 4 

1 
log log x +0(1). <P(M) 

So Inequality 3.1 is satisfied with a constant a that depends on M. Thus from 
Inequality 3.2, 

F 0 = S(A(x),P,x1 / 4)«-
(logx)1Ap(MV 

Next we use Lemma 1 with G = {qeP-{p}:q<(x/p) 1 / 4}. Since 

16G q cp(M) \ p / 
q^x/p 

then 

S ( A l | ) , P - { p } , ( ^ ) 1 , 4 V < -p(log(*/p))1Ap(M)' 

For p<x 1 / 4 , we have 

1 1 
-« -

^ 1 
and 2, — <<: l°g l°g x-

loglp)) 
So 

'••ï^'-wd) '« peP 
p ^ x 1 

1/4N x log log x 
l/<p(M)* \ p / \ p / / (logx) 

p < x , / 4 

Next with 

G = fqeP-{P l ,p 2}:q<(—) 1 

Lemma 1 gives 
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For PiP2 —^1/2, we have 

1 1 v- 1 
, . Ty^^ï^y^ and

 P „ L ^<<(loglogx)2-logfe)) 
So 

F2= I S ( A ( ^ - \ P - { P I ) P 2 } , ( - ^ ) 1 / 4 ) « ^ 
(log log x)2 

(logx)1Ap(M)" 
n < v ! / 4 

P2 — X 

Finally with 

-] G = I q G P - { p i , p2, P3}: q ^ }, 
I P1P2P3J 

Lemma 1 gives 

S(A(——), p - { P l , P2, p3}, - J L - ) < 
\ V1P2P3/ P1P2P3/ PlP2P3^ PlP2P30og(x/p1p2p3))

1/cp(M)* 

For Pip 2p 3^x 3 / 4 , we have 

1 1 , ^ 1 

M—)) 
• « - and 2- «(log log x)3. 

X _ Y ^ < M > ( l O g x ) 1 ^ Pl,PrP3eP P.P2P3 

PlP2P3^ 

\l/<p(M) 

Pl,P2,P3 :S>C ,"* 
x V F 1 F 2 F 3 / ' 

So 

P 3 = 2. SI AI , P - { P l , P 2 , P3}, «7^ oAp(M) • 
Pl,p2,P3ep \ W 2 P 3 / PiP2p3/ (logx)1Ap(M) 

Then from Inequality 3.3, we have 

x(log log x)3 

(logx)1Ap(M) ' 

Since |CX |<D, we have proved Theorem 1. 

4. Density results. We let notations be the same as in previous sections. In 
this section we shall suppose that n is divisible by exactly t distinct primes. So 
n = Pi1 • • • pe

t
i, where p r , . . . , pt are distinct primes and each et > 1. We note 

that the conditions in section 2 do not distinguish between m | h„ for n = 
Pi • • • pt and m | h„ for n = pi1 • • • pe

t< if each et>l. Similarly the conditions in 
section 2 do not distinguish between m | hn for n = p1 • • • pf and m | hn for 
n = Pi1 • • • p̂> if each e-x > 1. Hence we shall consider only square-free integers 
M with £ prime factors. Let x be a positive real number, and let Rtx = { n < x : 
n = Pi * ' * Pt with primes Pi < p2 < * • * < pt}. If Tx is a subset of Rtx for each x, 
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we define a density 

IT I 
d(Tx) = lim 

* — | K j 

provided the limit exists. We define a lower density 

IT I 
d(Tx) = lim inf • 

R 

If d(Tx) exists, then of course d(Tx) = d(Tx). We also note the well-known 
asymptotic formula 

( t - l ) i l o g x 

as x —» oo with £ fixed. Our main result in this section is the following theorem. 

THEOREM 2. Let m > 3 and t>3 be integers. Define M by (2.1). Let VmXx = 
{n G Rtx : m | hn} and V*ftjX = {n G £ t X : m | h^}. Then 
(i) d ( V m , J > d ( V ^ t , x ) ^ l - y m , t , where 

ym,t =(ff ^ " f 3
 [ ( < P ( M ) - l)3 + r(cp(M)- l ) V ^ M M ) - 1 ) 

(cp(M)y L 2 
r ( r - l ) ( t - 2 ) - | 

12 J" 
1/ m is odd, we haue the stronger result (ii) d (V m t x )> 1 —zmt, where 

zm,t=—, , w — (cp(m)-l) + f(<p(m)-l) + — - — ( c p ( m ) - l ) 
(<p(m)) L 4 

7 t ( t - l ) ( f - 2 ) 1 
384 J" 

Now Jet £ = 2 and Jet m be odd. Then (iii) d( Vm t x) > ————-z. 
2(<p(m)) 

Proof. For f > 3 , let Ym>t>x={n el?tjX: n satisfies condition (a) or (b) of section 
2} and Zmtx = { n e R t x : n satisfies one of the conditions (c), (dx), (d2), (ex), (e2) 
of section 2}. To prove (i) and (ii) of Theorem 2, it suffices to show that 
d(Ym,t,x) = ym,t and d(ZmXX) = zm,t. Now 

(4.2) |Ym,t,xh Z S0 + Z «i+ Z S2+ X Ô3 
P l - - p t < x P l - - - p t < x P l - - p t < x P l - - P t < x 

where for 0 < i < 2, 

f 1 if exactly i of p 1 ? . . . , pt are congruent to 1 (mod M) 
10 otherwise 

https://doi.org/10.4153/CMB-1983-075-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1983-075-3


4 7 0 F. GERTH III [December 

and 

condition (b) of section 2 is satisfied 
otherwise. 

fl if 
lOot; 

Now for fixed M and t, standard calculations show 

,A~ v * v 1 MM)-îyxdoglog*)-1 

(4.3) 2- ôo= A l 
P l - P t ^ * <P(M) 7 ( t - l ) ! l o g x 

each P; # 1 (mod M) 

Similarly 

(A A) Y * (l\ 1 /<P(M)-lY"'x(loglOgx) ' - ' 
' j

 P , . 4 S X
 x W c p ( M ) \ cp(M) J ( f - l ) ! l o g x 

t\( I Y/<p(M)-iY_2x(iogiogjcy-
and 

(4.5) £ 8: 
P i - P , ^ x 

2
 '2J\Ç(M)J \ <p(M) ) ( f - l ) i l o g x 

where I and _ J are binomial coefficients. 

- ^ p r - F 

t\/ l y M M ) - î y 
3/\cp(M)/ \ <p(M) / 

The calculation of £Pi...P|SX ^3 ' s slightly more complicated. We will obtain 
the factor 

from the congruence conditions mod M. Next since 

P,,/ \p,-./ \p,- / P i / VPi, 

there are eight possible combinations for the Legendre symbols. Four of these 
combinations satisfy the requirements of condition (b), and hence we expect an 
additional factor of f = \ in the calculation. Thus we expect 

<«* . L - H f c ï ï ^ x( log logx) t 1 

( r - l ) ! l o g x 

Concerning the proof of this type of result, we make the following observa
tions. For simplicity, we consider the case t = 3. We let xP be the quadratic 
character defined by 

X P ( a ) = ( - j for (a, p) = l. 

Then suppose, for example, that we want to count the integers n < x of the 
form n = p1p2P3 with primes P i<P2 < P3 , each pt = 1 (mod M), and with 

^)=-i, H=i, H=-i. 
Pi/ W w 
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Then we would compute the sum 

(4.7) I I I èd-XPl(p2))è(l + XPl(P3))è(l-Xpï(P3)). 
P l < X 1 / 3

 P l < p 2 < ( x / p 1 ) 1 / 2 P 2 < P 3 ^ ^ / P l P 2 
p 1 = l ( m o d M ) p 2 = l ( m o d M ) p 3 = l ( m o c i M ) 

We have performed calculations similar to this in [3] and [4]. The coefficient in 
the main term in the asymptotic formula for (4.7) comes from the factor \-\-\ 
and the congruence conditions mod M. The remaining terms are character 
sums which are part of the error term. Thus we see that the sum (4.7) is 
asymptotic to 

v3 x (log log x)2 

i/_i_y 
8 \<p(M)J 

2! log x 

Since there are four possible combinations of Legendre symbols that give 
83= 1, we get 

^3 x(log log x)2 
y * 1 / i Y 

P,P£« 3 2 \<p(M)) 2! log x 
when t = 3. 

It is then easy to see that (4.6) is true for arbitrary t > 3 . Now using (4.1)-(4.6), 
we see that d(Ymtx) = ymt, where ymt is specified in the statement of Theorem 
2. 

Next we consider |Z m t x | . We note that 

(4.8) \Zmxx\= X e0+ Z ^1+ I ^2+ I e3 
P j - - - p t < X P j - - - p t < X P ! - - - p t < X p ^ - p t ^ X 

where for 0 < i < l , 

- l i 1 if exactly i of p1 ? . . . , pt are congruent to 1 (mod m) 
otherwise 

__ (T if condition (dj) or (d2) of section 2 is satisfied 
10 otherwise 

condition (ej) or (e2) of section 2 is satisfied 
otherwise 

f i i f 
lO ol 

to (4. 
,ACk, V /<p(m)-l)yx(loglogx) f~ 

P l - ^ x V <P("0 / ( t - l ) î lOgX 

Now analogous to (4.3) and (4.4), we have 
(<p(m) - 1)Y x(log log x) t _ 1 

and 

t\ 1 /<p(m) ~ IV" 1 x(log log x) r 

P I - P , ^ X M/<p(m) \ <p(m) / ( f - l )! logx 

We now examine the effect of the conditions (dx), (d2), (ex), (e2). In (dx), the 
congruence conditions (mod 4) introduce a factor \. In (d2), the congruence 
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conditions (mod 4) introduce a factor | , and the condition (pjpi) = - 1 intro
duces a factor \. Thus from (dx) and (d2) we get a factor 4 + 4 • ^ = ^ to multiply 
the coefficient 

So 

(4.11) I *2' 

\2/\<p(m)/ \ <p(m) ) ' 

~2\2/\<p(m)H <p(m) / ( t - l ) ! logx 

In (ea), the congruence conditions (mod 4) introduce a factor £, and the 
condition on Legendre symbols introduces a factor f. In (e2), the congruence 
conditions (mod 4) introduce a factor §, and the condition on Legendre symbols 
introduces a factor \. So from ( e j and (e2) we get a factor è * i + t ' s = â t o 

multiply the factor 
/ A / 1 \ 3 /<p (m) - lV- 3 

\3/\<p(rn)/ \ cp(m) ) ' 

Thus 
V 7 / A / 1 y / cp (m) - lY- 3 x( log logx ) ' - 1 

P r i - x 8 3 64 \3 / \<p (m)M <P(™) / ( t - l ) ! l o g x ' 

Then from (4.1), (4.8), (4.9), (4.10), (4.11), and (4.12), we get d(ZmXx) = 
zm t, where zm4 is specified in the statement of Theorem 2. 

Statement (hi) in Theorem 2 can be obtained by using conditions (c), (dj), 
(d2) and by observing that 

1 - • - - ' - - ( - T ! Y[(cp(m)-l)2 + 2(cp(m)-l) + è] : 

\(p{m)/ 2(<p(m))2" 

REMARK. For fixed m in Theorem 2, l im^^ ym>t = 0 and lim^oo zm>t = 0. 
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