The Hlliptic Cylinder Functions of The S8econd Kind.
By E. Linpsay INce.

(Read and Received 13th November 191}).

§1. Introductory.
The differential equation of Mathieu, or the equation of the
elliptic cylinder functions

Ty +{(a+E0co8%)Yy=0.ccoeniiinirniinnnnn (1)

df

is known by the theory of linear differential equations to have a
‘general solution of the type

y=A4¢4(z) + BeT*Y(z)
¢ and ¢ being periodic functions of z, with period 2.

It is known that when a certain relation, or rather
one of an infinite series of relations exists between a and &,
p vanishes, and ¢ and ¥ cease to be distinct. Thus in these cases
the general solution degenerates into a single solution, and it is the
object of the present paper to discover and investigate the nature
of the corresponding second solution.

These periodic solutions, or ‘‘elliptic cylinder functions,’

denoted by
ceo{2) ce(z) cex?)............ € (2)eininnnnnn.
se,(z) 8ex(2)......oun.. 8, (2).0eninnnnn *
reduce to
1 cosz cos2z............cosnz............
sinz s8in2z............ sinnz............

when the £ in equation (1) reduces to zero, and hence the corre-

* Whittaker. International Congress, Cambridge, 1912
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sponding second solutions may be taken to be such that they
reduce to

when k becomes zero.
For these second solutions, or “elliptic cylinder functions of
the second kind,” Professor Whittaker has suggested the notation

ing(2)  iny(z) ny(2)............ LN € VO

and this notation will be adopted throughout the present paper.

§2. Method of procedure.

It is known from general theory that if
Ty -
dz’ +f(z)3/ “0

be a linear differential equation of the second order, and if one

solution ,(z) of it be known, the second solution y.(z) can readily
be obtained, for it is simply

w0 G

The lower limit of integration is quite arbitrary, and the terms
arising from it may be discarded, as they merely give rise to a term
in y,(z) which may be considered as absorbed into the first
solution of the equation.

We shall now proceed to apply this process to finding the
function in,(z) which corresponds to the first solution cey(z).

It is very convenient, in the first place, slightly to meodify
Mathieu’s equation, and to exhibit it in the form

+(a+ 16g + 16g cos22)y =0

where 32¢ = 4%,
as we thereby avoid introducing high powers of 2 into the sub-
sequent working.
Retaining terms up to ¢*, the expression given for cefz) is
cey(z) =1 + 4q cos2z + 2¢°cosdz + 4¢*(1cosbz — Tcos22)
+ 15¢*(cos8z — 320c0842), ..vvvvirreninninnnn.n. 2)

d
az®
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whence we easily find that
1

—— =1 - 8¢cos2z + (20cos4z + 24)¢* ~ (2§2cos6z + 112c0s22)¢°
cey(2)

+ §(667cos8z + 1376cosdz + 486)¢*

I;_,(%): z - 4gsin2z + (Bsindz + 242)q® — (1;4sinbz + 56sin2z)g?
0
+ 3(28%5in8z + 344sindz + 4862)¢*

and
con(e) [ = s ca(a)[1 + 24+ Bdg +...]
N Jeel(z) ¢
- 4¢sin2z — 3¢’sindz + ¢°( — 2%sin6z — 42sin2z)
+ ¢ — F%s5in8z — 824sindz).
We may divide out the constant multiplier (1+24¢*+...) and
thus obtain the second solution in the form -

iny(2) = 2 cey(z) — 4qsin2z — 3¢%sindz + ¢*( — 2%8in6z + 54sin2z)
+¢*( — 455sin8z + 1120%indz), ...l (3)

This method is very s1mple and convenient in the present case,
but its application becomes increasingly difficult when we proceed
to higher and higher orders of the functions ce and se, and con-
sequently we have to fall back on another method detailed in the
next section of the paper.

§3. Second method of finding the Second Solution.

In this method we try to satisfy the differential equation by a
series in ascending powers of g, whose coefficients are functions of
z, and whose leading term is the corresponding second solution as
given in §1 of the differential equation (1) when % is put equal
to zero.

As an example of this method we will investigate the function
in,(z), which is the second solution corresponding to the elliptic
cylinder function ce,(z). When % (or ¢) vanishes it reduces to sinz,
and hence we assume the expansion

iny(z) =sinz + qA(2z) + ¢*B(z) + ¢*C(2) + ovvnnnne.n 4)

where 4, B, C ... are functions of z alone and may be taken as not
involving sinz, which merely amounts to determining the arbitrary
constant by which the solution can be multiplied.
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The particular value of a which gives rise to the function ce ()
is given by
a+16g=1-8g-8¢"+8¢*- 8¢* - 82¢°+ ...
and hence the differential equation (1) becomes

&
—d%+[16qcosﬁz+ 1- 8 - 8¢>+8¢% — 8¢ — 88g5+ ... ]y =0.

Substituting the expression (4) in this differential equation we
obtain

—sinz+ "¢+ B'¢* +C"¢* + ...

+(1-8¢—-8¢*-8¢>— ...)(sinz+ Ag+ B+ Cg*+...)
+ 16gcos2z(sinz + Ag + Bg*+...)=0.

The terms in this equation independent of ¢ are together
identically equal to zero. If we equate to zero the term in the
first power of ¢ we obtain

A" + 4 — 8sinz + 16cos22z8inz = 0,
or 4"+ A -16sinz + 8sin32=0,
whence we obtain 4 = - 8zcosz +sin3z.

No terms in sinz and cosz are introduced since we have decided to
normalise the function in,(2) by assuming that the coefficient of
sinz in it is strictly unity, and we may further assume that no
term in cosz appears, or in other words, that the function in,(2) is
to be purely an odd function of 2.

Equating now to zero coefficients involving the second power
of ¢, we have

B’'+ B - 8sinz - 84 + 164 cos22=0,
or B’4 B+ 8sinbz - 8sin3z — 64z cos32=0,
i.e. B=1sinbz + bsindz — 8z cos3z.

The coefficients of higher powers of ¢ may be obtained in the
same way, and thus we obtain an expression for in,(z), viz. :
in(z) = — 8qz(1 — 3¢* + 6¢°...){ cosz + ¢ c0s3z + ¢*(3cosbz ~ cosz)...}

+ sinz + ¢ 8in3z + ¢*(}sindz + Hsindz) + ¢%({4sinTz + §sindz — 38sin3z)
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This method has the great advantage over the former that, if
we know a in terms of g, we can proceed to obtain as many new
terms as we desire in the expansion, without beginning the whole
process over again, as is necessary in the case of the first method.

§ 4. Summary of results obtained.

By the use of the above methods, both of which were employed
in order that the one might be a check upon the other, the
following expressions have been obtained, viz. :

Corresponding to a+ 16g= - 32¢*+2%4¢* - 2288898+ ., the
second solution is

iny(z) = zcey(z) — 498in2z — 3¢’sindz + ¢*( — £25in6z + 54sin2z)
+¢*( - A%sin8z + 112 °sm4z)
+ &% (— 1 3Us1n102 +88275in62z — 26068sin2z)

Corresponding to a+ 169 =1-8¢ - 8¢*+8¢*— §¢* — ..., we have
iny(z) = — 8q(1 - 3¢* + 6¢° + 31¢* + ...)2ce (2) + sinz + ¢ 5in3z
+ ¢*(38inbz + 5sindz) + ¢*(;4sinTz + §sinbz — 2fsin3z)
+¢*(1358in92 + HgsinTz — 34 2sinbz - lsindz) + ...... (5)
Corresponding to a + 16g =1+ 8¢ - 8¢? — 8¢° — 8¢* — ..., we have
Jny(z) = —8q(1 - 3¢* — 6¢° + 31¢*...)zse)(2) + cosz + geos3z
+ ¢*(3co0sbz — Hcos3z) + ¢ ({50872 — cosdz — 3Pcosdz)
+ ¢ (1350892 — 20087z — 3L cosbz + 4Tcos32) + .ounnnenes (6)

Corresponding to a + 16¢g =4+ 82¢* - 81949%+ . we have
iny(2) = 8¢%(1 — 82¢°...)zcey(2) + sin22 + -gq sm4z + 3¢’sin6z
+¢*(Fsin8z — s1n4z) + ¢*(53o8inl02 — $£%8in62) + .........(7)
Corresponding to a + 16¢ =4 - 28¢*+ 49* — ..., we have
Jna(z) =89 (1 + %22 g% + ... )28e,(2) + c082z + 2g(3cosdz - 1)
+ 3g°cos6z + q’(ncos8z + S1cosdz — §) + ¢*(53yc08102 + L1 3cosbz)

Corresponding to a+ 16g =9+ 4¢*— 8¢°+ 33¢* + ..., we have
ing(2) = ~ $q°zcey(2) +sin3z + ¢(38inbz - 8inz) + ¢*(,8in7z - sinz)
+ ¢*(5%58in92 + [58ind2 — Isinz)
+ ¢ (1egsinllz + %sinT2 — y58inbz — 3sinz) +...... 9)
and corresponding to a + 16¢ =9 + 4¢* -+ 8¢* + 22¢* + ..., we have
jny(z) = — Sqzsey(2) + cos3z + g(Jcosbz — cosz) + ¢({&¢08T% + cosz)
+ ¢*(o 0892z + 5c0852 — §cos2)
+ ¢} (1ospe08112 + 08Tz — {xcosbz + Jeosz) +...(10)
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Graphs of iny(z) and in,(2) for the particular case of ¢=-01 are

appended.
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§5. Imaginary Values of the Argument.
If in the differential equation
57'2+(a+ 16¢ + 16¢ cos22)y =0
we write 1z for 2z, we obtain it in the form

g—Z{—+(—a— 16g - 16q cosh2z)y =0. . .........(11)

The first solutions of this equation are obviously
ce,(1z) ce\(12), ce(1z) .........
86,(12) s€4(12), .........
or they may be expressed by the notation
cehy(z) ceh(z) cehy(z) ..........
seh)(2) sehy(2) .........
where ceh,(z) =ce,(iz), seh,(z)= —1 se,(z).
The corresponding second solutions are then
inhy(2) = zeehy(z) — 4¢sinh2z — 3¢’sinh4z + ¢*( - £%sinh6z + 54sinh2z)

inh(z) = - 8¢(1 — 3¢9 + 6¢°...)zceh,(2) + sinhz + ¢sinh3z
+ ¢*(3sinhbz + 5sinh3z2) +.........
jnhy(z) = - 8¢(1 - 3¢ — 6¢°...)z8¢h,(z) + coshz + g cosh3z
+ ¢*(3cosh5z - Seosh3z) + ... (12)
and so on, where
nh,(z) = —1in,(iz)

Jnh(z) = jn(iz).

§6. Nature of the functions.

The elliptic cylinder functions of the second term are, of course,
not periodic, but they exhibit a kind of quasi-periodicity, as is
shown by the equations

n,(2 + 2nm) = in(2) + 2na P, ce.(2)

Jra(z 4 2n1) = jn(2) + Inmw @ se,(2),
where n is any integer and P, and @, are power series in ¢, viz.,
the coefficients of =zce,2) and 2s¢,(2) in the expansions of
in,(z) and jn.(z) respectively.
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Thus ing(z + 2nw) = iny(z) + 2nmee,z,
iny(z + 2nw) =imy(2) — 16nwg(l — 3¢° + 6¢° + ... )cei(2),
Jny(z + 2nr) = jn,(z) — 16nmg(l — 3¢ — 6¢° + ...)s6,(2),
and so on.

It is also noteworthy that the terms of in,(2z) coincide with
those of se,(z) as far as the term in ¢"~, and thus up to this point
are purely periodic. A term in ¢"zce,(2) is then introduced, and
the sine terms in ¢” and higher powers of ¢ differ to a certain
extent from the corresponding terms of se,(z). The function jn,(z)
bears similar relations to the function ce,(z).

§ 7. Genesis of the functions of the second kind.

It has already been mentioned that Mathieu’s differential
equation admits of a general solution of the type

y=4¢74(z) + Be " Y(z)

where ¢ and ¢ are purely periodic functions of 2, and that when
one of a set of particular relations exists between the a and the %
(or ¢) of the differential equation, u vanishes and ¢ and ¢ cease
to be distinct, but reduce to one or other of the elliptic cylinder
functions ce or se. It thus remains to attempt by a limiting
process to obtain the corresponding second solution directly from
the general solution.

In Professor Whittaker’s notation,* the general solution which
reduces to ce,(z) and se,(z) when p vanishes is

y=A4A(z o, ¢) + BA(z, -0, ¢q)

where A(z) = e“zu(z),
u(z) being purely periodic in z, ¢ is a parameter connected with
a and ¢ by the relation

a+16¢=1+8gcos2o + (- 16 + Beosdo)g® - ...
and x and u(z) are given by the relations
p=4gsin20 - 12¢%in2¢ - 12¢*sindo + ...
u(z) =sin(z — o) + a;co8(3z — @) + b,8in(32 — o) + a,c0s(52 — 7)) +

* Whittaker. Proc. Edin. Math. Soc., XXXII. (1913-1914), p. 78.

2 Vol, 33
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where

by =g +¢%0s20 + ( — 1t + Hcosda)g® + ( — Ztcos2o + Tcosba)g! + ...
as = 3¢%in20 + 3¢’sinde + ( - 2I4sin20 + 9sinbo)g® + ...
bs = 3¢° + 59°cos20 + ( — 355 + S3cosda)gt + ...,
and so on,
u(z) being a Fourier series whose coefficients are periodic

functions of o,

When ¢ vanishes, p=0 and A(z, o, ¢) and A(z, - o, ¢) become
identical and reduce to se(z); when o= %, p vanishes and

A(z, 0, ¢) and A(z, —o, g) both reduce to cey(2).

First of all consider the case when o vanishes. In the first
place, it is evident that if &), ay, by, a; ... are the coefficients u(z, - o)
corresponding to the b;, as, b, a, of u(z, o), then

b =by, by=b, b =b,......

’
7

a = ~a;8,= —0,8;, = —a,...

‘We now form the function
2F(z)=A(z,0,9)— Az, — 0, q)
= e®u(z, o) — e Fu(z, —o).

Next suppose that o is very small, and that therefore we may
write o for sino and 1 for coss. We thus have

2F(z) =(1 + 8goz — 24¢°0% — 48¢'cz + ...){sin(z - o) + asco8(3z - o)
+ bsin(3z — o) + a,c08(52 — ¢) + bsin(bz — o) + ...}

- (1 - 890z + 24¢%cz + 48¢*cz + ...) {sin(z + o) — a,co8(32 + o)
+b,8in(3z + o) — a,c08(5z + o) + bsin(52 + o) + ... }

= 2co0sz sino + 2b,c083z sino + 2b,c0852 sino + 2b,c0572 sino + ...
— 2a,c0832 coso — 2b,c0852 coso — 2a,co0sT2z €oST — ...

+ 8¢zo(1 — 3¢° — 6¢°...)( — 2sinz coso — 2b,sin3z coso
— 2b,8indz coso — 2b.5in7z coso — ...

+ 2a,8in32 sino + 2a,8in52 sino + 2a,5in7z sinc 4 ...).
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Hence, to the fourth power of ¢
F(z) =ocosz + ocos3z(g ~ 5g* - 38gP + 37¢4..)

+ocosBalde’ - §g° - 343g" + -..) + ocosTe(Pag’ ~ g’
+0cos92(yioqt...) + .-t

~8gzo(1 - 3¢g° - 6¢°...){sinz + (¢ + ¢’ + 3¢° — ...)sin3z

+(3¢*+4¢°+ ... )sinbz} + (gsin7z + ...

= — 8¢qzo(1l - 3¢* - 6¢* — ...){sinz + ¢ sin3z + ¢*(}sinbz + sin3z)

+ @*($58in7z + $sindz + 1sindz) + ...}

+ ocosz + og cosdz + og?(3cosdz — Scosdz) +

+ 0g*(F5087z — §c08dz — Zfcosdz)

+0q (13500892 ~ LlscosTz — 342cos85z + Ylcosdz) + ...
=ojn,(z).

Hence we see that the function jny(2) arises as the limit, when o

tends to zero, of the expression

A(z,0,9) - A2, —ay9)
20 )

‘We may now proceed in a similar manner to investigate the origin
of the second solution which arises when o tends towards the value

% and A merges into the particular function ce,(2).

For convenience we may employ instead of o the parameter

r T .
o' = 3 80 that when o becomes 5 o’ vanishes.

# is now given by the expression
p= - (4¢sin20’ — 12¢%in2¢’' — 12¢*sindo’ +...)
and u(z) by
%(2) = — cos(2+ 0’) + a,sin(3z + &') — byeos(3z+ ') + ...

where

by =q — ¢*co820” + ( — LA + Beosda’)g® + (%teos20’ ~ Tcosba')g! + ...

a, = 3¢%in2¢" - 3¢’sinde’ + (— £]4sin20’ + Isinbo’)g* + ...

by = 34" — $q°cos20’ + ( — £ + $Ecosda’)gt + ...

as=34g%in2¢" - $1¢'sinde’ + ...

b, = &q° — 4¢'cos2¢’ + ...

a, = Sfq'sin20’ + ...

by=130¢*+ .-
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As before if a5, by, a;/, b; are the coeficients of u(z, — ) corre-
sponding to the ay, b;, a,, b; of u(2, ¢’) we have
b = by by = b, b/ =b, ......
a’=-6y @G =-a; a’'=-a, ..
Also, as before, we form the function
2F(z)=A'(z, o', ) - A'(z, -0, @)

= e"zu(z, o')—e - ”zu(z, -o),

A’ being what A becomes when for o we write % -d.

We then obtain, using the condition that ¢’ is to be small,
2F(z) = (1 - 8g0'z + 249’z + 48¢’c"'z+...)( — cos(z + 0') + a8in(3z + &)
— bycos(3z + o) + a8in(dz + ') - beos(Bz + ') + ...)
-~ (1 4+ 890’z ~ 24¢%c'z — 48¢*'a’z+...)( — cos(z — o’) — asin(3z - o)
~ by(cos3z — ¢') — asin(5z ~ o) - byeos8(5z —0’) + ...).
= 2ginz sine’ + 2b,5in32 sinc’ + 2b,8in52 sino”’ +....
+ 2a.8in3z cose’ + 2a,5inbz cosa’ + ...
+8g0'%(1 - 3¢*+6¢° + ...)(2coszcoso’ + 2b;c083% coso’ + 2bc085z cose’ + ..
— 2a4c0832 sing”’ — 2a,c0s852 sine’ ~ ...).
Hence to the fourth power of q.
F(z) =o'sinz + o’'sindz(g + 5¢* — 32¢> - Lig* +...)
+o'8inb2(3¢* + 3¢° - 3220 + .. ) + o'sinT2(¢P + S0 + --0)
+0'sin92(134¢* + ...)
+8¢0'z(1 — 3¢+ 6¢°) {cosz + c0s32(q — ¢* — 11 P + L2t + ...)
+cosbz(3g® - 4° + 1t + ...) +cosTa(dig® — o0 + .o0)
+ cosdz(izgt + ...)}
=8go'2(1 - 3¢* + 6¢°){ cosz + gcos3z + ¢*(1cosbz — coslz)
+ @*(F5c087z — 4cosbz — LLeos32) + ¢* (13500892 — P4c0872
+ $cosbz + Lrcosdz) + ...}
+ o'sinz + 0'¢sindz + 0”'¢*(§sindz + 58indz) + o’'¢*(Pssin 72 + §sinbz

— 255in3z)
+ 0'¢* (1498192 + 548inTz — 3435inbz — 4lsin32) + ...

= 0"17&;(2)
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Thus the function in,(z) is seen to be the limit when o’ tends
to zero, of the function
ANz, 0q)—AN(z, -d,9q)
20’ )

Hence the function in,(z) arises as the limit, when ¢ tends to

the value -g, of the expression

Az 0, 9) - A -0,q)

T -2
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