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CROWNS, FENCES, AND DISMANTLABLE LATTICES
DAVID KELLY AND IVAN RIVAL

A finite lattice L of order # is dismantlable [6] if there is a chain L; C L, C
... C L, = L of sublattices of L such that |L;| = i foreverys =1,2,...,n.
In [1] it was shown that every finite planar lattice is dismantlable. Further-
more, every lattice L with |L| < 7 is dismantlable [6]; in fact, every large
enough lattice contains a dismantlable sublattice with precisely # elements [4].
As well, such lattices are closed under the formation of sublattices and homo-
morphic images [6]. In section 2, we shall extend the definition of dismantlable
to infinite lattices.

For an integer # = 3 a crown [1] is a partially ordered set

{xlr Vi, X2, y2r ooy Xp,y yn}

in whichx; £ v;, v; 2 x41,fore =1,2,...,7n — 1,and x; < v, are the only
comparability relations (see Figure 1).

Y1 Yo Yn—1 Yn

X1 X2 X3 Xn

FiGure 1. A crown of order 2z

The main result of this paper is a characterization (Theorem 3.1) of dis-
mantlable lattices in terms of crowns. In fact, we show that every finite latiice
is either dismantlable or it contains a crown but not both. For more familiar
classes of lattices we prove (Theorem 3.5) that a modular lattice of finite length
is dismantlable if and only if it has breadth < 2 (or, equivalently, it contains no
crown of order 6). It now follows (Corollary 3.6) that a finite distributive lattice
1s dismantlable if and only if it is planar.

1. Preliminaries. An element x in a lattice L is join-reducible (meet-
reducible) in L if there exist y, 2 € L both distinct from x such that x =

yV z(x =y A 2); x is join-irreducible (meet irreducible) in L if it is not join-
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reducible (meet-reducible) in L; x is doubly irreducible in L if it is both join-
irreducible and meet-irreducible in L. Let J(L), M (L), and Irr(L) denote
the set of all join-irreducible elements in L, meet-irreducible elements in L,
and doubly irreducible elements in L, respectively. The length of an n-element
chain is # — 1 and the length of a partially ordered set P is the least upper
bound of the lengths of the chains in P. For x, y € P, x is incomparable with
y(x|ly) if x € yand ¥y § «. For all further terminology we refer to [2].

Let us observe that a partially ordered set which contains no infinite chains
and in which all maximal chains have the same length is itself of finite length.
Furthermore, since in a lattice L with no infinite chains, any join equals a
finite join, L is complete and for every x € L, x = V (a € J(L)|a £ x).

LeEmMA 1.1. If x and y are elements in a lattice L with no infinite chains and
x £y, then there exists a € J(L) such that a < x buta £ y.

(Of course, the dual of the preceding lemma holds as well.)
A fence F [1] is a partially ordered set {x1, xs, . . ., %, . . .} in which either

(1) 21 S X9, %2 = X3, ..., Xome1 = Ko, Xom = Xometl, -

or

(1,) X1 2 X9, X2 = X3y o o0y Xom—1 g Xomy Xom < Xomt1y o+ »

are the only comparability relations (denoted by F = (x1, Xa, . . ., Xy « . .)).
F = (x1, %3 ..., %y, ...) is @ lower fence (see Figure 2) if (1) holds and an
upper fence if (1') holds. We shall also denote a crown on {x1, y1, %2, Y2, - -« , Xy Y}
by (%1, V1, X2, V25 « « « ) Xny Vn)-

X2 X4 Xn

X1 X3 X5 Xn—1 Xnt1
FIGURE 2. A lower fence (x1, X2, . . ., Xny . . .)
The concept of a fence turns out to be the natural link between that of a
crown and that of a dismantlable lattice. (Indeed, observe that the removal of
one element, or two comparable elements from a crown leaves a fence.)

We now establish some elementary results about fences in partially ordered
sets which contain no crowns.

LeEmMA 1.2. Let P be a partially ordered set containing no crowns and F =
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{x1, %2, . .., %}, (m = 3), be a subset of P satisfying (1). Then F is a fence in P
for even (0dd) n if and only if

X1 ;t X3y Xn—2 k Xn (xn—2 $ xn)y

x; € Xyps, foriodd and i < n — 3, and

Xy ¥ Xips, fortevenand i £ n — 3.

Proof. 1t is enough to consider the case in which # is even. Clearly x; # x4
for all © < %, (for example, if x; = x, then x; = x;). If F is not a fence in P,
choose the least integer £ = 2 such that either x; < x;.4, for some odd 7, or
X; = X441, for some even <. By hypothesis, 2 > 3 and, in fact, 2 must be odd.

But then (x4 %441, - . ., X312) is @ crown, which is a contradiction.

The next two corollaries describe how fences can be constructed by “‘pasting”
together smaller fences.

CorOLLARY 1.3. If n = 3 and (%1, X9, . . ., X,) 1S @ lower fence in a partially

ordered set P containing no crowns and y € P, then (y, x1, X2, . . . , X,) 1S & fence
in Pifand only if v = %1,y £ %2 and y = xs.

COROLLARY 1.4. Let (X1, %2, .oy X4y Y1, Yoy« o+, V) and (Y1, Yo, « o« 5 Vi
21,22, . . ., 2x) (J = 3) be fences in a partially ordered set P containing no crowns.
Then (X1, Xoy <« vy X5y V1, Y2y - = -y Viy 81, 32y - - « , 2) 1S @ fence in P.

If (x1, %2, ..., %,) is a lower fence in a partially ordered set P and xo’ € P,
then (x1, x2', %3, . . ., X,) is a lower fence in P whenever x; < x,, x; < x,/, and
' <
Xo = Xo.

LemMA 1.5. Let n = 3 and (x1, X2, . . . , %,) be a lower fence in a lattice L con-
taining no crowns and y € L. Then (y, X1, X1 V X3, X3, « . . , Xy) 15 @ fence in L
if and only if v = x1 and y||x; V xs.

2. Dismantlable lattices. For finite lattices, the following result was
proven in [6, Theorem 2].

ProposiTION 2.1. For any lattice L the following two conditions are equivalent:

(1) every nomempty sublattice S of L contains an element which is doubly
1rreducible in S;

(ii) there is an ordinal a and a family (L,|0 < v < a) of sublattices of L with
Ly = L, L, = 0, and satisfying the following conditions:

(@) if B < a and Lg # @, there exists x € Lg such that Lgyy = Lg — {x}; of
Lﬁ = ﬂ, then LB+1 = ﬂ,’ d’l’Ld,

(b) for a limat ordinal B < o, Lg = (Ny<pLy.

Proof. For (i) implies (ii), it is enough to define a family (L,|0 = v < a)
by setting x in (ii) (a) to be a doubly irreducible element in Lg.
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Suppose now that (ii) holds. Let S be an arbitrary nonempty sublattice of L
and let 8 be the least ordinal such that S & Ls. We choose some x € .S — Lg.
If 8 were a limit ordinal, then x ¢ L, for some v < 8 which, however, would
contradict the minimality of 8; therefore, 8 = § + 1 for some 8. Since S C L;
and x is doubly irreducible in L;, x is also doubly irreducible in S.

Since Proposition 2.1 is a natural extension of [6, Theorem 2] to arbitrary
lattices, we define a lattice to be dismantlable whenever it satisfies either of
the equivalent conditions of Proposition 2.1. Obviously every sublattice of a
dismantlable lattice is dismantlable. Furthermore, it is possible to extend the
proof in [6, Corollary 2] to show that any homomorphic image of an arbitrary
dismantlable lattice is dismantlable.

We can now prove a strong version of one direction of our main result
(Theorem 3.1).

ProPoSITION 2.2. Every lattice which contains a crown is not dismantlable.

Proof. Let L be a lattice containing a crown (x1, ¥1, X3, Y2, « -« y Xny Yu),
where #n = 3. Then L also contains the crown (xi/, ¥/, x2/, ¥o/, . .., %/, V)
where v/ = x; V xgaand x/ =y, A v/, for 1 £4 = n, (with 2,411 = %1
andyo’ : = ,/). Theny/ =x/ Vx5, for1 £¢ = n, (with x,.,/ 1 = x1),s0

that every element in the sublattice of L generated by (x./, v/, xo/, ¥o', ...,
X', ¥ )is either join-reducible or meet-reducible.

Remark. The argument used in the proof of Proposition 2.2 also shows that
a lattice which contains a fence (crown) also contains a fence (crown) of the
same order in which for any pair of elements having an upper (lower) bound,
the respective bound is actually the join (meet) of the pair in the lattice.

The direct product of a two-element chain and the integers Z is a (dis-
tributive) non-dismantlable lattice containing no crowns. Therefore, only
lattices containing no infinite chains will be considered in the sequel.

3. The main result of this paper is
THEOREM 3.1. 4 finite lattice is dismantlable if and only if it contains no crowns.
Actually we shall prove a stronger result:

THEOREM 3.2. 4 lattice which contains no infinite chains and no infinite fences
s dismantlable iof and only if it contains no crowns.

The necessity is just a special case of Proposition 2.2. Since the property of
non-containment of certain partially ordered setsin a lattice is inherited by its
sublattices, the proof of Theorem 3.2 finally amounts to proving

THEOREM 3.3. Every laitice which contains no infinite chains, no infinite
fences, und no crowns must contain at least one doubly irreducible element.
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The non-containment of infinite fences in Theorem 3.3 is essential. The
lattice on {x,z € Z} \U {0, 1} with the partial ordering defined by 0 < x; < 1
t€Z),x;<x41 (tevenandz € Z), x; > x4 (¢ odd and 7 € Z), contains
no crowns, yet it is not dismantlable. In fact, the lattice L = F; U F, U
{c,d, 0, 1}, (see Figure 3) where F; = (a1, as, . .., a,, ...) is an infinite upper
fence, Fy = (by, by, ..., by, ...) is an infinite lower fence, F1 N\ Fy, = @,d > x
for every x € Fi,d > a, ¢ < x for every x € Fy, ¢ < d, and 0, 1 are the uni-
versal bounds is not dismantlable, yet it contains no crowns; note that
{x,i € Z} as ordered above is not isomorphic to any subset of L.

Yo

Ficure 3. A non-dismantlable lattice with no crowns

Furthermore, the non-dismantlable lattice consisting of a crown of order 2z,
(m = 3), with universal bounds 0 and 1 adjoined does not contain any crown
of order 2m, for m # #, so that all crowns must be omitted in Theorems 3.1
to 3.3.

Before proceeding to the proof in Section 4, we prove an analogue of Theorem
3.2 for modular lattices.
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The breadth of alattice L (b (L)) is the least positive integer b such that any join
V x4, (n>0),
1=1

is always a join of a subset of b of the x,'s.

LemmA 3.4. For a lattice L the following conditions are equivalent:
(i) b(L) = 2;

(ii) L contains no crown of order 6;

(iii) L contains no sublattice isomorphic to the Boolean lattice 23.

Proof. To prove that (iii) implies (ii) we need only recall the remark follow-
ing Proposition 2.2; the rest is routine.

THEOREM 3.5. 4 modular lattice L of finite length is dismantlable if and only
if b(L) =< 2.

Proof. The “only if”" part follows from Proposition 2.2 and Lemma 3.4.

Suppose that L is a modular lattice of finite length and L contains no crown
of order 6. We show, in fact, that every maximal join-irreducible in L is already
doubly irreducible in L. If this were not so then there would exist a maximal
join-irreducible a with at least two distinct covers x1, 2. By the maximality of
a, x1 and x, must be join-reducible. Now let y1, v» € L both distinct from « such
that x; covers y; and x, covers ys. By the lower semimodularity of L, a covers
both @ A v, and ¢ A ¥,, and if ¢ is the unique element which ¢ covers then
we must have y1 A y2 =a¢ A y1 =a A y: = c. Finally, by upper semi-
modularity ¥; V y. must cover both y; and ¥, so that (y1, x1, @, xs, y2, ¥1 V ¥2)
is a crown of order 6 in L which is impossible. Thus, ¢ € Irr (L).

The crown of order 8 with universal bounds 0 and 1 adjoined shows that
modularity is essential in Theorem 3.5. Modular lattices of finite length with
breadth = 2 have been studied in [5] where they are called quasiplanar. Al-
though not every such lattice is planar (see Figure 4), we have the following

FIGURE 4. A modular non-planar dismantlable lattice
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CoROLLARY 3.6. A finite distributive lattice is dismantlable if and only if it
is planar.

Proof. It is well-known that in a finite distributive lattice L, (L) equals the
largest integer n such that there exists x € L and x covers k elements. But then
it follows from [3, Theorem 1.2] that L can be embedded into a direct product
of b(L) chains. (The special case of this latter statement for b(L) < 2 is also
proven in [7].)

In Section 5, we shall show that a simple application of the construction used
in the proof of Theorem 3.3, yields a proof of

THEOREM 3.7. A dismantlable lattice which is not a chain and which contains
no infinite chains and no infinite fences, contains at least two tncomparable doubly
irreducible elements.

For a finite dismantlable lattice L, Theorem 3.7 has a rather simple proof by
induction on |L|.

Indeed, suppose b € Irr (L). (We may without loss of generality assume that
0 < b < 1.) Then there exist unique elements a, ¢ € L such that b covers a
and ¢ covers b. Without loss of generality the dismantlable sublattice L' =
L — {b} of L is not a chain so that by the inductive hypothesis it contains two
incomparable elements x, y both doubly irreducible in L’. If neither x nor y is
in {a, ¢} then x, ¥ € Irr (L) and we are done. Otherwise, x € {a, ¢} and y ¢
{a, c}, say, so that y € Irr (L), and since b € Irr (L), b||y.

The next result was established for finite lattices in [6, Theorem 2.].

COROLLARY 3.8. 4 lattice L which contains no infinite chains and no infinite
Sfences is dismantlable if and only if for every chain C in L, there is an ordinal o
and a family (Ly|0 < v = a) of sublattices of L with Ly = L, L, = C, and
satisfying the following conditions:

(@) if B < aand Lg D C, there exists x € Lg — C such that Lgyy = Lg — {x};
if Lg = C, then Lgyy = C; and,

(b) for a limit ordinal B < a, Lg = (My<sLy.

Proof. The sufficiency is obvious. Let C be a chain in the dismantlable lattice
L; we may assume that C is maximal. We show that for every sublattice S of L
such that S D C thereis an element in S — C which is doubly irreducible in S.
But every such S is dismantlable and is not a chain. Thus, by Theorem 3.7,
S contains two incomparable doubly irreducible elements so that one of them
must be in.S — C.

Let L be the lattice consisting of the infinite fence (x;, X2, . . . , X4, . . .) With
universal bounds 0 and 1 adjoined. L is dismantlable, yet it contains only one
doubly irreducible element. Thus, the hypothesis regarding infinite fences is
necessary in Theorem 3.7. This hypothesis is also essential in Corollary 3.8
since for the chain C = {x,, x2} there is no suitable family (L,), of sublattices
that will do.
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4. Proof of Theorem 3.3. Throughout this section we shall assume that L
is a lattice which contains no infinite chains and no infinite fences, that L
contains no crowns, and that Irr (L) = 0.

Let Q be a convex subset of L and F = (y1, ¥2, . . ., ¥2), # = 3, be a fence
in Q. We shall call F maximal in Q whenever

(2) there is no fence (x1, %2, Y2, %, Y4, . . . , ¥») such that 4 = y, A yyif
F is lower, and, # = v, V 9. if F is upper, and,

(2") there is no fence (v1, ¥2, - - ., Y3, ¥, Yn—1, 21, 22) such that
v = Y,_1 V y,_3 if Fis lower (upper) and # is even (odd), and,
v = V,_1 A Y3 if F is upper (lower) and # is even (odd).

Afence F = (y1, 92, .. .,%.), # = 3, is left-maximal in Q if (2) holds and right-
maximal if (2') holds.

LEMmMA 4.1. Every convex subset Q of L which contains a fence of order 3 also
contains a left-maximal and a right-maximal fence both of order = 3. Indeed,
if Q contains a fence of order 5 it contains a maximal fence of order = 5.

Proof. In view of Corollary 1.4 it suffices to show that Q contains a left-
maximal fence of order = 3 if it contains a fence of order 3. If F is a fence in Q
of order 3 and Q contains no left-maximal fence then there exists a sequence
(Fp)m of fences in Q such that F, = F and, for m > 1, F, is obtained from
F,._; as described in (2). But now if, for every m = 1, y,, is the fourth entry in
F,.1, then (y1, Yo, ..., Ym, - ..) would be an infinite fence in Q, which is
impossible.

Continuing the proof of Theorem 3.3, let Qo = L. For n = 1, we shall
construct a sequence ((F,, Q,)), of pairs such that, forn = 1, Q, is a nonempty
convex subset of L, F, is a left-maximal fence in Qy and, for # = 2, F, is a
maximal fence in Q,—; (see Figure 5). For notational ease, we shall always label
F, so that F, = (eu, fu, gn Hu, - - .). Furthermore, by virture of the remark
following Proposition 2.2, we may assume that g, = f, V k, (g, = f. A h,) if
F, is upper (lower).

Once F, has been chosen, Q, will be defined by

3) Q,={x € L|x = f,and x||g,} if F, is upper
0. = {x € Llx = f, and x||g,} if F, is lower.

a maximal fence F, in Q,—1 (left-maximal for # = 1) can be chosen so that
(i) for every n = 1, Qp & Qp1,
(ii) |Fi| = 3 and, for n > 1, |F,| = 5, and
(i) of Fpisupper (lower),x € Q,, y Sx(yZx),andy £ g,(y * g,), theny € Q,.
For n = 1, property (i) is obvious. If b is join-reducible in L and a V ¢ = b,
a # ¢, then (a, b, ¢) is a fence of order 3 in Qy = L. Thus, by Lemma 4.1, Q,

It is obvious that Q, is convex in L. We shall show by induction on # = 1, that
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f hy

Ficure 5. The construction scheme
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must contain a left-maximal fence F, = (ei, f1, g1, %1, ...) of order 3.
Property (iii) holds for n = 1, precisely because F; is left-maximal in Qy = L.

Let n = 2. We assume that (F,;, Q;) have been defined forz =1, 2, ...,
n — 1 and that (i), (ii), and (iii) hold whenever # is replaced by a smaller
positive integer.

ItV

LEmMA 4.2. Let x € Q1 and y ¢ Qp1.
(@) If y = x, then y > gu1.
b)) If vy £ x, then y < gy1.

Proof. (a) If F,_, is upper, y must be comparable with g,_; and, in fact,
Y > gp1. If F,_;is lower,y > g,—1 by (iii) for n — 1.

By Lemma 3.4, every join-reducible (meet-reducible) element x in L has a
join (meet) representation x = b1 V bs (x = ¢1 A ¢s), where by, by € J(L)
(c1, ¢2 € M(L)). A join representation x = b; V b. of a join-reducible element
x in L is maximal if whenever x = ¢; V ¢q, ¢1, ¢2 € J(L), and ¢; = by, ¢o = b,
then ¢; = b; and ¢y = bs. (Mininal meet representations are defined dually.)

The next lemma together with Lemmas 4.1 and 4.2 shows that Q,_; does

contain a maximal fence satisfying (ii).

LEMMA 4.3. Let Q be a nonempty subset of L and g € L — Q such that x||g for
all x € Q. Furthermore, suppose that whenever x € Q and y ¢ Q the following
conditions are satisfied:

@)ify = x, theny > g;

(b) ify = x, theny < g.

Then Q contains a fence of order 5.
(For this lemma the only assumptions needed on L are that L contains no
infinite chains, Irr (L) = @, and L contains no crown of order 6.)

Proof. It is easy to check that under the hypotheses of the lemma Q is
convex. Furthermore, if x € Q but x ¢ M (L) then there exist v, 2 € M (L)
such that x = y A 2. At least one of y, z lies in Q since otherwise y, z > g
so that x =y A 2 = g. Thus, Q N\ M(L) % @ and dually, Q N\ J(L) # 0.

For a, b, ¢ € L, we write a¢/bc for the ordered set {a, b, ¢} whenever
b,c € J(L),bs#c,a € M(L),and b, ¢ < a. These ‘“quotient pairs’’ are strictly
partially ordered by a;/bic1 < @s2/bsce if and only if b; < be, ¢2 or ¢1 < b, ca.
Quotient pairs bc/a are defined dually. Only certain quotient pairs will be of
interest here; in fact, let A be the set of all ¢/bc such thata,b,c € Q,a = b V ¢,
and if b < x < aorif ¢ < x < a then x is both join- and meet-reducible; and
dually, let ¥ be the set of all b¢/a such that a, b, ¢ € Q, a = b A ¢, and if
a < x <borifa < x < ¢ then x is both join- and meet-reducible.

Let us assume that Q contains no fence of order 5.

First, we show that either A or V is nonempty. Suppose that A = @.
Take b, a minimal meet-irreducible in Q and b,, b3 € J(L) a maximal join
representation of b;. If bs, b3 ¢ Q then bs, by < g so that by = by V b3 = ¢

>
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which is impossible. On the other hand, b, and b3 cannot both be in Q since in
that case b,/bsb; € A, contradicting our assumption. Thus, we may assume
that by € Q but that b3 € Q, (i.e., b3 < g).

Now, let us take by, b5 € M (L) a minimal meet representation of bs. If one
of by, bs is not in Q, say b,, then by > g > b3 so that by = bs V b3 = by which,
by the minimality of b4 would imply that b, = b; € Q. Therefore, we may
assume that by, b5 € Q. If by A by, b1 A b5 > be we get a fence (b, by A by, by,
b1 A bs, bs) of order 5 so that without loss of generality we may take b, =
b) A b4.

Let bs, b7 € J(L) be a maximal join representation of by. If bg, b7 = bs, then
bs/bsbr € A. Thus, we may suppose that bg < b, but that bg > b,. If bs < b,
then bs = by A by = by which, by the maximality of b, gives that bs = b,
contradicting bs } bs. Therefore, bs £ 1. If bs € Q we get a crown (g, b, b,
bz, bl, ba). Thus, be E Q.

Now take bg € M (L) minimal with respect to bg > bs and bg } bs. Suppose
there exists such a bg with bg < by V bs. If bg ¢ Q we get a crown (bs, bs, by V bs,
bs, by, b3); thus, bg € Q. In this case Q contains a fence (bs, bs, ba V bs, bs, by) of
order 5. Thus, we may assume that every x € M (L) such that x > bg but
x } b also satisfies x < ba V bs.

Finally, we take ¢, ¢s € M (L) a minimal meet representation of bs. Clearly,
one of ¢y, ¢, must satisfy x F bs, say ¢i. Then¢; £ by V be. If ca £ by V bg then

cs = by; however, in this case, ¢ = by V bs = ¢1, which is impossible. Thus,
cs < by V b and c¢ic2/bg € V. We have then shown that either A # 0 or
Vv # 0.

Suppose now that A 5 @ and take ¢/ab a maximal element in A with respect
to the strict partial ordering of A. (Note that an infinite chain in (A, <)
would give an infinite chain in Q.) Take a1, as, b1, b2 € M (L) such that ay, a2
is a minimal meet representation of a and, b1, b2 is a minimal meet representa-
tion of b. If a1, as ¢ Q then a = a1 A a2 = g, which is impossible. Thus, we
may assume that a¢; € Q;similarly, we may assume thatb; € Q. If a; # ¢ # b,
we get a fence (ay, a, ¢, b, by) in Q of order 5 (for example, if a; = b, then
a1 = a V b = ¢, contradicting the minimality of a;). Without loss of generality
we may assume then thata, = ¢ # b1. If by ¢ Q then as € Q (otherwise we get
the crown (g, as, @, ¢, b, b2)). But then (a., @, ¢, b, b1) is a fence of order 5 in Q
(note that as 5 by since otherwise b; = ¢). Therefore, by € Q. Suppose that
be # ¢. If by A ¢, b1 A\ ¢ > b then (bs, by A ¢, ¢, b2 A ¢, by) is a fence in Q of
order 5. Thus, we may assume that b; A ¢ = b, (which is a minimal meet
representation of b). Furthermore, as ¢ Q since otherwise (as, a, ¢, b, b;) is a
fence in Q of order 5.

Let B ={x € J(L)|x < b, and x £ ¢}. If there exists x € B such that
x } bthenx||b. Take a minimal such x. If x ¢ Q we geta crown (as, a, ¢, b, by, x);
therefore, x € Q, in which case we get a fence (a, ¢, b, b1, x) in Q of order 5.
Thus, every x € B satisfies x = b. Let b3, by € J(L) be a maximal join repre-
sentation of &;. Obviously, one of b;, by lies in B, say b3, so that b; = b. If
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by > b then by = ¢; thus, by £ ¢ A by = b < by, which is impossible. There-
fore, by = b and, in fact, b;/bsbs € A, and bs/bsbs > c¢/ab, contradicting the
maximality of ¢/ab. The case V # @ is handled dually. The proof of the lemma

is now complete.

Thus, we are assured of the existence of a maximal fence in Q,_; of order = 5.
Let G = (a1, as, ..., ay) be any such fence. Furthermore, we may assume that
ay = a2 V as(as A as) if G is upper (lower) and that am_2 = @p_3 V an_1
(@m—s A @p_1) if G is upper and m is odd, or if G is lower and m is even (if G is
upper and m is even, or if G is lower and m is odd). There is no loss in gener-
ality in assuming that F,_; is upper. It remains now to choose F, = (e, fy, &2,
By, . ..)in Q,—1and then Q, as defined by (3) such that (F,, Q,) satisfies prop-
erties (i), (ii), and (iii). To this end we shall distinguish four cases, and in

each case choose F,, = (e, fur &ny Pny - - .) = (1,0 9, . .., @y) or F, = (e, [y,
s Pny « - ) = (@m, @1, - . ., a1) so that properties (i) and (iii) hold. Either

choice, of course, already satisfies (ii). Furthermore, for either choice, Q, = 0
since a; € Q, or a, € Q,.
Case (a). G is upper and m is odd (see Figure 6). Set

A, = {x|x = a2 and x||as}, 42 = {x|x = a,_1and x|la,_s},

B; = {y|ly £ a;and y < x for some x € 4,}, and
By = {y|y € ay—2and y < x for some x € 4,}.

X1 as Xo

Bp1 Ja—1

FIGUurRE 6. Theorem 3.6. Case (a)

Either every x € A, satisfies x } g, or, every x € A, satisfies x } g,_1,
(since otherwise, (g,_1, X1, @2, « .., @pm-1, X2) would be a crown in L, where
x; € A;and x; = g,—1, for 2 = 1, 2). Suppose that every x in 4, or 4, satisfies
x 2} g,-1; then, either every y € Bj satisfies y < g, or, every y € B, satisfies
y £ g._1, (since otherwise (y1, x1, @2, . . ., @pm_1, X2, Y2, €n1) Would be a crown
in L, where y; € B;, v; < x; for some x; € 4; and y; < g,_;, for 7 = 1, 2).
Without loss of generality we may assume that every v in B, satisfies y < g,_1.
But then 4; € Q,—1 so that by property (iii) for » — 1, B; € Q,_: and,
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furthermore, if y € B, then y = a» (since otherwise (yi, x1, @z, . - . , Gp1, Cp),
where y1 € By, y1 < x; for some x; € 4, and y; * a,, would be a fence in
Q-1 contradicting the maximality of (a4, as, ..., an)). If we now set F, =
(ens fns Eny Pny - -.) = (au, aq, ..., a,) and, therefore, Q, = A, we have that
the pair (F,, Q,) satisfies properties (i), (ii), and (iii).

Therefore, we may, without loss of generality, assume that every x € 4,
satisfies x % g, but that there exists x; € 4, such that x; = g,_;. In this

case, we set F, = (e, fn, &1 Fny --.) = (@my Ap_1, ..., a1) and therefore,
Q. = As. Obviously (F,, Q,) satisfies (i) and (ii). Furthermore, every y € B,
satisfies y § g,_1 (since otherwise (xi1, @g, . .., @p_1, X2, ¥2) is a crown in L,

where vy, € Bs, vs < % for some x; € Asand vy, < g,_1). To show (iii) we must
prove that B, & A,. Again applying (iii) for n — 1 to ¥ € B, we get that
By € Q,-1 and if there were v, € B, such that y; } a,_; and v, < x, for

some X2 € As, then (ay, @, . . ., @m—1, X2, ¥2) would be a fence in Q,_; contra-
dicting the maximality of (a4, as, . . ., a,). Thus, (F,, Q,) also satisfies property
(iii).

Case (b). G is lower and m is odd. This case is completed by dualizing the
argument of case (a).

Case (¢). G is upper and m is even (see Figure 7). Define 4, B; as in Case (a)
and set 4 = {x|x = ap-—1 and x|la,—2} and By = {y|y * a,,_» and ¥y = x for
some x € A,}. (Note that 4., B here are just the duals of 4., Bs, respectively,
in Case (a).)

3
hﬂ_l fn—l
Ficure 7. Theorem 3.6. Case (c)

Either every x € A, satisfies x } g,_; or, every x € A, satisfies x < g,_1,
(since otherwise, (x1, @s, a3, ..., @p_1, X2) is a crown in L, where x; € 4,,
%1 = go—r1and x2 € A, x2 < g,—1). Suppose that every x in 4; satisfiesx } g,1
and every x in A4, satisfies ¥ § g,-1); then either every y € Bj satisfies vy
g.—1 or, every y € B, satisfies y * g,—; (since otherwise, (v1, %1, @3, ...,
@p—1, X2, ¥2) is @ crown in L, where y; € By, ¥1 < «x; for some %1 € Ay, y;1 <
gn—1, and y2 € By, 2 = x, for some xs € As, ys = gy—2). If every vy in B,
satisfies ¥ § g,-1 then the corresponding argument of Case (a) shows that
F, = (en, far &ns bny -..) = (a1, a2y ..., ayp) and therefore Q, = A4, satisfy
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properties (i), (ii), and (iii). If, on the other hand, B, satisfies y } g,_» then
we simply dualize the corresponding argument in Case (a) with the fence
(ai, as, . .., a,) replaced by the fence (a¢p, Gp_1, - . ., a1).

Suppose now that every x € A, satisfies x } g, but that there exists
X2 € Aq such that xs £ g,—1. In this case we set F, = (e, fay Zns Fny - - ) =
(a1, a3y . .., ay) and therefore, Q, = 4. Obviously (F,, Q,) satisfies (i) and
(ii). Furthermore, every y € Bj satisfies ¥ § g,-: (since otherwise (vi, x1, az,
e e,y Qpe1, X2, o—1) 18 @ crown in L, where y; € By, v1 = x; for some x; € 4,4,
and y; £ g,—1). To show (iii) we must show that B; € A,. Applying (iii) for
n — 1 toy € B; we get that B; & Q,_; and if there were y, € B; such that
y1 ¥ as, y1 £ x; for some x; € A; then (v1, 21, as, ..., a,) would be a fence
in Q,_1 contradicting the maximality of (ay, asg, ..., a,). Thus, also (iii) holds.

If every x € A4, satisfies x € g,_; and there exists x; € 4; such that x; =
gn—1 We choose F, = (e, fn, &n) Pny - - -) = (@my @1, - . ., @1) and therefore,
Q. = 4,. Clearly, (F,, Q,) satisty (i) and (ii). Again every y € B, satisfies
y F g,1 (since otherwise (g,_1, %1, @2, - « . , @pm_1, X2, ¥2) is a crown in L, where
Yo € Ba, Yo = x5 for some x2 € Ao, and vy = g,.1). Thus, B: C Q,_; and if
there were ¥, € B, ¥ = x5 for some x2 € 4,, and v, € a,_;1 then (a4, @y, . . .,
@m—1, X2, ¥2) would be a fence in Q,—; contradicting the maximality of (a1, as,

. @n). Thus, (F,, Q,) also satisfies (iii).

Case (d). G is lower and m is even. This case is completed by replacing the
fence G in Case (c) by the fence (an, @p_1, - - ., G1).

Therefore, we now have a sequence of pairs (F,, Q,) for every n = 1 satisfy-
ing properties (i), (ii), and (iii); furthermore, forall n 2 1 Q, # 0, Q, C Qn-
since f,—1 € Qu—1 — Qn, and every x € Q, is comparable with f, ;.

But then whenever 1 £ n < m, f,p,fn, Where p, is either “<’ or “>".
Without loss of generality ‘<’ appears an infinite number of times among
the p,’s which, in turn, gives an infinite increasing chain in L. This is impossible
since L has no infinite chains. We conclude that L must contain a doubly
irreducible element.

5. Proof of Theorem 3.7. Let L be a dismantlable lattice which is not a
chain and let us assume again that L contains no infinite chains and no infinite

fences.

We show first that for some x € Irr (L) there exists ¥y € L such that x||y.
Otherwise Irr(L) is achainx; < x2 < ... < x; in L and if C is any maximal
chain in L then Irr(L) C C. Foreach 7z =1, 2, ..., k take v;(3;) to be the

unique element covered by (covering) x; (if x; = 0 take y; = O and, if x;, = 1
take z; = 1). If we set 2, = 0 and y;; = 1 then

L =Irr(L) U U (24 y:1l0 S i < B).

For some 7, (0 =4 = k), S = [2;, ¥41] is not a chain and SN Irr (L) = 0.
On the other hand, S is a sublattice of a dismantlable lattice and is therefore
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dismantable, i.e., Irr(S) ## @. But clearly, Irr(S) C Irr(L) which is a
contradiction.

Thus, there exists x € Irr (L) and y € L such that x|ly. We now have a
fence G = (v, x A ¥, x) in L and by Lemma 4.1 there exists a left-maximal
fence F1 = (ay, a2, ..., @p-1, x). We may now define Q; as in Section 4. If
Q:N\Irr(L) = @ we can proceed to construct the sequence ((F,, Q.))n
(n = 2), as before which leads to a contradiction. Thus, Q; M Irr(L) # 0.
This means there exists z € Irr(L) such that z||x.

Added in proof. We have learned that an alternate proof of Theorem 3.1 has
been provided by M. Ajtai (see Period. Math. Hungar. 4 (1973), 217-220).
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